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EXISTENCE AND

OF FUNCTIONAL

RELAXATION OF SOLUTIONS

DIFFERENTIAL INCLUSIONS 1

NGUYEN DINH HUY and NGUYEN KHOA SON

Abstraet. For a generd tunctiotul difrenntial irulwiotu of the lorms i(t) e
F(t, a2) in a Botwh sp.cc, uircrc, F a lc,dly Lipechilzan multifutction of a1,
t]le aet ol dolutbru h prcoed to be non-<mpty arrld derue in the set of solulioru
ol thc cowexificd difrenrrtial inclwion k(tl e CICoF(t, x1). Ac an apflication,
the obtaid rc.sultc otr opp&cdto tJv closs ol dificru$ial difrercnce ituhsioru.

1. NOTATIONS AND STATEMENT OF MAIN RESULTS

Throughout this paper X denotes a separable real Banach space
with the norm l.l and X' denotes the topological dual of X. For a subset
A c x,coA and clA denote its convex hull and its closure, respective-
ly. For a number r ) 0 we set B(A,r) :  {r € X : d.(r,A) < r}where
d , ( x ,A )  i s  t he  d i s tance f romz  to  A :  d ( r ,A \ :  i n f { l l c - " l l  ' o  € .4 } .  We
denote by 7 (Xl the family of all nonempty closed subsets of X, and by
.EI the Hausdorff distance in 7(X), i .e. for A,B € f(X),H(A,B) :
ma:c{supreAd(t,B),supu.a d(y,B)}.Let I be a nonempty compact
interval in the real line I? which is assumed throughout to be endowed
with the Lebesgue mea,sure p,(dt) : dt. Then, by C76(1) we mean the
Banach space of all continuous functions rp(.) from I to X with the norm
of uniform conversen.e llpllr : mil{lp(t)l : t € /}, and by I}(/) we
denote the Banach space of (equivalent classes of) Bochaer intlgrable
functions /(.) from I to X with the norm

A multifunction I : I --+ 2x is said to be measurable if it takes values
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in 7(X) and, for every [/  open in X, the set {t e t:  I(t) nU l0} is
measurable. A single-valued function g : I --+ X such that 9(t) € I(r)
for every , € .f is called a selection of I. We denote by Sr the set of all
measurable selections of I. It is well-known that for any mea,surable
multifunction I : I --+ 7(X),Sr *0. Moreover, .Ss.contains a sequence
{/d}Et such that Cl{ft(t)):  I(t) for every t e 1,. Such a sequence
of selections Ud) is called a Castaing representation of I. It is well-
known that I is measurable iff it admits a Castaing representation;
see [S] for details. We say that I is integrable if it is measurable and
Sf :: Srnrl(/) # 0. !t, is worth noticing that all the above notions can
be similarly introduced for a multifunction from a general measurable
space (fr, Arp) into a Polish space (i. e. a complete separable metric
space). Moreover, some of the auxiliary results proved in the Section g
remain valid under such general assumptions. However, for the purpose
of this paper, we restrict ourselves to the case of bounded Lebesgue
measurable space (I,dt) with.I being a nonempty compact interval in
n.

Now we are going to formulate the main results of this paper. Let
u s f i x  t o  e  R , h )  O , ?  >  0 .  S e t  f  :  [ t o , t o  + T I , C : C x ( l - h , O ] ) , l l . l l  :
l l  ' l l t -u,ot .  For each c( ' )  €.  Cx(I to-  h, to +"1) and t  € . I  denote by
o1 the funct ion in C def ined by r{0):  r ( t+0),-h < 0 < 0.  We
note that the function f -+ o1 mapping ̂ [ into C is continuous and
rn&xr€[ro,r"+"r1 l lsrl l : rnaX16[1s-h,ts!T1t l"(t)l for any ?r e (0,?]. Let
be given an open set D in C,, a function F e D and a multifunction
F : I x D - 7(X). Consider the following Cauchy problem

i ( t ) € F ( t , x ) , t € 1 ,

f r t o :  9 .

A continuous function r zlts-h,to+71 --+ X satisfying (1.2) is called a
solution of the above Cauchy problem on the interval I : [to,ro + ?] if
it is absolutely continuous on I and satisfies (f .f ) ahost everywhere on
this interval. We also consider the Cauchy problem for the convexified
differential inclusion

(1 . r )
(1.2)

(1 .3 )

(1.4)

i ( t )  € CIC oF(t ,n1), t  e I ,

r t o :  9 .

The main results of this paper read as follows.
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Theorem l . l .  Le t  I :  [ t o ,  16*T ] ,h>  O  and  D  be  an  opensubse t

inCy(l-h,Ol). Let F; I  x D --+ 7(X) be o mult i function with closed

images satisfying:

(i) for each p € D the multifunction F(''p) ;t measurable and in-
tegrable on I,

(ii) .F(t, .) is locally Lipschitz on D, i.e. for each g € D there er-
is t  6o )  o  and,  lo  e Lr( I )  such that  H(F( t ,pr ) ,F( t ,p ' ) )  <

to( t ) l le t  - ,p2 l l  on I  for  a l l  9r ,e2 in  B(p,6d.

Then for any Q € D and ?r e (0, T) the set of solutions of the Cauchy
problem (t.t)- (t .Z) on [to,to + 

"r] 
is dense lor the topology of uni-

form convergence in the set of solutions of the Cauchy problem for the
conuerified, differential inclusion ( 1.3) - ( 1.4).

Theorem L.2. Assume I, h, D are giuen as in Theorem 7, F € D and
the multifunction F : I x D --- 7 (X) satisfies:

(i) for each g e D the multilunction F(',9) is measurable and
F(.,p) is integrable on I,

(ii) .F (r, .) is Lipschitz in a neighborhood of Q, i.e. there erists 6 > 0
and l  €  L r ( I )  such  tha t  H (F ( t , eL ) ,F ( t , , pz ) )  < l ( t ) l l e t  - , pz l l

on  I  f o r  eue ry  g t ,e2  i n  B (P ,6 ) .

Then there erists ?1 € (0, 
"l 

such that the set of solutions of the Cauchy
problern (1.1) - (ru) on lto, to + 

"1] 
is nonempty.

2. PROOF OF THE THEOREMS

First we state some auxiliary results which are more or less known in
the theory of measurable multifunctions. For the sake of completeness
we sketch out their proofs.

Lemma 2.1. Let I : / --+ 7(& be an integrable multifunction and fs:
I ---+ X an integrable single-ualued function. Then the d,istance function
d(fo(t),f (r)) ss integrable. Moreouer, for each e > 0 there ecists an
intesrable se lect ione € Sr  suchthat  l /o( t )  -s( t ) l  <  (1+e)d( /6( t ) , f ( r ) )

f o r  e u e r y t e l .

Proof. By Theorem 8.2.13 in [Z], d,(t) : :  d(lo(t),I(t)) is measurable.
Since I(t) is integrable, there exists f(t) e Sp which is integrable.
Therefore, from d(/s,r(r)) S l/o(t) - I(t)l s l/o(r)l + l/(r)l it fol-
lows that d(fo(t),I(t)) is integrable. Further, since the multifunction
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M(t) :: /o(t) + B(0, (1 + a)d(t)) is measurable, it follows from the def-
inition of the distance function that the multifunction I(t) n M(t) has
nonempty images and is measurable. Let g be its measurable selection,
then, clearly, l /o(t) - g(t) l  < (t + e)d,(t),  and hence s is integrable.

Lernrna 2.2. Let D be an open set in a Banach space Y and I is a
compact interual in R. Suppose that the multifunction F(t,p) ; I x D ---

7(Y) is measurable in t and, locolly Lipschitz in p. Then F(t,.) is
globally Lipschitz in a neighborhood, of each compact subset K c D.
More precisely, for each compact K in D, there exists p > O and I €
L'(I) (both depend,ins ol K only) suchthat K + B(O,p) c D and,

H(F( t ,er ) ,  F( t ,ezD S l ( t ) l lp '  -  ,p2 l l ,Ye € K,YpL,p2 e B(p,  p) .
(2 . r )

Proof. Lef {B(r;,3) ,  i  :  L,.. . ,rn) be a f inite covering of K with

a; € K, and F(t,.) satisf ies the Lipschitz condit ion in B(rr,$; * i t tr
"Lipschitz constant" 1",(t).  Sett ing r :  infcexd(r,X\D) we have
obviously r ) 0. Then to complete the proof, it suffices to put l(t) :

m a x { l r ,  ( t ) :  i : 1 , . . . , r n }  a n d  p :  m i n { r , I  , i :  L , . . . , r n ) .

For a multifunction I from .I to X, we define the convexified mul-
tifunction ClCol by setting (CICot)(t) -- ClCo(f (r)) for each t € I.

Lemma 2.3. Let I : [fo, to + T) and I z I -+ 7(X) be an integrable
multifunction. Then for any e > O and any integrable selection g of the
conuerified multifunction CICoI there erists an integrable selection f
ol I such that

Proof . This is immediate from the Theorem 1.1 in [a].

The following assertion plays a crucial role in the proof of our main
results. Here, the notations l,Trh,,DrXrCrtorgrpl ate of the same
meaning as in the Section 1.

Lemma 2.4.  Let  Tr  €  (0,?]  ,eo e Cx( [ to  -  h , to  + 
" r ] )  

be such that
p ? o : Q  a n d t h e  c o m p a c t  K :  { e ? , t € l t s , t o + f r ] }  i s  c o n t a i n e d i n
D. Supposethat the mult i function F(' ,p): I ' -+ 7(X) is integrable for
e u e r V f i r e d g € D  a n d t h e r e  e r i s t s  p :  p K l O  a n d r ( . )  : l r ( . )  e  L ' ( I )
suchthat K + B(O,p) c D and (2.1) holds. Further, letr ) O be such
that

Tsr I l '"trt"l- s(s)ldsl < e'
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,  l t o lT t  , .  -  \
p > r 

"*p (2 
/," 

t(t)dt)

and let fo b" an integrable selection of the multifunction t -+ F(t,e?)
satisfying

f L

l e o ( r )  - a @ ) -  I  ; o ( s ) a s l  ( r ,  v t € [ t o , t o + " 1 ] .  ( 2 . 2 )
J t o

Then (1.1) has a solution g onlto,ro + 4] satisfying

,.trf,Kt' , le4) 
- 'po(ql ( r exp (' lr '""*" 

t(qdt)'

t

Proof. First, we note that for any tp(.) € C2s(lts - h,to + ?r]) such
that 91 e K + B(o,p) for all t e I, the multifunction F(t,qs) is
measurable. This follows from the facts that the multifunction F(.,.)
is Caratheodory on .I x D and the function t --+ tp1 from .I to C is
continuous, see e.g. Theorem 8.2.8 in [2]. Further, it can be shown
that the multifunction f -- F(t,e?) is integrable. Indeed, let {t; :
i  :  L , " '  ,n \  be chosen so that  ts  1  t1
K C ut r  B(por , ,p) .  Def in ing Qt  :  p?, , t  €  l t ; -1 , t ; ) , i  

-  1 ,  .  . .  ,  n ,  we
have clearlv llsr9 - ,0rll 1 p for any f € [to, to * Tr]. By the hypoth-
esis, F(t,rf l)  admits an integrable selection /d. Sett ing iU): I 'U)
for t € l t ;-r, t ;), i :1,.. .  ,zr, we see that f is an integrable selection of
F( t ,p t ) .  S ince,  by (2.1) ,

d,( i( t) ,  F(t ,p?)) S H(F(t. ,Qt, F(t,e?)) < pt(t)

it follows that d(f(t),,F(t,'p!)) is integrable. Therefore, as in the proof
of Lemma 2.1, there exists a measurable selection g of F(l,tp!) such

that l f (r)  -  s(t) l  < (1+ e)a(f(t)  ,F(t ,p?)).Thus s(.)  is integrable and
so is F(t, rp!).

Tq prove the lemma, we set

i f  , € [ t o , t o + n ]

i f  r €  l t o - h , t o l .  
( 2 ' 4 )

It is clear from (2.2) and (2.4) that llrprr - ,p?ll ( r for all t e [to, ,o + ft ].
This yields, in particular, thar 9l € K + B(0, p). Thus F is defined at
( t ,e l )  and by (2.L),

(2.3)

(2.5)

,p, Q) : {;r,? :,/,'" 
/o (") a''

H(F(t,,pl), F(t,en) < i(t)llei - .p?ll < rl(t)
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for every t € lto,to + 4]. By Lemma 2.1 the multifunction f -+

F(t,pl) admits an integrable selection.fr such that l lo(t) - / t(r) l  S
Zd(fo(t),F(t,crlD, and therefore, by the definit ion of Hausdorff dis-
tance and (2.5), we have

l /o ( t )  -  f ' ( t ) l  Szr t ( t )

for every t € [ts,to + 
"r]. 

Assume that we have defined functions

9 o ,  l o  r P L ,  f L  r  " '  r P n ,  I n  r ? n t r

such that  for  each i  e  {0,  . . .  ,n) ,

___E_e Cx(lto - h,to + ?ll), fi e tr*([ro,ro + 
"r]) 

(2.6)

llei*t - ,p'tll = it, l',t1"1a"1, , vr € [ro, ro + Tr]; (2.7)

ei  e  K I  B(o,p) ,  Vt  €  l ro , to  *  ?r ] ,  and p io :  e ;

f ' ( t )  e F(t ,p i ) ,  a.e.  on [ to,ro + 
"r ] ;

i f  t e  [ t o , t o + 1 1 ]
i f  , € l t o - h , t o l .

(2.8)

(2.e)

( e@) + y,t" /d1')a",,rrt*t(t) :  {
l .  p(t - to),

a n d , f o r a e  { f , . . . , n } ,

(2 .10)

lr'ro - f-'(,)l s f*,py(, I:.1(")a,)i-',
Vr e [re, ro + 

"r] .  
(2.11)

We then define gn*z , f 
n*' as follows. First, since rp! e K + B(O, p) c

D,  the mul t i ' funct ion F is  def ined at  ( t ,p i )  for  i :  O,1, . . .  ,z  *  l .  As
I"(t) € F(t,pi)' by virtue of Lemma 2.1 there exists an integrable
selection JFn+l of the multifunctio4 t -- F(t,gi+') such that

l / "*t  ( t)  -  f"  ( t) l  S 2d,(1" (t) ,  F(t , ,pf+' \ .

Therefore, by definition of f/ and (2.1), (2.7) we can write
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(2.L2\

Further, we define ,n*2 by setting i : n * 1 in the formula (Z.fo).
Then we have

l t '+t  ( t )  -  f"( t ) l  szH(F(t ,pT+'\ ,F(t ,pi)
Szt(t)lle!*' - e|ll

n f t

<zt(th(, Jr"t(s)ds)", 
v, € [ro,ro + Tr].

en+2(t) -p*+r(r) : 
{ ! ,r,"* '(s) 

- /"(s)lds if  t  € [to'to *?r] '

( o  i f r € l r o - h , t o l .

Thus, by (2.12),

lp^*, (t)-rn*L(r)l : { ? 
I:"l(s)(z [i"4e1ar7"as' if t € [to' to * rr]'

'  
[ o  i f t € l r o  . h , , t s l .

This yields, for every 0 el-h,0] and t € [ro,to * ?rl,

lpn+ze) - p*+r(d)l : '; 
Ir',l(s)(z l""t1r,1or1"a"

, l t

(;. tn Q Jr"l(s)ds)"+1

This shoivs that (2.7) holds for i : n * t. Hence we can deduce

llel+' -,p?lls i llei*' -'pill ( r exp (, [^' t(s)ds) < r,
d : o  

t  J t o

which means pf+' c K * B(O,p) for all t € [ts,to+"r]. Summa-
rizing, we have shown that there exists two sequences of functions

{srt}Eo,{/t}Eo which satisfy (2.6)-(2.11). In particular, from (2.11)
we deduce that {/d} is a Cauchy sequence in If ([ts,to +?r]), and so
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converges to a function / in Lk(to, to +"r]), a subsequence converging
pointwisely a.e. It follows from (2.7) that {rp}} is a Cauchy sequence in
Cx([to, ro + 

"r]) 
and so converges uniformly to a continuous function

p. It  is easily seen that eto : ,p,p(t) :  f  (t) for al l  t  € ft6,to * ?r],
and

l le, - ,p?ll <

for all t € [t6, to + 
"r]. 

Therefore, we can write, for almost all t g

[ fo ,  to  +  
" r ] ,
d,(f (t),F(t,p,)) < l /(r) - I '( t) l  + a$t1t1, F(t,p7))

+ H(F(t,ei), F(t,et))

< l/(r) -  f i ( t) l  + r1r; l lei  -  e?l l

Thus, we derive, by letting f tend to oo,

0 ( t ) :  f  ( t )  €  F ( t , p r )  a . e .

so that ,r2(.) i. a solution of the Cauchy problem (1.1) - (1.2). Moreover,
it is clear lhat p satisfies (2.3). This completes the proof of the lemma.

Proof of Theorern 7.7. Let T1 be given and let g2o be a solution
of (1.3)-(1.4) on [t6, ro + 

"r] 
and e ) 0. By virtue of Lerrrrrra 2.2,

the condition (ii) of the theorem implies that there exists p ) 0 and
l ( ' )  e  L ' ( l t o , r o + " 1 ] )  s u c h t h a t  K + B ( o , p ) c D  a n d ( 2 . 1 )  i s f u l f i l l e d ,
where X : {p? : t  € l t6,to +"r]} is a compact set in C. As it  has
been shown in the proof of Lemma 2.4, the multifunction t --+ F(t,p?)
is integrable. Let r ) 0 be such that

< min{e,p} .

Since bo(t) e CICoF(t,p?), according to Lemma 2.3 F(t,p!) admits
an integrable selection /o satisfying

. .m.ax - .1  [ 'V"( r )  -  s ro( r ) ]ds l  <  r .
t € l t o , t o + A l ' , / t o "  \  /

Taking account of the fact that eo(to): p(0), from the last inequality
we have

r exp (, Ir'""*'' 
t(s)ds) < r

r exp (, 
Ir '""* ' ' ,(s)ds)

pl.

l e o ( t ) - a @ -  I  1 o ( s ) a s l  < r
J t o
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for all t € lts,to + Trl. Consequently, by Lemma 2.4, lhe problem
(1.1)- (f .z) tras a solution p" on [to, to + 

"1] 
satisfying

max lsr'(") - sro(t)l : max llei - elll
e g [ t o J , i o + " t ] ' -  

\  /  '  \  / '  
t € [ t o , t o + T r l " ' o

( r exp (, [, '"*" 
t(s)ds) < e,

.  J f o

completing the proof.

Proof of Theorem 1.2. Set p: tr6 and let Ts e (0, ?] be such that

ma>r{ lp(d1) -  p9) l  ,  0r ,02 e l -h,01, l0t  -  0zl  < To} < p.  (2.13)

Further, we set

u ' o ( + \ -  l o @  i f t e  [ t s ' t o * ? o l '

"  
-  

\  A ( t  - t o )  i f t €  [ t o  -  h , t o ] .

From (2.13) it obviously follows that

l le8 -  p l l :  max{ l ,p!(0)  -  e@|,  -h < 0 s 0}  < p,  (2.r4)

for  a l l  t  € [ t6, to *  To].  Thus, the compact K :  {p?, t€ l to, to + 
"o] ]is  containedin B(p,p) and hence K + A(o,p) c B(e, f i  + B(O,p) c

B(p,-6).As in the proof of Theorem 1, since p? € B(p,6-), it follows
that there exists an integrable selection .f0 of the multifunction t -->

F(t,e?\.set r: |o "*v(-z t:*'" (s)ds). Then r exp(z l!:* '" (s)ds)
: ip < p . Let ?r € (0, ?s] be such that

f to*Tr

l "  l / o ( " ) l d " < 1 .
J t o  

, -  \  , ,  z

This, in combining with (Z.tf), yields

l ,po(t) -.p(o) - 
Ir '"1o(s)asl 

< r

for every t €lts,to + fr]. Moreover, it is clear that

/  f to*T =.  .  -  \
r exp 

\, ,r, 
l(s)d,s) < o.

Consequently, according to Lemma 2.4, the Cauchy problern (1.1)-
(t.Z) has a solution on [ts, ,o + 

"r].
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3. AN APPTICATION

In this section we apply the theorems 1.1, L.2 to prove the existence
and relarcation of solutions for differential difference inclusions of the
form i(t) e P(t,c(t-11 (t)),  .  .  . ,  r(t-\n(t))). To simplify the notation,
we shall consider only the case rz: 2.

Let  f  :  [ to ,  to*T]and P :  I  xU x(J  + f (X) ,where U is  an open
set in X. Let Q e C : Cx(l-h,01) such that p([-h,O]) c U. Consider
the following differential difference inclusion

t ( r )  € P(t , r ( t -  r ( r ) ) ,  n( t  -p(r) ) ) ,  t  € r
o(s) :  F(s - to) ,  s e [ ts -  h, to] ,

where \,F: I --+ [-hr}] are given continuous functions. The inclusion
(3.1) may be reduced to (t.f) by defining a multifunction F z I x C +
7(X) as

F (t ,  p)  :  P ( t , ,p(-)(r)) ,  e(-  p( t ) ) )

(3.1)

(3.2)

(3.3)

and
D:  {p  €C  : , p ( l - h , o l )  c  U } .

In what follows I . lr will denotes any Banach norm in the product
Y : X x X. As an immediate consequence of Theorem l.l, we have

Theorem 3.L. Suppose that:

(i) lor eoch y : (xt,rr) € U x U the multifunction P(.,d is meo-
surable and admits of least one integroble selection on f ,

( i i )  for  eachy:  (or ,  r r )  €U xU there er is t l  6y )  O andlv  e Lr( I )
such that

H(P(t ,aL),p(t ,s2))  S tu?) lvt  -v2h a.e.  on r

for  ony aL ,a2 e B(y,6).
Then, for any 4 € (0, Tlthe set of solutions of (9.1) - (g.g) on f 1 :
[to, to + 

"r] 
is dense for the topology of uniform conuergence in the set

of solutions ol the conuerified inclusion

n(t)  € CtCop(t , r ( t  -  ) ( r ) ) ,  n( t  -  p(r))) ,  t  e 11, (8.4)
z ( s )  : e ( s - t o ) ,  s e  [ t 6 - h , t o l .

Similarly as a corollary of Theorem 1.2, we can also formulate
a theorem on the existence of solutions for the differential difference
inclusion (3.1) - (s.2).
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