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THE ADAPTIVE ALGORITHM FOR MINIMIZING

THE SUM OF ABSOLUTE VALUES

OF LINEAR FUNCTIONS1

DAO THANH TINH

Abstract. Thic ppr is deooted ta deaeloping tJle adqtive dgoithm lot mitu-

algorithm is descibed in gred detail.

1. INTRODUCTION

We consider the following Problem

f (") : DVL" 1 arl --+ minr
keK

[ *  1  A r  (  b * ,  d *  S  r  1 d * ,

where Aism x n matr ix i  f r ,d* ,d*  € R" ib* ,b*  € R- .  Problem ( f )  is

nonsmooth extremum problem. Problems of this sort arise frequently

in many questions of approximation, optimization and decision mak-

ing. By using the auxiliary variables we can transform (1) into a tra-

ditional linear programming problem. But in doing so we can increase

dimensions and lose characteristics of the problem. In this paper' using

approaches previously studied in [Z e] we shall build an algorithm to

solve directly the problem (1).

Define the index sets .I  :  {1, .  .  .  ,m},J : {1, .  . .  ,n}. Pair {16,", Js,r}

g U,J) is cal led a support of condit ions i f  d'etA(I6o,Jo") * O'

lThis work is completed with finalcial support from the National Basic Re-

search Program in Natural Sciences.
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Denote C(K,J)  :  {c l ,k  e  X}  atd,  D(K,J)  :  C(K,Jo")A; :A( Ion,J)
-C(K,J). Pair {Ko,,Jo,) 9 {I(,J\Jo"} is cal led a support of aim
functional if detD(Ksr,Js,) + 0. A plan r with a support
Fo": {IonrJonrKorrJor) is cal led a support plan and denoted by
{r ,Fo"} -

The support plan {r,For} is said to be non-degenerated if. d,.i <
oi < d; for all j € Jo"U Jo,i b*; 1 A;n< Dj for all f € /,, : /\/0,, and

I*(") :  cLt -f ax * 0 for al l  k e Ko: K\K0".

Consider a disintegration: Ko : KI U K; where Xf : {k e
Kn : fp(a) : 

"L, 
* an ) O\,K; : {& € Ko : f*(r) -- cLa * ap 1

o) ,K;  nKI  :0 .  ( I f  f t (z)  :0  then we can put  lc  in  KI  or  K;
a^rbitrarily).

Let

, ( K " ) : { e * , k e K n : e k -  1 i f  & € K I  a n d e l - - l i f  k €  K ; ) ,

u' (Kor) :  et (K n) D (K *, Jo,) D;:,

a' (Ion) : le' (K n), -u' (Ko,)lc (K, lo") Ail,
A'(J") :  -e' (Kn) D(Kn, J") + u' (Ko,) D(Ko,, Jn),

J ' n : J \ ( J o r " U J o " ) .

The support plan {",Fo,) is said to be adequate if f n(r) : 0, -l <
u* 1 1 for all k e Ksr. We note that the support plan {c,.Fsr} with
Ko, : Jo, :0 is an adequate support plan.

Let ro is an optimal plan of (1). A plan c is said to be e- optimal
of (1) i f  /(c) - f  (ro) < r.

2. OPTIMAL CRITERIA

Define

p:  I  o , . ( " ,  -d . )+  D a i ,J i -d i l
A;)0  A; (o

+ D u; (A;n-6* ; )  +  t  a ; (A;a-6; )  .
u i ) 0  u i ( O

Theorem 1. Assume that {a,For} rs on od,equate support plan.
p < e then {u,Fo"} fo o e-optimol plan.

(2)
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Proof. we consider the following problem which is dual to problem (1):

p(l) : -b*'s + b'*t - d*'w * dt*r * a'€ -* ma:c, (3)

A ' ( " - t ) + . w  - r *  C ' € : O ,

- 1  < € r < t  f o r a l l  k € K ,

s ; ) 0 , t ; ) 0  f o r a l l  i e I ,

w i 2 o , r i ) o  f o r a l l  i € J ,

w h e r e  €  e  n K  ; w r r  € R ' ; " ,  t  e  R m .

A plan ) : {s, t,t!),r,f} of the problem (S) may be chosen as folls.

We set, for all i € Isn,

td  :0 ,  sd = -ud i f  u ;  (  0 ,

t i : u i ,  s i : 0  i f  u ; > 0 ,

t ( 1 " \ : s ( . I , , )  : s ,

f o r a l l j € J n ,

It follows from (z) that

0 :A 'n -  t  a id , . i -  t  t i f -  D r ,6 - , -  D  u ib :+a 'A r
A ; ) 0  A ; ( 0  u l ) O  u i ) 0

: (A' + a'A)r - b'*t + b*'s - d'-, + d*'w
: et(Kn)(C(K^,J){J) + o(rr")) -  u'(Ko")(c(Ko,,J\a(J)

+ 
"(I(o'))  

- ,P())

:  f  ( " )  - ,p( ) ) .

Let ro,)0 be optimal plans of problems (1) and (3). Then

I  - u@) - /("0)) + (e()o) - p(l)) (4)

r i : A i t  u i : O  i f  A i ) 0 '

r i : O ,  w i : - A i  i f  A i < 0 '

r(JonU Js2) - Q, w(Joo U J6") - g,

and, finally, for all k e K :

,  ( " r  i f  k e K " ,
t * : l - r o  i f  k € K o , .
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Therefore, ftom p ( e it easily implies that /(c)- f ("o) ( e, completing
the proof.

Assume {r, Fo"} is an adequate support plan. Denote 6o : {k e
\:,  f*(") :  0). Let Ar be so small that c * Ac is a plan oi (t)-ana
fx(" +A") > 0 for /c € /(j\.rfg and fi(c + Ar) < 0 for k e If"-\If!.
we can then write the increment A/ of the aim function / as

A f : f ( " + A , r ) - f ( x )

:  A,Ac +u,ALn+ D f lr la" l_ e1"c'pL,r)
x;exf;

+ D (l'lo rl - u1,c'oa,r)
k€Ko"

Theorem 2. If {r,F6") is an ad,equate support plan and

cj  :  d* i '

I*i S ri < d;, (7)
e i :  d ] ,  V j  e  Jn ,

thenx is an optimal plan of problem (1). Conuersely, if {r,F6,} is an
adequate support optimal non-degenerated, plan then the cond,itiins (a),
(7) are satisfied.

Proof. Assuming the conditions (6), (z) fulfilled, implies together with
(Z) ttrat g : O. We invoke Theorem I to deduce thai I@) I f ("0) : 0,
which means that c is an optimal plan of problem (l).

we now turn to the proof of the necessity. Given a non-degenerated
adequate support optimal plan, we can choose Ac so small that {z *
A&,Fs"\ is an adequate support plan. Set z(.Is") :  A(Ioo,J)Ar(J),
where

6 - (10 " )  -  A ( Io " , J )n1z ( Io . )  <  D- ( /o , , )  -  A ( Io^ , J ) r

and choose Az(Jr) so that

(8)

(5)

(6)

d.(J")  -  
" (J")  

< L,r(J")  S d.(J")  -  n(J*) .  (e)
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Choose

L,r (Js, )  :  D; :  {c(Ko, ,Jon) .6 j 'zo*  
-  D(Ko, ,J*)L 'n(J , ) } ' ,  

(10)
Ac(J6")  :  A; : {zo.  -  A( Ion,J \J6")Ar(J \Jo") } '

Since {r, Fo,} is a support non-degenerate plan, it follows that K! : @.

By (fO), we get c'rLr:0 for al l  /c e Ks' '  Hence

A. f  :  I@+  A " )  -  f  ( r ) :  !  a1a "  1 *  |  u ; z ; .
i  eJ  -  iE lon

Assuming the condition (6) is violated, we shall choose Az(J") : g

and z(16) from (a) so small that A/ : D u;z; 1 0' Assuming the

condit ion (Z; i t  violated, we shall  choose z(Io,): 0.and Ar(J,,) from

(9)  so smul f  that  A/  :  D A,1L ' r1 (  0 .  Hence,  f ( r  +  Ar)  < f ( " ) ,

contradicting the hypothesis. It follows that r is an optimal plan of

problem (t) and completes the proof'

3. ALGORITHM

Assuming u {r,tr '0"} i t  an adequate support plan and 0 > e,we

shall  bui ld a new adequate support plan {z,F6r} so that p < P'If

follows from (a) that we can decrease g by decreasing function /(t)<

/(c) and increasing dual function ,p(I) > 1a()). A new support F6,

*iU.U" built by solving the dual problem (3).

The new plans 7 and ) are defined bY

i - r l 0 t ,  ) : ) l o r , (1  1 )

where I is a decreasing direction of function /(c), and r is an increasing

direction of dual function ,P()).

Direction (. and. step 0 will be found as follows: for all i € Jn,

pfi (.1 - fl*i - 11 il Ai > O; Li : d-i - 
"i 

if Ai < 0 and li : O lf

Ai : 0. Then, we choose vector wd(16") by setting for all i € I6n,

. 2 ;  -  b * i -  A ; r  i f  u ;  )  o ; w d ; : b :  -  A ; r i f  u ;  (  0  a n d ' w d ' ; : 0  i f

ai : o. Finally, one Put

t (Jo, )  :  D; :  {c(Ko, ,Jo. ) 'A i l 'wdoo 
-  D(Ko' ,J ' ) ( ' (J" ) } '

t (Jo*)  :  A; :  { ,don -  A( Ion,J \Jo") l (J \Jo")  } '
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The step 0 is chosen by

0 : min{|ko, | io, | io},

where

Dao Thanh Tinh

| io :  min{0; ,  i  €  I6n} ,

0 jo : min{di , i  € Jon U Jor},

|ko:  min{0r ,  k  e  Kn} ,

eo  :  [  
- f r ( ' ) l "L t  i f  epc 'o t<o ,

' "  
I m  i f  e p c ' 1 r ( . 2 0 .

Then, for a new adequate support plan {c, For}, x : r * 0L, we
have /(c) - f  ( i) :0P. It  fol lows from Theorem 1 that i f  d: 1 then
E : x * 0t is an optimal plan of problem (1) and if pF - 0) < e then
c is an e-optimal plan of (f ).

Assume that p$ - 0) > e. Find now a new support and the new
evaluating vectors. The new evaluating vectors will be found as follows:

A(J)  :  A(J)  - f  or (J) ,  u(Ko")  :  u(Ko,) - r  or (Ks, ) ,

t ( / )  :  u( I )  +  or( I ) ,  e(K")  = e(K,)  *  or (Kn) ,

where directions r will be found by increasing function ,p(l) of the dual
problem (3) and o is a dual step.

The directions r will be found, according to the followings cases:

1) If d - |ko, ko € K,r, then

rko :  -ekot  r (K" \&s)  :  g ,  r (Jar)  :  g ,

r(Jsn) : g, r(In) : g, r(Ko,) - rkoD(ko,Jo")Dir ' ,

r ( Io^)  -  rko[C( t to ,Joo)  -  D(ko,Js, )Do"rC(Ko, , " fo") ]  A#,

r(J") :  rko lo(tto,Jo")D;: D(Ko,,J^) - D(ko,"r,)]  ,
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otc)1"r )  :6(e- r ) (J)  +  oq_t (J) ,
,(e) ( /)  _ ,(e_r) e) + oq_t(I) ,

uk) (Ko,) _ r(e-r) (Ko,) I  po_p(K6,),

"k) (K*)  
_r (e-r ) ( r ( " )  +  Qq_r(K,) ,

(1 - 0)lcy"t l  in case 1,

(1 -  0) lA;" t l  in  case 2,

(1 - d)l lrb I in case 3, 4.

The step pq-r is a minimal value of p ) 0, so that one of the

following conditions will happen:

A{c- t )  *  gr i  :  o ,  , te- t ;  *  pr ;  :  o ;  (13)

- (q - t )  *  Qr*o  
-  - leko  i f  0  :  | ko ,ks  €  Kn (15)

", to

Searching along the directions r will be stoped when for some s we have
,y" ( 0,.ys-r ) 0 or one of the conditions (14)' (15) happens. Then, for

the dual step a, we have

S
O :  L Q O

g:0

and the marking index is one of the indexes i* € Jn,i* € lon,k* € K

and so one of the conditions (13), (14), (15) is fulfilled. After the dual

step, the aim function rp of (3) increases in the value

8 -  I

\-
L aqls
g=0

and the new evaluating norm is

e -  I

g : g U - o ) - l o o t o
g=o
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2) i* € lo,".It A;:(io,i.) * 0 then 7on : /o,"\i* , ion : Joo\rb.
Conversely, choose i+ € Jon so that e#U+,i.) * 0 and choose
j- € Jo" so that AilUo,I6n)A(Isn, i-) + 0 and D;: (i-, Ko") x
C(Ko,,Jo")Aii(Jon,i.) -f 0. A new support wil l be build
in the following order: Io,- : /or"\a*, Jon : Joo\J+, Jo, :

(Jo,\r-) t-) i+,ion: (io,\rb) u i-Ion : io,".

3) le* € Ko,. Choose j+ € Jo, so that Ail?o,Isn)A(Isn,i+) * o
and Ds"l (r+, &. ) I 0. Then R o, : Ko"\&*, i o, : Jo" \J+, Jo,"
: (Jo"\rb) ur+.

(i") The cases 0:|io,io € Jor. The construction of the new supports
is most simplified in this case:

1) If r. e Jn we put 7s, : (J6"\i6) U i-.

2) If i- € .Isp, w€ choose i+ € Jon so that AilU+,i.) + 0 and
then we put 76r" : /or"\f* , ion: Jor"\J+, Jor: (Jo"\fb) U J+.

3) If ft,,. g Ksa we put K6' : Ks'\lc*, Jor: Jo"\rb.

Thus, in each of cases, the new supporting matrices Ao),Dl) ,""
be constructed by using old supporting matrices A6rl , D;: or interme-

diary matrices 7;1,fi;] and by the formulas analogous to the formula
(16 ) .

The iterative step {2, Fo'], of algorithm is said to be non-degenerate
if 0 + o ) O and degenerate if otherwise. We can prove the following
theorem (Ref. [z], [s]).

Theorem 3. After a finite number of interotiue steps, the stated al-
gorithm will giue an optimol plan (or e-optimol plan) if the number ol
degenerate interative steps is finite.

4. COMPUTATIONAL EXPERIMENTS

The described algorithm was coded in Turbo Pascal and has been
run on IBM PC AT 80286. In the following two tables we present the
results of our experiments.
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Table 1.
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m n K lo l* Iteration Time

15
15
15

25
25
25

35
35
35

35
35
35

35
35
35

25
25
25

25
25
25

25
25
25

35
35
35

45
45
45

15
25
35

15
25
35

15
25
35

15
25
35

15
25
35

321.70
147.24
196.25

L75.92
9250.25

12961.55

5553.02
9251.15

12966.35

5758.06
9590.57

L3423.37

2927.96
4881.79
6838.13

69.42
21.70
34.00

46.t2
19.07
22.40

9.28
17.65
24.28

6.46
17.21
6.2L

6.62
2.03

23.L3

7
4
o

6
L7
22

L2
T7
22

T2
L7
22

1 1
16
2 L

L.2L
0.93
1.70

0.93
5.87

10.48

2.80
6.09

10.75

3.95
8.67

15.30

3.29
6.91

L2.23

The meanings of some symbols used in Table 1 are as follows:
- /o: the value of the aim function / on the start plan
- /*: the value of the aim function / on the e- optimal plan with

e :  10-8.

Table 2.

No m n K Iteration Time

1
2
3
4
5

10
10
10
10
10

15
25
30
45
15

10
15
115

15
30

3.0
2.4
2.2
2.O
2.O

0.34
0.66
o.72
1.00
1.00
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No m n K Iteration Time

6
7
8
I

10

t 1
L2
13
L4
l5

l 5
20
25
25
25

30
30
30
35
35

20
25
30
30
35

35
40
45
40
45

15
30
30
35
35

35
35
35
35
35

2.5
3.0
3.3
4 .7
4.8

5.0
5.0
5.0
5.2

LL.2

1.00
1.05
1 .27
1.30
1.39

1.48
1.88
3.20
3.74
7.98

The elements of the matrices C, .4 and vectors d*, d*, b* , b* ate
randomly generated in the interval [-tOO, 100]. For each size, five prob-

lems were tested.
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