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A SUFFICIENT CONDITION FOR

HAMILTONIAN CYCLES IN TOUGII GRAPHS

VU DINH HOA

Abstract. We prcac in thit pper a conjecturt, ol Bauer ard Schmcicfut [i]
thdettery 7-tou&CrqhG onn ) 3 oerticea withos(G) ) n*n-2 ic Hamit-
trrniolr, utlcrc os(G) = min {a(r) +a(y) *d(zl t {r,y, "} 

it on it&pcr&nt
ect ol thrce oefiiccel atd n is ttu anrw,tititg numhr ol G.

1. INTRODUCTION

In this paper we consider only finite undirected graphs without
loops or multiple edges. For undefined terms we refer to [s]. Herein
V(G), K(G), a(G) and or(G) denote respectively the vertex set, vertex
connectivity number, independence number and the number of the com-
ponents of a graph G. We let n : ly(G)l throughout the paper. Follow-
ing Chvdtal [7] we define a graph G to be l-tough if o(c - S) S lSl for
every subset S of Iz(c) with c.r(G- S) > 1. If u eV(G) and Iy' q V(C)
then G[I/] is the spanning graph of 11 in G and Nn(r) is the set of
all vertices in I/ adjacent to u. We denote lNs(r)lby ds(u). We let

1 k
oE(G) : min I D a@) : {ur, n2t. .., u1} is anindependentset ofvertices}

\ 1  
-  

)

if k < c, and ok(G) : m if k > a. For a1 we use the more common
notation 6. If no ambiguity can arise we write sometime K, d... instead
of rc(G), a(G), etc...

We begin with a result of Higgkvist and Nicoghossian [6].

Theorem 1. Let G be o 2-connected graph with minimum degree 6 )
n + K

g Then G is Hamiltonian.

The following Theorem of Bauer, Broersma, Veldman and Rao
[4] generalizes Theorem l.
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Theorem 2. Let G be a 0-connected groph on n ) 3 vertices with
os) n] rc. The G is Homiltonian.

Clearly all l-tough graphs on three or more vertices are 2-con-
nected. Hence a natural question is whether the degree condition in
Theorem I cai be improved if G is assumed to be l-tough. This is the
content of a result of Bauer and Schmeichel [5].

Theorem 8. Let G be o 7-tough graph uith 6 >

is Hamiltonian.

n * r c - 2 .  
T h e n G

3

In this paper we prove a conjecture of Bauer and Schmeichel [5].

T h e o r e m  4 .  L e t G  b e  a  7 - t o u g h g r a p h w i t h o s l n * n - 2 .  T h e n G
is Homiltonian.

The following class of graphs, originally given in [f], shows that
our result is best possible if rc : 2. For n : 3r+ 1 > 7, let us construct
the graph -EI,n from 3K, + Kr by choosing one vertex from each copy
of Kr, say u, u and ur, and by adding the edges uu, ttrv and uur. The
I/,, is a l-tough nonhamiltonian graph on z : 3r * 1 vertices. Clearly,
E(H^) : 2 and os : 3r : tu *rc - 3.

The proof of Theorem 4 relies on the following Theorem, conjec-
tured by Jung and weibing.

Theorem 5 (Theorem 2.12 in [9]). Let G be a 7-tough groph on n ) 3
uertices with os ) max(n,34 - 5). Then G is Homiltonion.

A part of our argument is facilited by a recent result of Ainouche
and Christofides [2]. For nonadjacent vertices u and u in a graph G,
we denote by a,rr(G) ttre cardinality of a largest set of independent
vertices in G containing u and u. Let 1",(G): lN(u) n N(u)1.

Theorem 6. Let u and u be nonodjocent uertiees of a graph G. Sup'
poee a,ur(G) < t""(G). Then G is Hamiltonian il and' onlg if G + ua
is Homiltonion.
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2. PRELIMINARIES

Let c be a cycle or a path in G with an assigned orientation. If
z and g are two vertices of c then clv denotes the path on c from r
to y, inclusively both s and y, following the assigned orientation. The
same vertices in reverse order are given ly yEr. We will consider olu
rld glc both as a path and as a vertex sit. ff c is a vertex orr?,
then c* and c- are its sucsessor and predecessor on C, respectively,
according to the assigned orientation. If x is a set of vertices on c
then x+ t: {"* : a € x}. If G is a nonhamiltonian graph, we set
*J?) : max{d(u) , , S V(G) -V(C)} and p(G) ,:m-cip(C) :
C is a longest cycle in G).

The following lemmas are proved in [a].

Lemma I (Theorem s in [s]). Lct G be o r-tough groph on n ] 3
uertices with os ) n. Then every longest cycle in G is a dominoting
cycle.

Lemma 2 (Lemma 8 [g]). LetG be o l-tovgh graph onn] s uertices
with os) n. Suppose C is a longest cycle in C. If  vo eV(G) -V(C)
and.A:  N(uo) ,  then (v(G) -v(c) )u A+ is  an independint  se i  iy
aertices.

The next lemma is proved in [e].

Lemma s (Lemma 9 in [8]). Let G bc a r-tough groph on n ] 3
uertices with os > n. If G is nonhamiltonian then G has o longest cycle
C such that C aaoids a uertec,as eV(G) -V(C) with d(as): pl?)
and lN(as)+ n N(us)-l  > os - n I 4.

The next lemma can easily be proved with arguments similar to
those used in the proof of case 2 of rheorem 2 in [b]. Therefore, its
proof is ommited.

Lemma 4. LetG be a r-tough graph withos ) z* rc-2. I l  there
exists o cut set S ol rc uertices ond an independent set T of a aertices
suchtha td , ( t ) : ry1  fo r  any teT ondT-  (sur (c ; ) )  *6  fo r
any comrynent G; ol G - S. Then G is Hamiltonian.



In what follows we assume that c is a longest cycle in a l-tough

graph nonhamiltonian graph G on n ) 3 vertices with os ) n, as e

V (C) - V (C) with d(us) : lt(G), urtt)zt. . . tok the vertives of N(u6)

on consecutive order t rli : ur+ and w; : a;+t (indices modulo ft)' We

denote, for convenience, 7 = {i: there exists i + ; such that u;wi €

E(c)).

Lemma 5 (Lemma a in [a]). I l  u;: w; then N("i) c V(C) and
(V(c) -V(C)) u N(us)+ U N(u;)+ is on independent set ol uertices.

Lemma 6 (Lemma 5 in [8]) .  I f  a:  l (v(G) -v(C))  u N(ue)+l  then

7  + 0 .

Lemma 7 (Lemma 6 in  [8 ] ) .  Suppose ur : I rL  ond N(u) :  N( 'o) '

Moreouer, suppose 7 + 0. Let io : max 7 ond io * io such that

triouio e E(G). Then d(ui) + zd'(us) S L(C) ! n, where r is the

nu b", ol the aert ices ui: wi such thot lN(";) n N(us)l < d(us) - 2.

Lemma 8. Let G : (A,B,E)
. . . , @ r - r ) ,  B  :  { b t r b z , . . . , b , . }
s o m e 2 < k l n s u c h t h a t

1) b;ai e E(G) for anY i > k ond i 3n - l;

2 ) d ( b ) > k - r f o r a n y i S k ;

e/ lN(s)l > &.
Then G contains a Homiltonian path joining two different uertices of S

in G.

Proof. The proof is by induction on /c. The statement is trivially true

for k : 2. Now, let /c > 2 and G is a giaph satisfying the hypotheses

of the lemma. We distinguish two cases:

cose 7: There erists a subset s' 
"f 

k - L elements of s such thot

l r ( g ) l - k - r .
We assume, without loss of generalitg that ^9' = {Dr ,b2, . .. , bt- r }

and N(E' )  :  {or ,a2t . . . ,o t - r } .  By 2) ,  the spanning graph of  'S 'u

N(g') i, . 
"o-plete 

bipartite graph on 2(k - L) vertices. By 3)'

there exists a vertex of A - N(g')' say ak, adjacent to b1. Now,
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be o biportite groph with A: {at,az,
(n  2  S )  and  S  :  {D r  , b2 , . .  .  , bp }  f o r
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bpapbpyla +r  . .  .  an-1bna1b1a2b2. . .ak-rbp-1 is  a  Hami l ton ian path
joining two vertices of ,S.

Case 2: For ony subset St C S uith l^9'l : k - | we haue

l N ( g ' ) l  > & - 1 .
To prove that G contains a Hamiltonian path joining two vertices

of S we assume the contrary and show that this assumption leads to a
contradiction. A palhW joining two vertices of ,S such that S gV (W)
is called an O.path. We claim that G contains no Gpath. Suppose, to
the contrary, that G contains an O-path 17. Without loss od generality
we may assume that 2(W) > t(W') for any Gpath I[z'. We give a
direction on W and assume, without loss of generality, that b;.,1 €
b;ib;+z for any ; < k - L. Since G contains no Hamiltonian path
joining two vert ices of S, B -V(W) * 0 and, A-V(W) + 0. Let
b*  e B -V(W) and a*  e A-V(W).  By the mar imal i ty  o f  t (W),
b{ : bd+r. otherwise, b!* /,S for some b; € ,S nv(W) and therefore
br ; bdbf b* a*b!* fr 6r is a longer Gpath than W, a contradiction. For
convenience we may asisume that o; : bf for any r < k - 1. we claim
that N(61) : {ot, a2,... ,a*-r}. Otherwise, there exists some a;o 4
{or,or,. .  .  t@k-L} adjacent to 61 and therefore b1a;ob* a1 fr 6p is a longer
G'path than I,7, a contradict ion. Similarly, N(br) :  {ar,a2t... ,a*-r}.
By 3), there exists some Dr; € ,S and some o'r" 4 V(W) such that
bioo'ro € E and therefore bioal;,b. bio F 6t bi fr br is a longer Gpath than
W , a contradiction. Thus, G contains no Gpath.

Let  S '  :  {br ,bz, . . . ,bk-r }  and choose some a io € N(br) .  We
set G' - Q - {bx,o;o}. I t  is easy to see that the graph G'satisf ies
conditions 1) - 3) for lc - I and therefore there is in G' a Hamiltonian
path joining two vertices of ^9'. A path W' in Gt joining two vertices
of.,S'such that S' CV(W) is cal led a l-path. LetW be a l-path in
Gt such fhaf t(W) < L(W') fo1 any l-path I7'. We give a direction
on W and assume, without loss of generality, that D;11 e b; i b;ar2 for
any r < k - 1. By the minimality of L(W), N(6t) n(V(W) - 8'*) :  A.
Otherwise, there exists some a. e N(b1) n (V (W) - S'+). We set as :
max{e : b; € 6t io* and b; € S'} and the path 6;o Fbro* il6*-t would
be a shorter l-path than 17, a contradiction. Thus, N(b1)ntz(W) g S'*
and therefore lN(b1) nV(W)l < & - 2, implying that there exists in G
some a. / V (W ) adjacent to b1. Since there is no Gpath in G, a* * aio.
Since lBl - lAl : 1, there exists some b* e B such that b. e S uV (w).
Now the path Dpa;ob*a*b1il60-t would be an Gpath, a contradiction.

61
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The proof is complete.
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3. PROOF OF THEOREM 4

The proof is by contradiction. Suppose that G is a l-tough non-
hamiltonia^n graph on n ) 3 vertices with o3 ) n * n - 2 and suppose
that, additionally, lE(C)l is ma:rimum. Let ,S be a fixed cut set of rc
vertices and suppose that GrrGzr. .. rGt are the components of G - ,9
( t  >2) .  Let  T be an independent  set  o f  a  ver t ices t1 , t2 , . . . , to  such
that d(t1) > , l( tr)

Claim l.
.  n * n * ' 4

1 ) a >
J

2 l Y > a ) n * 4 .'  2 -
3) Q;t i  ) n for t;  # t i  € ? - {r '} .

Prmf. Since G is a l-tough graph, n 2 2 and therefore os ) n. By

Theorem 5, a3 ( 3a-6,implying by os ) n* n-2 that o 2- ?! |!!3

and n * rc - 2 >-2(n * n- a). By a < f r incu G is a l-tough graph

; ;  ; ,  " * t i n o , " * " , , ; . . : .  
" t ;  

* t i  e r  - { r o }  t h e n
t

d(tr\ + d(ti\ 2 ios 
and N(h) u N(tr) gv(G) - ?. Thus,

t t i t :  lN( t i )  nN( t r ) l :  d( t ; )  +d( t i )  -  lN( t i )  uN( t r ) l
2 .

> i @ * r c - 2 ) - ( n - . , )

) ( " + K - d ) - ( n - o )
: K . (1)

Claim 2. There exists some i, say i : L, such thot T - {t"} g

s  u v  ( G r ) .

Proof. Suppose, to the contrary, that there exists i + i, say r : I and
j : 2 ,  s u c h  t h a t  ( r -  { r " } )  n y ( G r )  # 0  a n d '  ( ? -  { t " } )  ̂ v ( c 2 )  + 0 .

Choose t;, in (f - {t"}) nV(Ci) U : L,2'). Clearly, N(fd,) n
N(ti,) C S, implying by 3)of Claim l that Lt,ti : rc and all inequalities
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in (f) are in fact equalities. Thus , d(t;,) : d(t;") : d(t,) : UIF

and,sn?+ 0,  and therefore T -(s ur(Gd)) *0fot  any component
G; of G - ,S. Since t;, and t;, are arbitrary chosen, d,(t) : d(tr) :
n +  K - 2  .

g for any t e T. By Lemma 4, G is Hamiltonian, a contradic_
tion.

Claim 3. f : 2 and G2 is o complete graph.

Prmf.  Let  A: V(G) -V(Gt)  -  S,  nt :  ly(cr) l  and, n2 = lAl  so that
n : nL t nz + r. It suffices to show that Gl,al is complete. Suppose,
to the contrary, that there exist u1, a2 € A such that aflz 4 E(G).
By Claim 2 and bv 2) of Claim 1, l?n V(Gr)l 2 a. So we can choose
t ]  f  t z  in  ?nV(Gt ) .  Then n*  n -2  <d( t r )  +d( r r )  +  d ( r r )  :  n . r  *  n -
(o- t )  t2(n2l  rc-2),  imply ingby n:  tuLI  n*nz' that  n2 )  a-rc* 1.
Simi lar ly,  n1) 2a-r--B because of  n*n-2 1d(t i+d(tr)+d(rr)  <
2(n1 !  rc-o+ t)  t  (nz* rc- l ) .  Thus, n1*n2 )  (a-rc+ t) '+(za_,e_s,1
and therefore os ) n* n-2 > 3a- 4, which contradicts 1) of claim l.
Claim 4.

0  " ' !  
* - l  <  d ( t ; )  <n r  * f  * 1  

f u r  any t ;  €Tny (c l )  .  Ther  
2  

\ ' 1 '  -  
2

equalits d,(tr) : 
ry 

-L or d(tr'S : t# hotds onty for ot most
one of the vertices in T n y(Gr).

e) I  r  nv(G2) :  0 then d(t)  :  \* ! t - r  )  a -  1 for  ony
t e Tn y(cl)  ond N(w):  ,9 u V(Gr)-  { r }  fo,  onu-r ,  e V(Gz).

e )  I f  T n V ( G z )  +  g  o n d T n S  +  0  t h e n T n s  :  { t * }  f o r
s o m e t *  e  T  o n d c t ( t ) :  

t t = * *  
)  a - l  f o r  a n y t  € T n V ( G )  o n d

N(t , )  :  S U V (Gr) -  { to, t .2) .

0  I f  T . V ( G 2 )  * 0  a n d  T n , S  : 0  t h e n n l )  2 a -  K - L  a n d
d ( " )  2 a  -  I  f o r  a n y  u  e V ( G ) .

Proof. First note that for any t; * ti e T nV (G) we have:

d: dti t i  > l t , t i  :  d(t i)  + d(t i) - l iV(tr) U N(tr)1. ( * )

1)  Set t ing  lN( t r )  uN( t r ) l  <  l suy(c r )  - r l  S  n r t  n -a* t  in
( * )  * "get  (c-1)  > d( t i )+d( t ) -  ( r ,  +  K-d,* l )  and,  consequent ly ,
nr*rc >- ,l(tr)+a(t1). Moreover, d(t;)* d(ti) 2 nt*rc-t since z*rc -2 <



d(td) + d(ti) +d(u,') by d(r) < n2* K- 1 where ut is an arbitrary vertex

o t V ( G 2 ) .  T h u s ,  n 1 *  K >  d ( t ; ) + d ( t i \  > t r r - *  r c -  l  f o r  a n v  t ; * t i

i n  Tn  V(Gr) .We eas i l y  ge t  tha t  ry I  
>  dU; )  a " ' { *  - t
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n 1 *  &
that the equality d(t;) : - 1

2for any t;

or d(t;) :

T  n V  ( G L ) .

only for at most one of the vertices in

2)  Set t ing lN( t ; )  u  N(r r ) l  S zr  t  n-  abv T nV(G2)  :  0 ,
d(ri) + d(t) >- n* n-z - d(u) and d(r) S n2* K - 1j" (*) where ur is
an arbitrary vertex of G2, we get a ) l1p, 2 a- 1. Thus, ttrti : a-L

and, consequently, d(t;) 2 d-L, d,(w): n2l K- 1 and d,(t;)+ d(tr|  :

(n*  rc_ 2)  -  (nr+,c-  1)  :  tur  * t -  1 :  Using l "ny(Gl) l  2  s .* "  c l rogse

in e Tnv(ci)-  { t ; , t i } .Similar lv, d(t ;)+,1(t*) :  d(r;)  +d(t i)  :  d '( t i )+

d ( t k \ :  n r *  K -  l  a n d  t h e r e f o r e  d ( t i \ :  d ' ( t ) :  d ( t k ) : n ' * ! - l  '

T h u s ,  d ( t r 1  : n ' * ! - L  )  a - l  a n d  N ( r )  :  S u  V ( G z ) -  { t r }  f o r

any  t ;  eT .Y(Gt ) ind  t r  eV(G2) .

3) Sett ing lN(tr)  u N(rr) l  < r t  *  rc -  a* 1 bv Tn V(G2) + 0,

d ( rd )  + 'd ( t )  2  n*  K-2  -d ( to )  and d( t " )  2  nz*  f -  l s  n " l  -  1  i t t  ( * ) ,

w e  g e t  r r - ) .  l . r r r ,  >  l S n  T l + a - 2 . 8 y  S n ?  # 0 , i n  f a c t ,  l ' S n T l  : 1

and l1p, : o-J 1 and consequently, d(t;) )- a - L, d(t") : n2 * n - 2

and d(t ; )  +d(t i ) :  (n* K-2) -  (nr*  rc-  2) :  nt  *rc.  Simi lar lv as in

2),  we get  d( t ; )  : ryO 2 a-  1 and N(t ' )  : ,S u v(Gz) -  { to, t*} .

a )  B v  ? n S  : 0 , a : w ( G - ( v ( G t ) u s - r ) )  S  l v ( c t ) u s - ? l  :
n|* K- a* I since G is a l-tough graph' and therefore ??1 ) 2a- te -1.

Now, suppose, to the contrary, that d(u) S a - 2 for some u €

v(Cr). Then d(r) S '-= bv rr ) 2u- ' t-  1 and therefore

a  e  V ( G ) - T  s i n c e  1 ) .  M - o r e o v e r ,  d @ ) + d ( t i ) + d ( t " \  < n * n - 2

since d(t;) < '+! bv 1) and d(t') 3 nz * E - 1, and therefore

at ;  €  E(G) for  any a- l>  i  >  2,  implv ing bv d(u)  1a-  2 that ,  in

fac t ,  d (u )  -  d -2  and  N(u )  -  { t r , t " , . . . , t o - t } .  Hence ,  a t l  4  E (G)

and therefo re n * n - 2 S d(r) + d(t,) + d(t1) = tjf,j^ * (n, +

,c  -  1)  *y j ; !  :  n*  rc-Zand consequent ly ,  d , ( t r ) : ' j#
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and d(u) - d, -, :  Y#. But ly(cr) u s - ?l :

65

n r * r c * l

by o -  , :  
) i  

and therefore N( t1)  :  V(Gt)u,S -  ? ,  which
contradicts ut1/ E(G).

Claim 5. oz(G) > 2(a - t).

Proof. For any two difierent nonadjacent vertices u and u in G1 choose
w in G2, specialy w : to it V (G2) nT # 0. We easily get d(u) + d(u) >
2(o - 1) bv 2) - 4) of Claim 4 and by d(u) + d,(a) ) os - d(.). TLus
Claim 5 is true.

Now, a longest cycle C and a vertex uo eV(G) -V(C) are cho-
sensuch tha t  d (ue )  -  p (G)  and  lN (ue )+nN)u6 ) - l>  os - tu *4 .  Le t
T* t:  {ro} u (N(ro)+ n i l(us)-) and u;, rt tr izt.. . ,ui" the vert ices of
T+  -  {us }  such tha t  d (u ; , )  > . . .>  d (u ; , ) .  Us ing  l " - l  >  r c *B  because
of  os-  n*4)  r t2  and lT.nV(Gz) l  S t  s ince G2 is  acomplete graph
by Claim 3, we get l?* n y(Gr)l > Z, say u*, u** € T. nV(Gr). By
Claim 5 and by the ma:cimality of d(u6), d(ro) > (d(".) + d,(u..))lZ >
a - 1. Since {ro} u N(ro)* is an independent set of verticbs, in
fact, d(as) : d(u-) : d(u**) - a - !, Note that if u; : ur; then
,w("i) ! N(ro) by Lemma 5. It follows that N(r-) : N(r**) : N(uo)

!I a(ro] : d(u*) -- d(u**) proved above. Lel T :: {uo} u ff(us)+.
Using 7 * 0 by Lemma 6 we determine es : max 7 andye I fs such
that u;owio e E(C). By Lemma 7, d,(ui) + zd(as) S t-(C) f c, where
s is the number of the vertices ui : tti such that d(u;\ < d(us) - Z.
By os ) n, n ) I  and therefore d(u;.)+ d(us) + d(ui) S t(C) * z - 2.
Thus, r ) B and therefore a - 3 > d(u;._") ) d,(u;"_r) > d(r;,).
Hence T nV(G2) : 0 since, otherwise, {r i"_, ,Li._z) nV(G) + 0
and therefore d,(u;"_r) 2 c - 1 by B) and a) of Claim 4, a contra-
diction. Now, fy ?) of Claim 4 f.ot t : t!*, and by d(u.) : d. - Lt

d ( u . ) :  
n r * l c - 1  

:  d - 1  a n d t h e r e f o r e  N ( r r - ) :  v ( G r ) u s - ?
2

since ly(cr) u ,s - Tl :  o- 1 by ,+: c - 1. I t  fol lows by
2) of Claim 4 that N(t) - V(Gr)u,S - 7 fo1 any f e T nV(G1). Let
ur t lu2t .  .  . r  un- l  the ver t ices of  Iz(G1)U,S-?,  t i r r t i " r . . ,  r t i ,  the ver t ices
of  ,Sn?,  t i , * r r t i , * " r . .  .  ,  tdo the ver t ices of  ?nV(G1) and x) r , . . .  ,wnr the
vert ices of G2. Clearly, r ) l  by ?nV(Gr):0. Moreover, r > Zby
, (G-  (y(Ct)us-?))  <  lV(Gr)u,s-  T l :  o-  l  s ince G is  a  t - tough
graph .  Le t  A  -V (Gr )  US-  T ,  B :7 ,  S :  ?nS and  G*  :  (A ,B ;E)
the bipartite graph obtained from G[AuB] bv deleting all edges of G[A].
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n t * K I  
f o r a n y  t ; e V ( G 1 ) n f  a n d b y  o s ) n * r c - 2 ,BY d(t;) : 

T 
lor anY t; c l

d(t) > n-l*nz ind thereforc da(t) ) rc-l for anv t € S. If lgl < lSl or

lfl : lsl s llve(f)l then G* contains a Hamiltonian path joining two

different vertices of S by Lemma 8. Let .H be a llamiltonian path in G*
joining two vertices t;, and t;, in ,S. Then u.'rpz...rqnzI/u1 would be a

Hamiltoniancycle in G, acontradiction (note N(r;) = ,SUI/(Gr)-{ri}

by 2) of Claim 4). Thus, l€l : lSl > llve(E)1, implving bv cla(t) 2 rc-1
for any t € S that, in fact, lfl : lSl = lNe(E)l + 1 and,l'q'(t) : n - |
for any t € S. Since G is a l-tough graph, w(G - (tVe(g) u y(G2)) <

l f fe(g)  UV(Gz) l  :  r  -  I  +  n2 arrdtherefore 2 3 nz.  Let  u1,  . . . , l )k-L

the vertices of Ne(S) then every vertex of S is adjacent to any ver-

tex of  { r r , . . . ,u t - r } .  Now, { r t , . . . ,uo-r }  is  an independent  set  o f

vertices since, otherwise, say uku&+ r e E(G), a^nd C 2 t;ra2t;ras " '

t ; - r [p-ytd. . r -1UrcUrc{ l t i *+z ln*2. . .  t io- ,  aa- t t i .uLt i * - r t ro1t ;*U2 " '  l l )nzt i r

would be a Hamiltonian cycle, a contradiction. Moreover, there is no

edge jo in ing a ver tex of  {u1, . . . ,ur - t }  wi th  a ver tex of  {u ' , . . . ,uo-1}
since, othewise, say u,cu,c-r € E(G), and C '. t;ra2t;ras... t1*-rn6-1rt6

t ; , *  r  u6a1 t  i *+ za n*2 ' ' '  t  i  n-  rv  o-1t  ;  or  1 t  ;  * -  r t [  1 t  I  * t :02 '  : '  w ,or . t  i ,  would be

a Ha,miltonian cycle, a contradiction. Thus, d(r*), d(u*+r) S a-rc and

therefore,t(r*)* d(u*.., .1) + d(w1\ S 2(a-,c) + nz * n- t) S n * n - 4,

a contradiction (note that n1 : 2a - K - 1)' Thus last contradiction

completes our proof.

4. FINAL RETVIARKS

The following conjecture will strengthen the conjecture of Bauer

and Schmeichel.

Coujecturez Lct G be a 7'tough groph suchthot os 2 max(n+rc-4,n),

then G is Homiltonion.
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