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THE ACTION OF THE MOD P STEENROD

OPERATIONS ON THE MODULAR

INVARIANTS OF LINEAR GROUPS

NGUYEN H. V. HUNG and PHAM ANH MINH

Abetract. bt p h an & pnnu-. Tlu puror:lre ol thh ppr h ta comptie
tlle actionof tfu mdp s|a,cntdopuatiotu ontfu DichonardMuiinaaiants
of tlu generd lirleon gronp G L(n, Z /p) ad of tlu cubgrottp Tv anuistirry of all
uppr triorryulog" matices uith 7 on tlu nnin diagotd. our metM ir edet&d
ftom tlnt of [15] ta tlle cue ol & pnmed.

1. INTRODUCTION AND STATEMENT OF RESULTS

For p an odd prime, let GLn: GL(n,Zlfl andlet Tn be the
sylow psubgroup of GLn consisting of all upper triangular matrices
with I on the main diagonal. These two groups act on the elementary
abelian pgroup En = (Zld^ andso on its cohomology H*(BE"):
H+ (BE"; Z lfi in the usual manner.

As  i s  we l l  known ,  H*  (BE" )  =  E ( r r , . . .  , t n )  a  p (y ,  , .  . . ,Un ) ,
wheie fc;l : L, Ui : fl(r;), with p the Bockstein homomorphism.
Here and in what fol lows, E(.,. . .  , .) and P(., .  .  .  , .) are respectively
the exterior algebra and the polynomial algebra over z f p generated
by the variables indicated. under this identification, the action of
GLn and rn on H.(BE") is identified with their canonical action on
E(rr,, . - . ,rn) I P(yt ,. . . ,Un). The invariants of this action are deter-
mined by Dickson [2] and Mui [B] as follows.

Set [e1 ,. . . ,enl: det (vor't ) for every sequence of non-negative
integers (rt,.. . ren). In particular, we define

L n , " :  [ 0 , . , . , 6 , . . . , n ] ,  0  (  s  (  z ,  L n :  L o , o :  [ 0 , . . .  , n = l ] .
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The Dickson invaria.nt Qr,a and the Mui invaria,nt vo aJ:e defined by

Q n , " : L n , " l L o  ( O < " ( n ) ,

vo - LolLo-r :  I I  ()ryr + " '  + ln-run-r t  u ') .
\ ;€Z/P

They are related each other bY

Qo,"  :  QPo-t , " - t  *VX-rQo-t , " ,

F o r O S t c S n , w e s e t

I
lk;"r+r,. . . ,eo] :  (Llkl) 

l  r f l ,  :  :  :  r f i . ,

11  an

a - l

y* : D(-t;"-t+" eo-r,"u{ ,
a=O

yl"^ y{"

Here the right-hand side is first computed in

E / ( q , ,  .  - , E o )  @  P z ( v r , . . . , 9 o )

and then is projected to

E ( r r , .  . . , n n )  I  P ( y t , . .  . , U o ) .

In particular we define the Mui inrrariant

M n , " r , . . . , t &  :  [ k ; 0 ' " ' ' 6 1 ' " ' ' 6 & ' " ' ' n  
-  l ]

f o r O s s r ( . . . ( s r 1 n - 1 .

Then one has

(H* B E" \GL'  :  P(Qn,or .  .  . ,  Q,n, , . - r )<E
tl

!  e  t  Mn, " r , . . . , r rLP l2  P(Qn,o , . .  - ,Qn,n- t \ ,
&:1  O(a r  ( . . . ( e r  ( n
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(H*  BEnT t^  :  P (V t , . . . ,  V , r )@
n r l

fe fe  t  Mr , " , , . . . , "1 ,P(v1," ' ,vn) '
&: l  a :&  O(e r  ( ' . . ( a r - s - l

(see [2] and [3] for detaile).

We recall further that the mod p Steenrod algebra ,q, : A(p)
acts on H.(BE^) by means of the cartan formula together with the
relations

/fr;:  g;, Pot;: s;, Pi r;  - 0, I  ( j ,

0Y; : O, Poy; : y;, PLg; : y!, Pi ! ,  :0, 1 ( t .

since this action commutes with the actions of GLn and ?,n, it induces
a natural action of ,4 on H*(BE")G for G - GLn or Tn.

In this paper, we determine explicitly the action of the steerod
operations on Dickson and Mui invariants which are described above.
Below we formulate the main results of this paper in the form of those
theorems (theorems A, B, c). Their proofs are given in section B. In
Section 2 we recall some well-known results which arised in proving the
main theorems.

Suppose f is a non-negative interger. Let a; : a;(t) be the r'-th
coefficient in the padic expansion of t. That means

t :  d o  +  o , t p L  +  . . . ,

with 0 ( a; ( p. By convention, di :0 for r < 0. We have

Theorem A. 0(V") : O,

t  :  pn-L ,vl

Pt1vo1l:
C)"r" ""-\ v,fr a:,_r::-,'i !";,':,
.U (or - di-tt .  

d:oo ( d ( n - 2  r : u  f o r i l n - 2 ,

0 otherwise.
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Theorem B. p(Q,',r) : O,

P'(Q,n,,) =

( qn","

Theorem C.

( i )  F i r  o ( e 1  ( . " ( s r ( n - 1 ,

P'(Mn,rr , . . . ,er)  :

Mn$1r. . . r ty

&+1
(- 11r+t ! t- t)'rvr",r1,...,1;,...,r 1a 1Q ng;

d = l

( (,-t)*-tMo rzt...,L s.r : o
9(Mo," r , . . . , r r )=  t  o  a1 )01

t = p o  - p " ,

t ' {  Pn -  P" ,
ot ) oi-r

f o r a l i g  n ,

@ e * L )  o " - r ,

otherwise.

r : + , " - 1 " .
? r  P - L

with e;-1 ( t; ( s;,

. po - ptr+r
t -  -u -  

p - L

k - . t -
, \ i - p " - p "

T t' t r  
O - l

i :1

witft c;-r ( t; ( s;,
s y  1 t 2 1 1  1 m ,

otlerwie.

(-1;o'- '  aa-1!(43 * 1) . ,  
n-r

u,,, ,4 
Qlir-"'-'

ct'iltt

Ecre, by conocntion, es - -1.
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(ii) 9(L^) : o,

p n - p "

43

P t ( L ^ ) :
LnQn, "

0

t -
p - l  '

otherwise.

Part (ii) was first proved in Mui [9, II.E.E]. It is worth noticing
that the above action has been studied by many authors. Their results
can be divided into two kinds: either they are only valid for t, a pow-
er of p, ot they are given only by inductive procedures. (See Singer
[tn], Campbell [1] for results concerning Theorem A, and Madsen [6],
May [tO, I.3], Madsen-Milgram [7, Chap.B]. Mann [8], Mann-Milgra;
[o], smittr-switzer [16], wikerson [ta], singer [rsJ for results related to
Theorem B.)

The results analogous to Theorem A, B, C for p : 2 were given
by Hai-Hung [rZ] and Hung [13].

It should be noted that the method which we use in this paper
is very elementary. It is extended from that of the first author's work
[13]. Roughly speaking, we mainly read off the action of Steenrod
operations from the expansion of Mui invariants in terms of Dickson
and Mui invariants of fewer variables.

2. PRELIMINARIES

Recall that the Steenrod algebra ,a,: A(p) has an additive basis
consisting of the admissible monomials in Pd's and p. Let A* be the
dual of A and r", €* € A* the duals respectively of pPn" P4PL,
Pp*-' .. . Pp Pr with respect to that basis. Milnor showed in [tt] that,
as an algebra,

A *  ?  E ( r o , r 1 , . . . )  O  P ( € t ,  € 2 , . . . ) .

so A* has a basis, in the Milnor sense, consisting of all the monomials
of the form

r sea  :  ra r  . .  , r " *€ l t  . . .  e? ,

w i t h , S :  ( s r , . . . , s f r ) ,  s r  ( . . . (  s t  a n d  r ? :  ( r r , . . . , r r ) .
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We denote by ,Sts'R the dual of rs{R with respect to the Milnor

basis. In particular, ^9t(o)'0 : p and. S{'0) : Pt.

' h [5], Mui described ,Sts'a in terms of Dickson and Mui invariants

by means of the homomorphism dlP-, a generalization of d,* P, which

was first studied by Steenrod [17].

Throughout this paper' the cohomology is always taken with co'

efficients in Zlp. Suppose X is a topological space. Let

P^ z Hi(x) + l1P^' i(EI,o* XDn- xP*)

be the Steenrod power map which sends u to I I uP* at cochain level.

Let E^ C Dp- be the regular permutation representation of E^ a

(Zlpl^. This inclusion together with the diagonal map of X and the

Ktnneth formula induces the homomorphism

di : E* (EEo* X Eo- X'* ) - H* (B E^\ s I/- (X) .

One can easily get Imd| c H.(BE^)fr^ E If*(X), where

{L^:  { ,  e GL^i  (detur)h :  ! ,  h:  (P -  L)12]. .

In [S], Mui determined explicitly !.(ln^\fr*. In particular,

this invariant algebra contains Lrn : Lk, fr^' : Mrn,"LTt. Note
that Q-,s - L2r .The following beautiful result has been proved in [s].

Theorem 2.r (t5l). Set p(q): (rl!)c(-l)hq(.q-r)/2 and h -- (p-L)12.
Then

diP, (x) -

p(q)^ D (- t)' t"'Rl fr ,n,", . . . fr ̂ ," *.L';QA,, . . . Q?,;-r E sts'E (x)

for n € flc(X). Hcre thc sum ia taken oaer all (S'n) with R :
( t t r . .  .  r r ^ 1 ,  r ;  )  0 ,  , S  :  ( s r r . .  . , s t ) r  0  (  s 1
q -  k - Z ( r t + '  " * r m ) ,  r ( S , . 8 )  :  l c * 8 r  *  " ' * s t * r r  * 2 r 2 *  " '  * m r ^ .

For rzr : l, dlPt is nothing but d*P of Steenrod [17]. One has

dipl(r) - p(q) D (-r)"*t"iy(q-2d)'r-c @ p" pi(E).
c = O '  I

o l zd (e - c
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Moreover, the following result holds.

Proposit ion 2.2 ([B], [s]).
(i) dkP^ ia o noturol monomorphism preseruing cup product up to a

sign, or more precisely, d,iP^(uu) : (-t\^nq,aip^(u)dip,n(r),
w h e r e  g : d i m u ,  r : d i m u .

( i i )  dkP,-:dh_"P^-"dlp",0 ( s ( rn.
( i i i )  dkP,-(V) : Vn+t (yr,. .  . ,U^,!), where y is the generator of

H2 (B z 1fl.

Theorem 2.1 and Proposition2.2 will be used to prove Lemmas
3.1 and 3.2, in the next section which supply the main techniques in
our computation of rt(v") and Pt(Qn"). The following results, given
respectively in [2] and [3] are also crucial for these lemmas:

P ( y r r . . .  , a n ) G L '  :  P ( Q n , o , .  .  . r  Q o , n - r ) ,

P ( y r r . . . , y n ) T "  :  P ( v r , . . . , v n ) .

3. PROOF OF THE RESUTTS

We start with a corollary of Theorem 2.1.

Lemma 3.O.

d;P^(V") :

(-1)- t (-t;"(o'n) Li;Q';,r. . .e\,;_r I S{,R(v,),
R : ( r r  r . . . r ? ^ )

d;Pm(Qn, " )  :

t (-t1'(o'41 L'Ae';,, . . .e*,;t-1 I ^9ro,B( en,"),
R : ( r 1  , . . . r " ^ )

where

r o : Z p n - '  -  r ( r ,  *  . .  . *  r - ) ,
rL  :  2 (p"  -  p " )  -  2 ( r r *  . . .  #  r * ) ,
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s{,n (vn) e P(vr,. . .,vn),

st ' ,*  (Q n,")  e P(Q 
",or 

.  .  . ,Q o,o-r \ .

Proof. Note that p(Zp"-r) - -1, p(zp" - 2p") : L. So, applying

Theorem 2.1, we need only to shorr why the inva,riants M^,"'s do not

appear in the right-hand sides.

Remark that P(vtr. . . ,An) and so P(Vt,. . . ,Vn) as well as

P(Qo,or. . . ,Qo,,.-1) is closed under the action of any P', and is anni-

hilated bV 0. Thus, by twice dualizing, we get

sf,n (vn) e P(v.,. .  . ,vo\,

st',* (Q n,") e r 1q ",or 
. . ., Q.,o-r),

,Sts,R(y,n) : o, Stt,*(eo,r) :0,

for a.ny S + 0. The lemttta follops.

Lemma 8.1. There crista uniquclg on enporu;ion

Vrn+n(z t r .  .  . ,  z rn tU t t . . .  rU , . l  :

D qo],o' -("+"'+'-) 
eA,, . . .eT,;-tpR (vt, . . . ,vn\

R: ( r r  , . . . r r -  )

w i t h  g R  e  P ( V r r . . . r V o \ ,  Q ^ , " :  Q r n , " ( 2 1 , . . . r 2 ^ )  f o r  O  S  s  1 m ,

V, :Vr(u r.. .  r 9r) lor 1 S r S n' Furthermore'

Sta,RVo _ (_1)-+r(0,R) OR1yr,. .  .  ,Vn), Sts,RVn = g,

for ony S +0.

Pruf. From Proposition2.2, we have

d, iP^V^(ur .  .  .  r  yo)  :  V^+n(Ar  - .  . ,  zmrUtr .  .  .  rUn) '

Recall that L2^: Qm:,o. So, according to Lemma 3.0, there exists such

an expansion. The uniqueness of the expansion follows from the alge'

braic independence of Vt, . .. ,I/,n over P(rr, - . . , z^)- The last equations

also follow from Lemma 3.0.
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Pruf of Theorem A.

By Lemma 3.1, P(V^) : S{o),o(Vn) : O. Setting Vl,: V,(U r.. . r
Un-Lty) and applying Lemma 3.1 with rft: lt one gets

Vo+r(u, ur r . . ., !n) : fI n'(rt t . . . s gn-r, ly * y,.)
)

. ' o - - l: 
fI Ilt-tl"-'*"en-r.,(]y + u,Jo')

I  e :0

: f[{rz, + ̂ vl)
)

: V2(V|,V")
: v :  - v o . v ' r - 1

- V: -  Vr. D (-r1"(t l r1 I)Q', i ! r ," ,  . . .

.=rt=rtl.;;;lil-t
O < . 1 < . . . < . r < D - l

,  . .Q7!r , , "n ! i "P"  +" ' id"P '*  t (p-L-h)p" ,  (g . f )

where

v ( I )  : s1 t6 ,  * . . .  *  s ,a " ,  +  (p  -  I  -  t c ) (n  -  l ) ,

c ( I ) : g : ( - l ) r , , o t  , , .r r r ! . .  . i " * ! ( p - 1 - f r ) !  \  - , a " , ! . . . r r . !

On the other hand, applying Lemma 3.1 with n: l,.B : (t), er,o :
Up-L, we get

vn* r (y ,y r , . . . , !n ) :  -  
D( - t ) ty (n" - t - r110- r )p t (vn) .  (g .2 )

t

comparing (3.1) with (e.2) and using the uniqueness of the expa^nsion
of Voal showed in Lemma 3.1, we obtain

vo
vl

t : 0 ,
t :  pn - l  ,

(po-r - t)(p - 1) :

i " r p " t  *  . . . i " u p " u *

( r - 1 - k ) p " ,
otherwise.

47

(-11t+"1r1 c$)Q'i\,", . . .Q'i:r,"uvn
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Since  (po - r  - t ) (p - l ) :  i " rp " '  + " '+  i "up "u  + (p - l - k \p " ,weeas i l y
get

, _ kpo-t - i"rp"'  - " '  -  i"up"' 
.

p - L  '

w i th0  3 l c :  r ' r ,  t . " * t ' r "  1p -  1 ,  I n  pa r t i cu la . r ,  t : v ( I )  (mod  2 ) .

I t  is  easy to  express k ,  i " r , . . . rd" ,  in  terms of  agro l , . .  . tdn-Zt

the coefrcients in the padic expansion of t, completing the proof of the

theorem.

Lemma 3.2. There esists uniquely an enpansion

V ^ p o + r ( " r r ' ' ' ,  z m r U l r  " '  r U n ,  2 )  :
n

-  D  P" ( " '  " ' '  Zm 'u t '  " ' ' v ) v { * , ( " "  " ' '  z ' n ' 2 \ '
g:0

w;th P"  e P(21, . . . ,2^)G1'^  @ P(gr , . . . rgo\cL^.  Fvr thermorc,  i l

P"- D Q'; , ;o '-kr+" '* ' -)Q'r ir ,r" '
R: ( r r  , . . . , ? * )

. . . Q'#,;-r{! (Q n,o, . . ., Q n,o-t),

w i t h  Q n " , ,  :  Q ^ , r ( " r r . . .  r z ^ ) ,  Q n p :  Q o i ( y t r . . , r y , . ) ,  t h e n

s t6 'R Q n , "  :  ( -1 )z+e+r (0 'R) ,pn(Qo,o ,  .  . ' ,Q  n ,n - r ) ,

sts'Rqn," - g,

lor  ong S +6.

Proof. Recall that I/o11(yr,.. .,!nt ) : D(-L)n*"Qn,"2p". By using
Theorem 2.1 and Proposition2.2, we obtain

Vp ln1 t ( " r ,  '  '  '  t  2n t t l t r '  '  '  , ! n ,  z )  :

tl

-  D(- r)  o* " (d",oP^Q n,)v{*r("r, .  -  - ,  z^, z) '
a:o

This is the desired expansion with

P " ( z t r . . .  t z m t U t r . .  .  , U n )  :

:  ( - l )n+e d inP^Qo, "  e  P(L^ ,Q^J , . .  . ,Q^ ,^ - r )  o  P(y r ,  . . . , yo \GL^  .



Action of the Steenrod opretions on Chc modular inyerieatg 49

Moreover, combine Lemma 3.0 with the fact thaf L2n: Qm,o, one gets

dkp^en," : !(- l1r(0'n)qro,oel),,r.. .eT,;r g st0,Rqn,".
R

So

st0 'R Qn,"  -  ( - l )2+ol r (0 'R)  ER (Qn,o, .  .  .  iQ n,n- t ) ,

S t s ' R q o , " - g  f o t S l 0 .

To prove the uniqueness of such an expansion, assume that
fl

D' "k r ,  " ' ,  zm,u r ,  " ' , v ) v {+ r ( " r , . . .  t  z rn ,  z )  :  o
a:o

with the polynomials F" of the indicated variables. Observing the co-
efficient of the leading terr- zP-*', w€ have F,. - g. By descending
induction on n, we get Fn -... - tr'o : 0. The lemma follows.

The following lemma can easily be proved by induction on k, so
we omit its proof.

Lemma B.B. Set V : Vz(y, z) : slrn-L - yp-r), thcn

t - r
zP* : zyeb-t. 

E 
yP" ,?* 

-p'*'

l o r k > O .

Prul of Theorem B.

From Lemma 3.2, fl(Q^,r) : ^9t(o)'019n,"'1 : O. We now apply
Lemma 3.2 with rn = l. Denote

Vn+r :  Vn+t(Utr .  .  .  ,Un, z) ,  Vl+t  :  Vn+t(Urr .  .  .  ,gor!) ,

We have, as seen in the proof of Theorem A,

Vn+2 :  Vn+z(! , ! r , . . .  , !n,z)  :  Vz(Vl+t ,Vo+r)  :  VI+r -  V*+rVl l r t
, r r

: (- 1)" { Dt-rlt epn,rzn'*'
d:O

- [ it-t )'e*,,".'f I it-tl'o,.,,vo'] "-' ].
d:0 d:O
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By Lemma 3.3, we have

vo+z :(-r)o { ;t-rl' ei,rfvo" yo'*'-P"r t
'w r .  \  - ,  

[  
, : o  s :o

v  d - l  -  -  t l  . , n _ l )

- 
[Dt-*\tQ,,rlvo'u" 

-P't'l 
LDr-t)'Q^,rvo' f" 

' 
] + F",

- 
d: l  e:O d:O

with

F : (-t) '  { i t-t l t  QPo,rvn'* '  
-t

d:O

- [it-t) 'Q*,,vo'-'] [ ir-tl 'o,.,,u' ']o-'].- 
d:O d:0

Since

Fy :(-1)^ 
{ it-t l '  ePn,ryn'*'

d:O

- [E,-t )'e*,,v.') lEt-tl 'o,",,uo']o-'] : o.

so  F :0 .  rh i s ; ; ,  

d :o

]L fl

vn+2 : (-1)'{ D no' IDt-tltqon,lyp'*' 
-p'+r

g:0  r=a

-  (  D t*r l 'q n, iypi-p ' . ' )  ( i t - t ) 'e", ,vo') ' - ' ]  ) .-d=o* l  
d :O

Therefore by Lemma 3.2, we get

dl,pre o,": (- t), { i f - tlt e\n,ryn'*'-P"+'
t : 8

- f i  Ft\ien,;voi-ott '\] [ i t-t )tQ^,ra"]o-'].[ r : " * ,  -  - d :o
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Hence

d,: dihQn,s . gP'+l

- 
t(- 1) t  U(P- 

-P' -t) (P-r)+P'+' P' (Q n,")

: (-1)"{ it-tlt epn,ryn'*'

- [,8,,-r)'Q',,vo'] [ ft-tl'o*,,ro']o-' ]

: (-1),{ 
it-rl, 

Qpo,rst 
*, - 

[,].,,-r),Q,.,,r,o,].

t D (-r)'( ')r(4Ql'1,...
f  = ( d 1 , , . . . , d 1 . )

o l l = d . ,  + . . , + i . .  ( p
O J r l  ( . . . < r a  <  I

.  .  .  er;u.yi,  rp' |  +...*d.*p'.  *tr-t-t)o']  
),

whene r(f) = s1t'1, * ... * s,rr* + (p - I - lc)n, and c(/) is defined as
in the proof of Theorem A.

. ] l

d : (-1),t Dr-rlt Qpn,rst'*'
"  d=r

(-t1*1t1*"r(r)Q;1, . . .

51

(-t;"tt l*" D
' i-w+l

(p -  t ) !

I " F ( i . f  , . . , r d . j )

l l l = d . ,  * . . ' f  d 1 *  J p
O $ r 1 ( , . . { r 6 l r (
< t n +  I  <  " ' < ' t < D

' Qt;,\, - . . Q'; ;".ud' 
r P' r * "'+d" P' !' *(P- t)p' 

) :
t
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:  (-r)" 
{  t- t)"or",saP"+'

( - t ; "1r1* '  +kkl  
-  (k -  1) ! ( i " -+. '  *  " '  *  i ' . )

i " r ! . . . i " , !
f = ( d 6 , , . . . , d 6 r )

r ! & = d " ,  + . ' . * d " *  S p
o ! e 1 ( . . . ( e a  j e (
( r - 1 1 ( . . " ( e a ( r

. Q';, '", . . . Q';;".Vr'"r 
p"t t" '+ i"uP"u t(p-k)'" 

).

By the same argument as used in the proof of Theorem A, we

obtain

P ' ( Q n , " ) :

Qn,"

QP^,"

t  : 0 ,

t :  p o  -  p " ,

( p " - p u - t ) x

( p - t )  + p " * L
:  i " r p s r  + . . .

*i"_p"u

+(p -  k)pn,

otherwise.

(_ t; r- r+,c(r)*n*a*t 
ryr-P e,;,,,, . . . e';3.

Since (p" - p" -t)(p- 1) +p"+t : i",P"' +' '  '+ i"np"u + (p- k)p" ,
we easily obtain

t  -  -Pn  
-  P "  - kP"  

-  i " rP " '  -  " ' -  i r -P "u

p - L t @ '

w i t h  1  3 l c : r " ,  * . . . * i " .  < p .  I n  p a r t i c u l a r , t :  r c ( I ) l n -  s  ( m o d

2) .

By a routine computation we can express k, i"rr... ri"u in terms
of as, oLr...so,n-L, the coeff icients in the padic expansion of t .  This
completes the proof of the theorem.

Prool ol Theorem C.

We proced now to prove Theorem C. Notice first that the second

part of Theorem C was proved by Mui [3, Lemma II.5.5], using the Car-

tan formula, as follows. Let (e1, ... ren) be a sequence of non-negative
integers with c1
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P ' \ r r , . . . , € o l :

fr1 En

at un

nr" t  ^- t ,
Vi V'^

^ r ' r  ^ - "a
vi yi

, i - r  - i - ,
Vi Y"^

pt,y!" pt,yfl"t

:  " .  :
^ Q npt^yl '  pt.yi""t r  * ' . ' * t o : t

:  I  l " t  *  e r r  . . .  s € n  +  e , " ]  t :  e r p e r  +  . . .  +  e n p e n ,  e ;  :  0 , 1 ,

t O otherwise. 
(g.g)

It remains to prove the first part of Theorem C. Also using the cartan
formula, we have

f i1

r1

Ur
Ur

^ o t  I

vi

^i.,
vi

oi-,
Ur

nn

l n

!n

Un

i,p"r
V n

0{-
- i - t

v;

Hence, from the definition of Mn,urr...r8r r we obtain

FMn,"r , . . . ,8p:  
{  [_t r - - t  

Mn'a2' . . . ,ap 
l l  ;  l :

Similarly, we have

Pt  Mn , " r , . . . , 8&  :

': ,=?* +f1 '
s ; - r ( t ; ( s ; ,

[ k ; 0 , .  . . , t t r . . . , i * * r  r . . . r n -  l l  t  =  P o - p t ! + r  n  J -  p ' i - p t i
p - l  '  

,&r  
p - i  I

s i - r  (  t ;  (  s ; ,  s1 (  t1a1 (  n .

otherwise.



54 Nguyen H. V. Hung and Pham Anh Minh

The theorem follows by combining [s, Prop. 1.4.71, which asserts
that

lk;"r+

oSar  < '

for c1."1

l t r , . .  .  r i r r . . . , t t + r , 0 , i r , . . . , i * * r  r . . .  r n l  - -

- (- 1) 
! l+al +tr +"'*f i  *" '*t* *, +r- i  Lni;.

Remork. We note that the proof of Theorem C is only based on
the Ca,rtan formula and the definition of Ln an.d Mo,urr...,d&. Using a
similar argument, an alternative proof of Theorems A and B can be
given. Indeed, since VoLn : Ln+r and' Qn,"Ln : Ln,", by the Cartan
formula, we have

Using (S.S) we can prove Theorems A and B by induction on /c,
which is determined by t as follows. Suppose 0 < t 1 P^, then t can
uniquely be decomposed in the form:

t -
kp* - i"rp"' i"np"u

+ q(r),
p - l

w h e r e  O  a  r e ;  1  p r } (  s 1  (  . . .  (  s ,  1 r n - 1 ,  0  (  k  l p r a n d  i f

q( t )  :  qo *  q f l  +  " '+  Q^-zP^-2

is the padic expansion of q(t), then g"r-1 : 0, for L < i < u.
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