
Vietnzn Journal of MEthemztica
Volume 23, Number 1, 1995

ON GLOBALLY MINIMAL STEINER NETWORKS

WITH CONVEX BOUNDARY POINTS

ON THE PLANE

NGUYEN HUU QUANG

Abstract. In this Fper ue inuectigd.ed flobal mininality ol Steiner rcL
works on tlu plorc. We prcve tlnt il a Steiner networh lw tu 'gmutJu and
bmrrch phts tfun it h glohlly lminirad in the clor,s ol rctutor*,s uithtJu same
toplqlicnl tgpe.

1. INTRODUCTION

Lel C be a class of Steiner networks with given fixed convex
boundary points on the plane. The problem of finding a length min-
imizing network in the class C was studied by some authors (see, for
examples, [1], [2]).

In this paper we use the calibration system principle presented by
Dao Trong Thi to prove the global minimality of some series of locally
minimal Steiner networks on the plane"

2. PRELIMINARIES

A Steiner network on the plane is any connected one - dimension-
al simplicial complex, whose vertices all have degree at most three. A
Steiner network without vertices of degree two is said to be nondegen-
erate. Henceforth we shall study only a cyclic, nondegenerate Steiner
network with a convex boundary consisting of the vertices of degree
one.

We recall that every locally minimal Steiner network has the fol-
lowing properties:
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(1) The network consists of stright line segmentsl

(Z) At every vertex the segments meet at a^ngles of 120o.

We know that (see [t]) t minimal Steiner network is described as
a dual graph of some tree tiling with the twisting number at most five.

2.1. Definition. A vertex of degree three of a given Steiner network
lV is called a node. We consider a tree P tiling with the dual graph N.
A node is called a growth if the corresponding cell is a growth. A node
is called a branch point if the corresponding cell is a branch point.

2.2. Deftnition. A network is said to be oriented if its sides can be
oriented so that every two adjacent sides are oriented opposite to each
other.

Every Steiner network is oriented.

Suppose that lV is an oriented Steiner network on the plane .R2.
A path in N joining two boundary points is called a manimal path. A
stit of ma>rimal paths {Pi}i in N is said to be a basis of maximal paths

if {Pt}, satisfies the following conditions:

(1) The union of all paths from {P;}1 overlapo N;

(2) The system {Pi}i is independent;

(f) Every manimal path in N is a combination of paths from

{Pr} i .

We note that every Steiner network with /c boundary points has
a basis of ma:cimal paths consisting of (/c - 1) maximal paths.

2:S. Deflnition. Let N, N' be the networks in .R2 with the same
boundary points At,Azr...rAr. We say that /V and /Vt are of the
sarne topological type if there is a homeomophism F z R2 -* .82 such
that F(/ ; )  :  Ai ;  d :  1,2, . . . , lc  and f '  (N) :  N' .

2.4. Calibration system principle. Let N be on oriented' Steincr
network with k bundarg points on the plone ond {P1, Pz, . .. , P1-1} rs
the fusis of marimal paths rn N. Suppose thot there is o system of closa
differentiol 7-form {rr,rr,. . . , c,rr-r} on the plone such thot

1) Dri( ' i(c)d"): r, Ya;
ieJ.
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e) ll f ei@)w1ll : t, va,
ieJ"

where ei@) is the sign ol side a in the path Pi, J": (jla € Pi) and

fr" * unit tangent uector to N at r € a with the same orientation os a.

Then N is a length-minimizing network in the class of network
with fired topological type.

Proot. Let N' be any Steiner network belonging to the topological
type of N. Assume that / z R2 - R2 is a homemophism such that
/(N) : N' and /(,4;) - A; for each z, where A; are the vertices of
N. The orientation on N' is induced by the orientation on N under /.
{/(&), . . .  ,  f  (P*-t)} i .  a basis of the marcimal paths in N'. Denote the
length of N and N' by lNl, l/V'|, respectively; the length of the sides a
and a', by lol,  lo' l  where o' :  I(o).Putt ing , '  :  f  (r),  we have

lN l  :

where Pj : f (Pi). The proof is completed.

The system {ri}i is called a calibration system on N.

3: RESULTS

3.1. Lemma. The Steiner network shown in Fig. I is globolly minimal
in the closs of networks with fired topologicol type.

Proof. Suppose that the Steiner network N is oriented as in Fig. 2.

Denote the sides of N by, @1,o,2r@s. We put P1 - @1 - as and
Pz : az - @s. Clearly, the system {Pr,Pz} is the basis of maximal
paths of N.

I t , t  :D  I f>w1@i@) I i " )
o€JV a€N -o 

ieJ"

DI,':D 1,,:L, l D,,(,,(o\ fr;,)
, i, i i,. o' f,, ier.,

Dl / r l  : ; r r r , 1 ,
o ,  

' : ,
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Let d1 , dz, ds be the unit tangent vectors to N orl @1 t @2t &s
respectively and ai, al, at are the unit co-vectors dual to them. Assume
that o1, @2 are constant differential l-forms induced by oi and al,

respectively We have rr(fr) : l for n € a;, r': 1,2 and (rt -

,z)(d") :  l  for a€as and l lul l l  :  l l "r l l  -  l .  BV (r.3),  N is length-
minimizing network.

Fis. I Fis. 2

9.2. Theorem. A Steiner network N without growths ond branch
points is globally minimol in the class of the networks with fined' topo'
logical type.

Proof. The Steiner network N is of the form shown in Fig. 3.

Fis. I

The Steiner network N oriBnted as in Fig. a (The sides can be
oriented so that every two adjacent sides are oriented opposite to each
other).
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Denote the boundary points of N by At,. . . , An. We shall prove
the theorem by induction on n. For z : 3, by Lemma 2.1, we have the
basis of morimal paths {h,Pz} and the calibration system {wt,wz}.
Suppose that the Steiner network N1 C N with (" - 1) boundary
points  Ar , . . . ,An-2,  C has the basis  of  ma:r imal  paths {Pr , .  . . ,Pn_z) .
without loss of generality, we can assume that the side o belongs to
only one palh Pn-2 in N1. We put

P ; : P ; ,  a : 1 , . . . r t u - 3 ,

P , 2 - z : P n - 2 - @ k + r t

P n - t : O k + 2 - a k + t t

where ak+L, apar2 ate the sides of N joining C with .,{o-1 , An_2, t*
spectively.

To prove that the system {Ft, . . . , Pr-r} is the basis of minimal
paths in N, we need only to check the condition (B) of Definition 1.1.
Let P be a path joining two boundary point -,4; and ,,{, in .lf. Here
we only consider the case where /; belongs to N1 and Ai is the end
of apr2. We suppose that P is the maximal path joinin E Ai, C in N1.
Then P is  the combinat ion of  Porr . . , ,  Po. ,  f rom {P1 r . . . ,Pn-2}  and P
is  the combinat ion of  {P" ' r , . , ,Por ,Pn- t  }  in  N.  Now, we construct
a calibration system on N.

Denote by ,r"-r the l-form induced by oi+r. Here a[*, is the
co-vector dual to the unit tangent d,p,2 on the side ak+2. Then, the
system {rt, .  . .  t@n-2tr.rrr-r} is the calibration system on N. Indeed if
z € opal then

(rn-, + tr,,-r)f - lr, l  :  @i* oi*r)t-f" l  :  -@i+r(-rf") :  r,
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l l - r"-, - u)n-t ll : ll - ai- ai+zll : llol*tll : t.

If c e ap.u2 then b)n-t(.f") : oi*r(rf ') : l  and l lr"-rl l  :

lloi+il : r. Bv (1.s) N is a length-minimizing network.

8.3. Theorem. A Steiner network N without hronch points is globolly
minimol in the clor,s ol networlcs with fixed topologicol typc.

Pruf. The network N is of the form shown in fig. 5.

Fis. 5

We choqse the orientation on N such that every two adjacent
sides are oriented opposite to each other (see Fig" 6).

Fis. 6
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Suppose that C is the first growth of the Steiner network N with
boundary  po in t s  A r rAz ,As , . . . ,C .  We assume tha t  {P1  ,P2 r , , . rP t }
and {u;1 rtt2t...,t,,t} are respectively, the basis of maximal paths and
the calibration system on the network (Ar, Az, As,. .. , C) (by Theorem
2.2). We can assume that the side o1 belongs only to one path 4. Put

P ;  :  P ; ;  f  :  1 , 2 , , . . . , t  -  l ,

P t :  -P t  *  ak+2 ,

P t + r :  - P t * . a k + L - c ,

P t + z :  b  -  c .

Then the system {Pr ,Pr , . . . ,Pt+z)  is  a  bas is  of  maximal  paths
of the Steiner network (ArrAr,.. .  rD). Denote by wtrdt+t, r, .rs.,-2 the
l-forms induced by ala2r ol+r, b*, respectively. Here a[*r, a111, af,,
b*, c* are respectively the co-vectors dual to unit tangent on the sides
ak+Zt  ak+t t  @kt  bt  c .  Put

d ; : w ; ;  r : 1 , 2 r . . . r r - 1 .

then { t r1  , . . . rwt+z}  is  the ca l ibrat ion system in (A1 ,A2, . . . ,D) .  In-
deed,

If s € ap12 then at(fi,) : atr+z(.f") : 1, and llc.lrll : ll"i+rll : r.

I f  z € a1.,r-1 thenar+t( f , )  :  @l+r( f , )  :1,  and l l r t+t l l  :  l l " i+r l l  :  f  .

I f  u € 6 then ,r+z(fr): b.(f") :  1, and l ldt+zll  :  l lD-l l  :  r.
Ifc € cthen (rr+r+t..lr+z)(-lf") : (ol*r+6-)(-rf,) : -r*(-ff") - r,
and l l  - t^rr+r  -wt+zl l  :  l l  -a |+r-b- l l  :  l l r * l l  :  r .

Let a € rn, where rz is any side belonging to P1. We can assume
that m also belongs to Pa, ... Po*. Then we have

(r ,ro, + " '  *r .o*XN") * (r ,  + O+r)(-f i , )
:  (@o, + . . .  + t , l "*)( f")  + (oi+z + ol+r)(- l f , )
: (uo, + ... +r,-)(fr,) + (-rlx-iv")
:  (uo,  + . . .+ w..*  *  r ;Xf")
:  ( u o ,  + . . . ,  w o *  *  r r )  ( f " )
- 1 .
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Therefore,

l l r . ,  +  " ' *  dor  - t r1-  t ' r t+r l l
:  l l , rro, + . . .  + tu..  * ai l l
:  l luo,  +  . . .+  uar  + t , l r l l
: 1 .

Proceeding in this way, we construct at the end the basis of max-
imal paths and the calibration system on N, satisfying the conditions
of Definition 1.3. The theorem is proved.
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