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A SURVEY OF REGULARITY CONDITIONS AND
THE SIMPLICITY OF PRIME FACTOR RINGS

GARY F. BIRKENMEIER

Abstract. In this paper we survey the research, past and present, which inves-
tigates the relations between various generakzations of von Neumann regularity
and the condition that all prime factor rings of a ring are simple (equivalently,
every proper prime ideal is mazrimal).

1. INTRODUCTION

Throughout all rings are associative, but may not necessarily have
a unity. All prime ideals are assumed to be proper and P(R) denotes
the prime radical of a ring R. A ring is said to satisfy pm if every prime
ideal is maximal.

The following problem has attracted some interest over a period of at
least twenty-five years:

What are the connections between the pm condition and various
generalizations of von Neumann regularity?

In this paper we will discuss this problem from its origins to recent
results. Since this paper is expository in nature we will emphasize the
historical development of the problem through theorems and examples,
however few proofs will be included. The proofs can be found in the
referenced literature.

We will need the following definitions throughout our discussion.
Let R be a ring. Then R is said to be:

(i) regular if x € zRz, for all z € R;

(i) m-regular if for every z € R there exists a positive integer n,
depending on z, such that z" € z"Rz™;
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(iii) strongly mw-regular if for every z € R there exists a positive
integer n, depending on z, such that z™ € z"t1R;

(iv) biregular if < z >= eR for all z € R, where < z > denotes
the ideal in R generated by z and e is a central idempotent;

(v) right (left) weakly regularif z € z < z > (z €< z > ) for all
z € R;

(vi) right (left) weakly m-regular if for every z € R there exists a
positive integer n, depending on z, such that z" € z" < z" >
(z" €< z™ > z").

An excellent reference for regular rings is [14]. Any strongly -
regular ring is m-regular. In [11] the strongly n-regular condition is
shown to be left-right symmetric. Also, any ring with d.c.c. on princi-
pal right (left) ideals is strongly regular. Any simple ring with unity or
any commutative regular ring is biregular. Right (left) weakly regular
rings were introduced in [19] and are also called right (left) fully idem-
potent. Note if a commutative ring is right (or left) weakly regular,
then it is regular. All biregular rings are left and right weakly reg-
ular. Recently, Andruszkiewicz and Puczylowski [1] have shown that
right weakly regular rings need not be left weakly regular. Right (left)
weakly m-regular rings were introduced in [15].

It can be shown that the class of pm rings is closed under homo-
morphisms, ideals, and direct sums [8]. Although every nonzero prime
ideal is maximal in the integers, this ring does not satisfy pm since zero

is a prime ideal. However, a straightforward argument yields that every
ring which is biregular or has d.c.c. on right ideals satisfies pm.

2. EARLY RESULTS

In 1968, the first clearly established equivalence between pm and
regularity seems to have been made by Storrer [22] in the following
result.

Theorem 2.1. If R is a commutative ring with unity, then the fol-
lowing conditions are equivalent:

(i) R s m-regular;
*(ii) R/P(R) fts regular;
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(ili) R satisfies pm.

Now there are two ways of generalizing the commutative condi-
tion: (i) one can consider extending the properties which depend on
the commutative identity to the class of polynomial identity, PI, rings;
or (ii) one can attempt to extend the structural properties of the ideals
of a commutative ring. In 1974, Fisher and Snider [12], generalized
Storrer’s result to PI rings with the following theorem.

Theorem 2.2. Let R be a PI ring. Then, the following are equiva-
lent:

(i) R s w-regular;
(ii) each prime ideal of R is primitive;
(ili) R satisfies pm;
(iv) R is left (right) m-regular;
(v) R/P(R) is w-regular;
(vi) each prime factor ring of R is regular.
Recall a ring is left (right) duo if every left (right) ideal is an ideal.
A ring is duo if it is both left and right duo. In 1977, using the sec-

ond approach to generalizing commutativity, Chandran [10] extended
Storrer’s result to duo rings with the next theorem.

Theorem 2.3. Let R be a duo ring with unsty. Then R is w-regular
if and only if R satisfies pm.

_ Within a year, Hirano [17] had extended Chandran’s result to
one-sided duo rings not necessarily having a unity. He obtained the
following result as a corollary of a more general theorem.

Theorem 2.4. If R 1is a right (or left) duo, then the following are
equsvalent:

(i) R 1is strongly mw-regular;
(i) R is w-regular;
(ili) R s right weakly =-regular;
(iv) J is nil and R/J is xn-regular, where J is the Jacobson radscal
of R;
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(v) R/I is w-regular for some nil ideal I;
(vi) R/P(R) is strongly regular;
(vii) R satisfies pm;
(vili) every completely prime tdeal of R 1s mazimal;

(ix) (R)n, the full n-by-n matriz ring over R, is strongly w-regular
(n=1,2,..).

In Hirano’s paper [17], he also considered the condition when the prime
ideals of a ring are maximal one-sided ideals.

In 1985, Yao [24] called a ring R weakly right duoif for everya € R
there is a natural number n, depending on a, such that the right ideal
generated by a™ is a two-sided ideal. A ring R is called a bounded weakly
right duo if there is a number M such that n < M for all « € R. He
shows by examples that these definitions are nontrivial generalizations
of the definition of a right duo ring. He proves the following results.

Theorem 2.5. Let R be a weakly right duo ring with unity. If R
satisfies pm, then R is m-regular.

Theorem 2.6. A bounded weakly right duo ring with unity is w-regular
if and only if R satisfies pm.

3. RECENT RESULTS

In 1991, Belluce [6, Theorem 7] defined a condition (gc) for rings
with unity which is equivalent to biregularity when the ring is semiprime
and satisfies pm. He uses this result to prove the following theorem.
(Recall a reduced ring is one with no nonzero nilpotent elements).

Theorem 3.1. Let R be a reduced ring with unity. Assume R/P is a
simple ring for every minimal prime ideal P. Then R is biregular.

The following corollary is an immediate consequence of Theorem
3.1.

Corollary 3.2. Let R be a reduced ring with unity. Then R satisfies
pm if and only if R 1s biregular.
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In 1992, Beidar and Wisbauer, apparently unaware of Belluce’s
paper, defined properly semiprime rings with unity [4]. Using this con-
cept they announced in [3] the following result as a corollary to a more
general theorem.

Theorem 3.3. Let R be a reduced ring with unsty. Then the Jollowing
are equivalent:

(i) R is biregular;
(i) R 1s left weakly regular;
(iii) R satisfies pm.

The proof of Theorem 3.3 and other related results appear in [5].

Also in 1993, Birkenmeier, Kim, and Park [7], unaware of Bel-
luce’s paper [6] or the announcement of Beidar and Wisbauer, proved
the following results with methods different from those of [5] or [6].

Theorem 3.4. Let R be a reduced ring with unity. Then the following
are equsvalent:

(i) R is weakly regular;
(i) R +s right weakly n-regular;
(iii) R satisfies pm;

(iv) every prime factor ring of R is a simple domain.

Note that Theorem 3.4 generalizes the well known result that
when R is a reduced ring with unity then R is regular if and only if
every prime factor ring is a division ring.

Corollary 3.5. Let R be a ring with unity such that P(R) equals the
set of nilpotent elements of R. Then the following are equsvalent:

(i) R/P(R) ts weakly regular;
(ii) R/P(R) fts right weakly m-regular;
(i) R satisfies pm.
A routine argument shows that Storrer’s result, Theorem 2.1, is
a special case of Corollary 3.5.

In comparing the recent results with the earlier ones, we observe
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that a simple domain with unity which is not a division ring (eg., a
Weyl algebra over a field of characteristic zero [20]) is biregular and
hence pm. This fact is not accounted for in the earlier results since
such a ring is neither PI, nor weakly right (or left) duo, nor m-regular.
However simple domains with unity provide examples for Corollary 3.2,
Theorem 3.3, and Theorem 3.4.

Furthermore the earlier results seem to emphasize the m-regu-
lar condition whereas the recent results emphasize the weakly regular
condition.

The following examples will give some indication of the limits of
the current theory.

Ezample 3.6. [12, Example 1]. Let R consist of all sequences of 2-by-
92 matrices over a field which are eventually strictly upper triangular.
This ring is semiprime and it satisfies pm, but R is not regular.

Ezample 3.7. The ring of endomorphisms over a countably infinite
dimensional vector space provides a ring which is regular but does not

satisfy pm.

Ezample 3.8. [6, p.1865]. Let R be the ring of all sequences of 2-by-2
matrices over a field which are eventually diagonal. Then R is regular
and satisfies pm, but R is not biregular.

The next example is a generalization of [7, Example 12]. It shows
that the regularity properties of R/P(R) in Corollary 3.5 cannot nec-
essarily be lifted to R.

Ezample 3.9. Let W be a simple domain with unity which is not a
division ring. Let R be the 2-by-2 upper triangular matrix ring over W.
Clearly, P(R) is the set of nilpotent elements of R and R/P(R) ~ WeW
is a biregular (hence weakly regular) ring. We claim that R is neither
left nor right weakly n-regular. To see this let zW be a nonzero proper
right ideal of W and assume R is right weakly m-regular. Then there
exists n such that

1:1" z 11" [z 1]"
R B

Observe
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z 1 n_ " znl nd

0 O tedlcinggs Gro ki
" "1 a b zt "1 v v e "Wz™W "Wz "~ lw
0 0 0 ¢ 0 0 0 w 0 0

for a,b,c,u,v,w € W and n > 1. Therefore

z 1 = "Wz"W "Wz lw
0 0 0 0 i

Hence z"~! = z"a, where a € Wz"7W. So z"~1(1 - za) = 0.
Then 1 € zW, a contradiction! Therefore R is not right weakly -
regular. Similarly, R is not left weakly m-regular.

Example 3.6 shows that if a ring R is semiprime and it satisfies
pm it is not necessarily regular. However, Corollary 3.5 gives some
support that such a ring may be one-sided weakly m-regular. Our next
example, which is a generalization of |7, Example 13], shows that this,
in general, is not the case.

Ezample 3.10. Let W be a simple domain with unity which is not a
division ring. Let R be the ring of all sequences of 2-by-2 matrices over
W which are eventually constant upper triangular. A routine argument
shows that R is semiprime. The proof that R satisfies pm is the same
as that given in (7, Example 13].

To see that R is neither right nor left weakly n-regular, let s € R
1
such that the first component is [ 0 0] , where zW is a nonzero proper

rlght ideal of R, and zero in all other components of s. Then as in the
previous example s™ & s™ Rs™ R, for any positive integer m. Similarly,
R is not left weakly n-regular.

In spite of the above examples, the work of Belluce and Beidar
and Wisbauer on semiprime rings suggests that further results are pos-
sible. The author with Jin Yong Kim and Jae K. Park have decided to
attempt to extend the current results to rings which are not necessarily
semiprime. Corollary 3.5 and Example 3.9 suggest that one needs to
find conditions which are stronger than the condition that the prime
radical equals the set of nilpotent elements. The following result is a
corollary of our main result in [8, Theorem 3.4].
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Theorem 3.11. Let R be a ring with unity such that P(R) equals the
set of nilpotent elements of R, and every vdempotent element of R 1s
central. Then the following are equivalent:

(i) R is weakly m-regular;

) R 1is right weakly m-regular;

) R/P(R) ts biregular;

(iv) R/P(R) is right weakly m-regular;

) R satisfies pm;
)  every prime factor ring of R 1is a ssimple domain;
)

for each prime ideal P of R, P = {a € R | a™b = 0 for some
positive tnteger n and some b € R\P};

(viii) for each a € R there exists a positive integer m such that R =
Ra™R + rt.annih(a™).

Our last example is a ring R with unity in which P(R) equals the
set of nilpotent elements, every idempotent is central, and it satisfies
pm; but it is not 7-regular and is neither right nor left weakly regular.
However, by Theorem 3.11, it is weakly m-regular.

Ezample 3.12 [8]. Let W be a simple domain with unity which is not
a division ring, and let

a b
e i
Clearly, P(R) equals the set of nilpotent elements of R; and since 0 and
1 are the only idempotents of R, all idempotents are central.

a,bGW}.

Claim 1: R satisfies pm, since P(R) is the unique maximal ideal of R.
Claim 2: R is not w-regular.
Proof. Let a # 0 and a # 1. Then

@@ fen sfig ol gt 0 1% it bns
0 a & otesg R & gl for any positive integer n.

Claim 3: R is neither right nor left weakly regular, since [P(R)]2 =0.



Regularity and prime factor rings 37

In [21], Shin introduces the class of almost symmetric rings. This
class provides interesting examples of rings in which the prime radical
equals the set of nilpotents and every idempotent is central. The above
example is shown to be almost symmetric in 8]

Finally we note that Sun in [23] has mentioned the problem of:
biregular = (pm)+?

He has also looked at conditions similar to the pm condition. Armen-
dariz has announced some results in 2] which concern the basic prob-
lem discussed in this paper. Menal has considered w-regular rings whose
primitive factor rings are artinian in [18]. Yue Chi Ming has written ex-
tensively on regular rings and his recent paper [25] has some interesting
results on biregular rings. Recently, Camillo and Xiao have obtained
a result [9, Theorem 6] which extends Theorems 3.3 and 3.4. In turn,
Theorem 3.11 extends their result |9, Theorem 6). Finally, the author
has recently found that in [16] Gupta introduced the concept of a s-
weakly regular ring and used it to obtain connections between weak
regularity and the pm condition.
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