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REPRESEI{TATION THEOREM FOR

SKOROHOD MARTII\GALBS

NGUYEN MINH DUC

Abstract. A new representation ol anticipting mortingales is 91iuen tia a two-prcrneter

str1,hastic integrol. Its oduantoges are shown. A bind ol m.oment inequolities lor the martin-

gales is prcsented.

INTRODUCTION

A n i n t e g r a b l e p r o c e s s x :  x t ,  0  < ,  <  l w i l l b e c a l l e d a s k o r o h o d
martingale, or simply an ^9-martingale, \f E{Xt - X,171",t1.} : O for all s ( f,

where 71r,tl. denotes the o-field generated by the increments of the Brownian

motion on ihe complement of the interval [s,t] .

This notion arises from the following property of the Skorohod stochastic

integral (see [6], Proposit ion 5.1): i f  u: {ut, 0 < t S 1} is a Skorohod integrable

process such that there exists the indefinite integral [ ]u"dW, for every t € 10,11,
then for al l  s ( t

t  { [ '  u,dw,l7r,,rt. ]  :  o.
[ J "  

'  
)

Conversely, in [+],'we proved that an ,S-martingale can be represented by the Sko-

rohod,stochastic integral under a slight hypothesis. In the present paper we shall

give .a.new representation of Skorohod martingales via a two-parameter stochas-

tic integral. and show its advantages in characterizing smooth Wiener functionals

without using their Wiener chaos expansions and in giving a new sufficient condi-
.  - r

tion for f (fiu"dW") to be an S-quasimartingale, where the function / belongs to

class cr(R). other related results are also discussed in section 1.

A
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In Section 2, we present a moment inequality for ,S-martingales and its appli-
cation to deducing a sufficient condition for an ,9-martingale to have a continuous
version.

Most of the results of the paper was obtained while the author was visiting
Institute of Applied Mathematics of the University of Bonn. The author would
like to thank all the colleagues of the Institute, especially Professor Hans F6llrner.
for their warm hospitality and useful discussions.

1. A REPRESENTATION RESULT

Our basic probabil i ty space (fr,7,P) wil l  be the canonical Wiener space
associated with the standard Brownian motion {1,[, 0 < t < 1] on the unit
interval [0, f ]. For 0 < t < t let (fi) denote the right-continuous completion of the
o-field o(w", 0 ( s < t). In the same way we define (/t) in terms of the o-field
o ( W t  - W " ,  1 -  t  <  

"  
S  t ) .

Put
? :  { ( " , f )  : 0  (  s , t  a n d  s  + ,  <  1 } ,

Rs t :  { (u ,u )  eT  such  tha t  u  S  s  and  u  (  t } .

Let O : {6uu,(u,u) e T} be a stochastic process such that:

For al l  0 < t ( 1, the process {4u,, (2, u) e /?r,r*r} is a pred.ictable process
w.r . t .  the f i l t ra t ion {7u v  Tu,(u,a)  e  RtJ_t }  (see [2 ] )  and (1.1)

under these condit ions, Xrt : :  IR"rdurdwudw' is well-defined for any
(s,f) € T as a two parameter stochastic inGgral, where l,zu denoteswl -wr*r.
For f ixed l,  {wu,o I u ! t} and {w",0 ( u < l  - t} are two independent
Brownian motions, and so {Xuu,(u,u) e J?t,r-t} is a square-integrable continuous
two-parameter martingale.

Let us introduce the process X : {Xr, O < t < 1} defined by

u 
I*, , , - ,$f , 'dudu 

( *oo'

f
Xt :  X tJ - t :  I  fu ,dwudw" .

J  R t . r _ t

(r.2)

(1 .3 )

Proposition 1.1. (Jnd,er the aboue assurnptions, the process X is an S-martin-
gale. Such an S-martingale of the form (t.S) will be called an outward martingale.
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P r o o f .  I n d e e d , f o r a l l  0 ( s  < t <  l w e h a v e

h-x" :  [  1uudwudw'-  [  ouudwudw' .
" / 1 e , t l x [ o , l - t ]  J [ o , s ] x [ 1 - t , 1 - . s ]

Since
E{dW, lT ,v  Tr - t }  :  o  fo r  a l l  z  €  [s , l ] ,

E { d w " l 1 " v T r - t } : g  f o r a l l  u e  [ 1  - t , 1 - s ] ,

we have
E { X r -  X " l 7 " v  l L - t Y : g  q ' e . d .

Suppose that X : {Xt,O S , < 1} is an integrable process. Let us recall that X

is said to be a (forward) martingale (resp. a backward martingale) iff Xt is 7r

(resp. 7r-t. measurable) for all t and

E{Xr-  X" |7")  :  g  for  a l l  s  (  t ,

( resP.  E{X,  -  X" l | t - ' }  :  O for  a l l  s  < ' ) '

Theorem 1.2. Supporce that X : {Xt,0 < t < 1} is a square-integrable S-

martingale. Then there erists a unique decomposition

X :  X ( t )  +  X Q )  +  X ( 3 ) ,  ( 1 , 4 )

where

76(r) ;, a forward martingale with EXo : Exf,t) ,

16(z) ;u a bacleward' martingale,

;g(s) 3s an outward rnartingale,

X(J) and yQ) ors given by

x j t )  :  E{Xr l7r } ,x [ ' )  :  E{Xql  7 , - r } . -  EXot  0  <,  <  1.  (1 .5)

Proof. It is shown in [+] that.a square-integrable .S-martingale X has the following

f o r m  
o o  / n  \

x t -  E X o + t  (  L r * ( o ^ , r ' r o t p l )  )  ;  ( 0 < r <  l ) .  ( 1 ' 6 )
n : l  \ r k : O  /

Here  we  Pu t  
Tn  :  { ( t 1 , . . . , t n ) :  o  (  f  1
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A: ( t )  :  { ( t r , . . . , t n )  €  Tn  :  t 1 ,  I  t  (  r r+ r } ,

and hn,p are deterministic functions on Tn satisfying

Ir*(h2.,n.roxrr),: 
Io' Io'" 

. . .  
Io" 

h?,,t .r,qf,g1d,tr.. .dtn( *oo for al l  0 <, < 1.

(1  .7 )
I"(f) denotes the multiple Ito integral of the deterministic function / (see isl), 

'

r*(f), :  
lo '  lo '" 

. . .  
lo" , trr, . . . , tn)dwt,. . .dwr^.

Now we put

x l \  :  EXo* i r * f i , , , ' Le i l r )  =  E{x1 ,171} ,
N : L

xJt) : i '^ro^,o ' le,o.(t)) :  E{Xol|r-r} - EXo.
n : l

Clearly ;6(t) 1t a forward martingale, and X(2) is a backward martingale. On the
other hand,

o o  n - l

6 , ,  t :  h z , t ( r , l - u ) + f  I  I n - z ( h n , k ( f  , , . . . ,  t k - r , u , l - u , t 1 r , . . . , t n - z ) ) , ( u , u )  €  T ,
n:3  /c :  I

(1 .8 )
clearly satisfies hypotheses (t.t) and (1.2), and for every 0 < t < 1,

o o  / " - l  \
x 1 - y [ t )  - x l D :  

f  ( f  
" ( h n , o . r o t ( , r )  

) :  /  d u , d w u d w , .
" : z  \ t : r  /  J R r , , - ,

Therefore ;g(a) : I - 16(t) - y(z) is an outward martingale. The uniqueness of
the above decomposition, if for instance we assume that EXo - nx[rl, follows
from the representation (1.S). q.e.d.

From the relation (t.A) we have immediately

p c o n - l

E l_6'z",dud,u: f t  lr^(h',,).
I m{  r  n : 2  k : l

71

(1 .e)
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suppose that u : {ut,0 < , ! 1} is a square-integrable measurable process and

t h a t f o r e v e r y 0 < t < 1 '

ut :  Eut .  i  / ,  ( / * ( t l . ) )  .
N : L

The space .Ll,2 (resp ., Lr,r) consists of all such processes u verifying

l l r l l?, ,  , :  
lo '  

(Eu1)zdt- p,  n 
lo" 

o,r l*( t l ' )2)dt(  *oo, (1 '10)

(resp.,

see [6].

A square-integrable Wiener functional

€: E€* i  r . ( f , )
n = l

is said to be smooth if and only if (see [0])

l lD€ l l '  ' :  I (n  -  1)4" ( / i )  <  +- .
n = l

Proposi t ion 1.3.  Suppose that X1 :  f iud'W :6(u '110,11),0 < '  1! ,  where

u € L2,2, and, let XG) and $ be def'ned as in Theorem 1.2. Then

l l , l l3, ,  , :  
Io '  

(Eu)2dt- , I  ̂'  '  l "  
L,( f^( t l ) \at< **) ,  (1 '11)

f
E I $l ,dudu ( *m.

J T

Proof . We use the presentation (1.6).

(1 .12)
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In [ ] the following relation has been obtained for the function Ar., appearing
in  ( t . 7 )

p r

I  L^( In( t l . ) \d t  - -  t  , (h2^,o *  (hn, r  -  hn,o)z + . . .  +  (hn,n _ hn,n_r)2) .  (1 .13)
J O

On the other hand

l r " (h '^ , . )  S ( f t  +  L)L^(h2^,ot  (hn, t  -  ho,o)2 +. . .  +  (hn,x  *  hn,*  r )2)

f o r a l l  k : l r . . . r n _  ! .

Hence
n - l

f o^wr.,o) s 31$-9 [' o.(I^(tl.),)dt.
/ c : l  J o

Therefore, (1.9) implies

n [-o',,,aud, .i a!+J) [' o,(f*(4.),)d.t.
J r T r " J o

Since u  €  L2 ,2 ,

f .*,  [ '  o^(f^(4)\d/ ( *oo,
-, Jo

and so we get the desired conclusion

n I A!,,"aud,u 1*x. q.e.d.
J T

An integrable process M : {Mt,o < t < r} is said to be an,s-quasimartingale if
and only if 

,rL
r :pt  EIE{M,;+,  -  M,, l f , ,v  f r - , ,+,} l  < +*,

'  
i :o

where the supremum is taken over all finite partitions 0 : ro ( 11 ( ... I 1,'.11 * T
of [0, f J. The following theorem specifies some properties of an ,S-martingale X
implied by condit ion (r.rZ).

Theorem 1.4. Suppose that X is a square-integrable S -martingale with decorn-
position (1.1), such that (1.1p) holds. Then
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1) X has a Skorohod. integral representation, i.e., there enists a unique proces$

u e L2([0,1] x O) such that u.!p,t1 is Skorohod integrable for al l  t  and

X t :  6 ( u  ' 1 1 o , t y ) ,  ( o  S  t  <  1 ) '  ( 1 ' 1 4 )

Moreouer,
/ ! -  . ^ \  -  f r

l l i%E (I("",. , - x,,Y 
): 

, 
J" 

ulds. (1.15)
r '  |  -  r r : o

2) X2 r: {X?, 0 S, < 1} is an Lr- continuous S-quasimartingale'

Proof .

1 )  F o r s ( t w e h a v e

E(Xr* X") ,  < 3r{(x j r )  - ;g(r) ;z  + (Xi ' )  -  v(z)12 + (Xi3)  -  Xi ' ) ) ' }

:  sE{(xl ' )) '  -  (xi ' )) '  + (xjz);z - 6[2)y + ((xi ' ))  -  (xi ' ))) ' ] '

On the other hand,

E((x j ' ) )  - (x j ' ) ) ) '  sz{n [  62, ,dudu*E [  .62, ,dudu\ .t '  -  -  
t -  " / 1 " , t 1 " [ 0 , 1 - t ]  , / 1 o , " 1 " 1 t - t , r - " 1  

' - "  
)

Therefore, for any partition 0 : ro I \ 1 ..' I rrr+t: 1 of [0, 1] we have

( 2  ^ )  - / r ' \ . o  , - - ( z r . o ,  -  f  . q
E{t (x" ,  * ,  -  x , , t ' }=  3Ei (x{ ' ) ) '+  1x5 ' r ) ' }  +  nE l^62 ' ,dudu '  (1 '16)

t r = o  )  J T

From Proposition 2.3 of [4], it follows that X has a Skorohod integral representa-

t ion, i .e., there exists a unique process u e Lz(lO,t] x CI) such that (1.14) holds'

In this case, it is easy to see that

/ m  ^ \  f r
l im E( I (x,n.  , ,  -  x , , ) ' ) :  E I  u!d" .

l r l *o  \ r -? '  /  Jo

2 )  F o r a n Y s ( f , w e h a v e

E{x| -  x3l7,v rL-tY :

E{(x,  -  x,) '17"v l t - t }  +zn11x, -  X")(x" -  E{x" l , ,v Tr-t}) l / "  v 7t- ' ) '

Therefore
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E I E { r | - x ? l f " v f t - t } l l

S E(Xt - X"),  + zEl(X, * X")(X" '  E{X,l f"  v . f  1-t}) l

< zE(& - X"),  + E(X" - E{X,l f"  v 7t-t})2. (1.17)

On the other hand.

o o  n - l

X"  -  E {X" l f " v  f r - t }  :  t  D  r " (hn1r .11 t *< "< t * * ,< r } ) .
n:2  k -L

Hence

o o  z - l

E(x " -  E {X" l7 ,v  f r - t } ) r :  I  I  t * (h r , ,n .  1 { r * . " . r *+ ,< t } ) .
n:2 le:I

Let 0 : ro ( . . .  I  r,n+r : 1 be a part i t ion of [O,f],  and put

B ( n , k )  :  { ( t r  , . . . , t n )  €  T n

such that  there.ex is ts  i  :  ty  < r i  <  t *+r  {  r ;+ t } .We have

o o  n - l

iu(*,, - E{X,i l+,,v ft-, i*,}), < I D rr*(hr,,n l .a(,,, , t))
t :o n:2 le: l

o o  z - l

a t f o^(o|,o) : E [ 6r,,auau.
n : 2  k : l  J  T

Therefore,  f rom (1.16)- (1.18) ,  
(1 '18)

,77

DEIE{X\ , * ,  -  X?, l f , ,y  f t * , i * 'y ,
, : o

s ri E(x,,*, - X,,), + n lrd?",aua,j : o

s 6E'{(x{')), n (xJ'))r} + 2sE [ 6r,,aua,.
J r

The right side of the above inequality does not depend on the choice of the parti-
tion, and so X2 is an ,S- quasimartingale.

To show tr l-continuity of X2,we f irst note

Elx? - x?l S (E(Xt - x")r)r/2 . (E(xt + x)2)L/2. (1.le)
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If we defin e xp,t: 
E, (*i.t,,o-,r ' lel(t))), ,nu.,

E(xp, t -x0 , , )2<4 i  f ,o* (07 i .  (1 .21)
:p lc:O

Thus, the left side of this inequality tends to zero as p --+ oo, uniformly in s and

t. On the other hand

E(X, - X") '  :  E(Xp,t - Xo,u)2 + A,

where
A:  E(Xt  -  Xp, t  -  X"  *  Xr , , ) '

p- t  / :_  . \  (1 .22)
< t (z  +  1)  i  t  t  ̂ (h2^,n ' la i ( " )aef  ( r ) )  I

n : L  \ * : o  /

which tends to zero as p fixed and (t - s) - 0, since the Lebesgue measure of the

symmetric difference .41(s)AA:(t) tends to zeto as (t - s) -r 0. The -Lr-continuity

of X2 now follows from (1.19) -(I.22). q.e.d'

Let us now consider the particular case of a constant. process Xs = €,
(o < t a t), where g € lz(n). According to Theorem 1.2,'we have

xjt) : E{€lft},

xl ') :E{€17'- ')-E€,,
oo oo 

(1'23)

xj t )  :  Dr^@^. l r [=- ief  ( r ) )  :  Dr*&" 
'11t ,at<t ,1) ,

n=2  n :2

where

€:  E€+ t  I , (h^)
n = l

is the Wiener chaos exPansion of (.

E(x# x") ,  <28(x? +x:)<+({nxr) '* i  f  o-rn '^,*))  .  (1.20)
\  n :L  k :o  /
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Conversely, given a square-integrable S-martingale

xt :  EXo + i  i  In(hn, r , . r r f  t , ) ) ,  o  (  r
n- I  /c :O

the existence of a random variable € e L2 such that X(3)
clearly equivalent to

hnJ  :  hn ,2  :  . . ,  - -  hn ,n - r  ( : :  h r r )

f o r  a l l  n  :  2 ,3 , . . .  and
M

I  o"  @!)  <  +a.
n : 2

This implies the following characterization of smooth Wiener functionals:

Coro l lary  L.5. .Let

f
I  d " , d w u d w "  ( o S t < 1 )

J  R r . ,  _ ,

be the process xG) associated to € e L2 uia (l.zg). Then ( € Dr,2 il and only if
E I r6?,dudu I  *x ,  and we haue

l l r € l l ' :E  [  62 , "dudu .
J T

Let us now show that the process X(3) associated to

( : E € - i  r ^ ( h , ) e L 2
n : l

can be represented as a Skorohod integral (f.ta):

x[" )  :6(u/10, r1)  (o  < t  <  1) .

In fact, define

77

< 1 ,

is given by (1.23) is

_I-t h n + r ( t , t r , . . . , t n )  i f  t  < t r
- h n + r ( t 1 , . . . , t n , t )  i f  t n  <  t

0 otherwise

I . ( t 1 t t , . . . , t , )
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and put

ur  :  i / , (1 ' ( r l . ) ) ,  o ( ,  <  1 .
n : l

Then u.Ip,t1is skorohod integrable, and (1.14) holds. Moreover, we have

p r

J 
" 

L*(f -(tn)'z dt : z Ln+r(h'"*r).

Therefore, u€ Lr'2 i f  and only i f  €€ Dr'z, and this is equivalent to

f
E 

Jrdl"dudu 
I  *m.

Thus, we get a class of examples where u € Lr'2\L2'2, but nevertheless we have

( 1 . 1 2 ) .

I n  [ s ]  we  p roved  tha t  i f  u  €  L2 '2 ,X t :  f ] u "d 'W" ,0  <  t  (  1 ,  and  /  i s  a

function of class C2 with an uniformly continuous and boundedl second derivative

then /(X) is an ,s- quasimartingale. Moreover, in that case, /(X) has a Doob-

Meyer decomposition

f ( x r ) - M t * A t ,  o < t < 1 ,

where the variat ion part, (/r)oSrSt, is given in an explicit  form.

In the following, based on Theorem.L.2, we shall show that /(X) is still

an ,S-quasimartingale even if function / is only supposed to belong to the class

C2 with bounded second derivative. However, in this case, we could not have an

explicit representation for the variation part (/t)oStSt.

Theorem L.6. Suppose that X is a square-integrable S-martingale with d,ecompo-

sition (t.il, such t;hat (1.12) holds and f is a function of class C2 with a bounded

second d,erivative. Then (f (xr), 0 < t < 1) is an s-quasimartingale.

Proof . Lel m be a positive real number such that

l f " ( " ) l  S  ̂

for all r € R. For s ( t, we denote

X,t: Xit) + XI') + Xii)'
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Clearly, X"1 is 7"v f t-t-measurable.

By the Taylor decomposition theorem we have

l f  (xr) - f (X,r) - f '(X"r)(x, - X",)l S Tt*, 
- X"r), (r.24)

and

l/(x") - f(x,,) - f,(x*)(x" - x",)l < 76" _ x",)r.
On the  o ther  hand.

E{X, -  X"t lL"v l r - t }  :  E{X" -  X"t l f "v 1r- t }  :  o.

Therefore, from (1.24) we get the following estimation

EIE{f (x,)  -  / (x")17"v r t- t } l  <in1(x" -  x"r) ,  + (x,  _ x"r)r} .  (1.25)
Meanwhi le.

x t -X" t - xJ t )  -  x [D+  [  Lu ,dwudwu
J  I s , r ] x  [ o , t  - r j

and

X " - X " t :  * ! " - x  4 +  [  Q u , d w u d w ,
. / 1 0 , " 1  r I l - r , r - s ]

Thus, from a property of one-parameter martingales we have

E{(Xr -  X" r ) '  +  (x "  -  X , r ) r }  <2r . {6 l t ) ) '_  (X j ' ) ) ,  +  (x@12 _  6 l r ) ) r }
f

*  u  
J  r r r , rx  [o , r - t ]u [o ,s ]x  I r - t , r -s  ] )d \ 'auo ' '

(1 26)
Now suppose  tha t  

" :  { 0  :  r o  l  r r  ( . . .  1 rn+ r :1 }  i s  a  pa r t i t i on  o f  [ 0 , f ] .  F r . ;
(1 .2s)  and (1.26)  i t  y ie lds that

n

L EIE{f  (x, , t ,  _ f  (x, ,) l r ,  v 7r- , ,* ,} l
i : O

< mE{(x{ '))r  + (xjr)) ,  *,  [  62,"dud,u].
J r  " "

In part icular, f  (Xs), 0 ( t  1L, is an ,S-quasimartingale. q.e.*.

corollary 1.7. suppose that u € L2,2 and f a function of class c2 with a
bounded, second deriuative. rhen f ( l :udw),0 < t < L, is an s-quasimartingale.

Proof. It follows immediately from Theorem 1.6 and proposition 1.3. q.e.d.
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2. A MOMENT INEQUALITY FOR S-MARTINGALES'

Consider a square-integrable S-martingale with decomposition as in Theo-

rem 1.2,
X : X(J) + X(2) + X(3).

Since X(l) and X(2) are one-parameter Brownian martingales, it is well-known

that both of them have continuous version.

To study the existence of a continuous version of a square integrable ,S-

martingale X, it is therefore enough to consider the case of an outward martingale,

f
x t :  I  6 u r d w u d w " ,  o < t < 1 .

J  R t , r _ t

Let (A;)p, be a part i t ion of T into rectangles A; : lo;,b;] with b; :  (t ; , t  - t i)

and Af n A? :0 for all ; + i.
P u t  o o  ( ,  r  r r / 2 )

K(x ) : i n r1a ; ) l n {  ( /  6 ! , , auau)^ ' -1 ,  (2 '1 )
, ;  ( \ J ' r ;  /  )

where the infremum is taken over all such partitions'

Note that from Jensen's inequality it follows that

O O  f  1 l t

K(x) S inf1e,) 
2U ^,E62,,dudu)'t 

" '

As w'e have defined the two-parameter process

f
xi l :  I  6,"dw,dw" ,  (s, t)  e T,.

J  R " ,

and now we Put 
. x. :  sup l&1.

Theorem 2.1. There erists an universal constant C such that for any outward

martingales X: {Xr,O < t < L} whose corresponding process X : {X"t,(s,t) e

T) ,r sample continuous the following inequality holds

E X *  <  C  . K ( X ) .
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Proof. Let (,a;)[,  be a part i t ion of ? into rectangles such that

8 1

r )
E {  s u p  I A X [ a ; , " l l l <  C

(  z € A ;  )

The desired inequal i ty now fol lows

[ "{ (f^ ,',.0,0,)'' ' }. *-

oo

. \ -
L
r - l

from

(2 .2 )

From the Burkholder-Davis-Gundy inequal i ty for two-parameter cont inuous mar-
t ingales ( [1])  i t  fo l lows that there exists an universal constant C so that for anv
i  -  1 , 2 .  . . .

where

[ o r ,  " ] .

on the rectangle
There forc ,  t rom (2 .2 )

E { s u p  I A X [ a ; , 2 ] l ]  S C E (  [  6 , , , a u d r \ ' / ' ,
z € A ;  \ J A r  /

Ai  :  lo ; ,b ; l  and AX[a; ,2 ]  denotes the increment  of  X

u{U 
^ ,d2, ,dudu) ' ' ' } .

the fol lowing fact

(  r t .

! " ) t )  <s {  ! -  sup
( t = " +  

l z Q A '

n1

\--
^L

= z-F

rn

T
: n *

*oo .

X"  <  I  ruo  1LX1a; ,2 ) l  a .s .-  
- z e i ; '

q . e . d .

Corollary 2.2. Suppose that X is a square integrable S-martingale with d,ecom-
posi t ion ( l . l )  such that  K(xt : r ) )  <  +m. Then x has a cont inuous uers ion.

Proof . Without loss of general i ty we can assume that X : X(3) that means X is
an outward martingalc.

From K(x)  (  . foo,  we can suppose that  ( ,a ; ) r ! ,  is  a  par t i t ion of  ?  in to
rectangles such that (2.2) holds.

Fo r  any  n :  I , 2 , . . .  we  de f i ne  a  new p rocess  {XL" ) } , ,  €  1 "  as  fo l l ows

f
XL, :  I  f u ,dwudw" .

L  n . n { a : , = ,  A , l

Clearly,  X(") ,n )  |  are c.ont inuous-paths processes. From the above Theorem 2.1,
we have for all n < m

E(sup lX jL^t - xj") l) < s u p  I A X [ a  n , r , i ]

< c .
I

r  r  x r / 2  
( 2 ' 3 )

E( |  6 l ,a"a, )
I  

' J A ;  /

z € T
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The above est imat ion ensures that  P-a lmost  sure ly  {X("1 ,n  = I ,2 , . . . }  is  Cauchy

sequence in the space Cg\ and its l imit clearly is a continuous version of

{X , ,2  e  T }  q .e .d .
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