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A CHARACTERIZATION OF ARTINIAN MODULES

NGO SI TUNG

Abetract. It is shown thot il euerg eesetucial submdule ol a mdrfu M is a dircct surn ol an

M-injutiue mdup and an artinian tndule, then M is a dircct sum of a semisimple rndule

ond an artinian mdule. In this cose, il M is finitely generatz.d or finitely cqenerated, then

M is art;ni(!/t. This result cowiderably impmaes [5, Theorcm 3.1, corollarg s.2]'

Throughout this note rings R ate associative with identity and all R-modules

are unitary. For a module M, Soc (M) denotes the socle of M.lf  M: Soc (M),

M is called a semisimple module. For the definitions and properties of M-injective,

M-projective modules we refer to [t] and [O].

By Chatters [Z], a ring R is right noetherian if and only if every cyclic right

.B-module is a direct sum of a projective module and a noetherian module. The

module theoretical version of this result can be stated as follows

Theorem A. A right R-module is a direct sum of an M-projectiue semisimple

mod,ule and, a noetherian mod,ule if and only if euery factor module of M is a direct

sum ol an M-projectiue rnodule and a noetherian rnod'ule. In this case, if M or

Soc (M) is finitely generated, then M is noetherian.

Proof . The if part has been established in [4, Corollary 14'3]'

Now assume that M : S ON where ,9 is a semisimple M - projective module

and N is  noether ian.  Let  Ube anarb i t rarysubmodule of  M'  I f  SnU:0,  then

U is embedded in N, so U is noetirerian. Hence U + N is noetherian. It follows

the direct decomposition
M : T @ ( t / + N )

for some submodule ? of ^9. Hence

M l u = - r @ ( u + N ) l u
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a direct sum of an M-project ive module ? and a noetherian module (u +
V  :  S  ) U  1 0 ,  t h e n  w e  c o n s i d e r  M '  :  M l V . I t  i s  c l e a r  t h a t
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M, : ,S ,  O ly ' , ,

where ,s' is M-projective, semisimple and N' ry r/. Let ut be the ima,ge of u in
M.  Then u t )s '  :  0 / .  Hence by  the  prev ious  argument ,  M ' lu ' i s  a  d i rec t  sum o f
an M-project ive module and a noetherian module. Since M lU = Mt lU, i t  fo l lows
that Mlu has the desired property. The last statement is clear.

Suggested by "dual i ty" we obtain the fol lowing theorem

Theorern B. Let R be any r ing and, M an R-modul,e. Then the fol louing state-
ments are equiualent

(;) M is a direct sum ol an M-injectiue semisimple module and, an artinian
module.

( i i )  Euery su'bmodule of M is a direct sum of an M-inject iue module and an
art inian module.

( i i i )  Euery essent ial  submodule of M is a direct sum of an M-inject iue module
and an art inian module.

In this case, i f  M is f in i tely generated or f in i tely cogenerated, then M is
art inian.

Proof .  ( i )  + ( i i i ) :  Le t  M:  S  @,4,  wher r ' ,S  i s  an  M- in jec t i vesemis imp lemodu le
and ,4 is an art inian module. I f  C is an essent ial  submodule of M, then i t  is easy
t o  s e e  t h a t  ^ 9  c  c .  T h e r e f o r e  c : , s o B ,  w h e r e  B : c  [ r  , 4  a n d  B  i s  a n  a r t i n i a n
modu le .

( i i i )  +( i i ) :  Let t /  be a submodule of M. Then there exists a submodule X
of M such that t l  @ X is essent ial  in M. By hypothesis,

U @ X : , S O , 4 ,

where S is M-inject ive and ,4 is art in ian .  Let T :  (J a,S, then there exists a direct
summand T' of ,s such that 7' is essential in ?'. Hence Tt is M-injective. Let
r :  x  CI I /  *+  [ /  denote  the  canon ica l  p ro jec t ion .  Then 7 '=  r (7 , ) .  Hence n(7 , )  i s
an M-inject ive submodule of M. since n(T')  is also u- inject ive, we have

u : n ( 7 , ) @ B

for some submodule B of U. It is easy to see that B I s : 0, and since B is
a submodule of .4 O ,9, B is isomorphic to sorne submodule of A. Thus B is an
art inial  module, proving ( i i ) .
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(ii) +(i) : Let M be an .R-module such that every submodule of M is a direct

sum of an M-injective module and an artinian module'

Firts we show that Soc (M) is essential in M. Let C be a submodule of M

such that c cr soc (M) :0. Then soc (c) : 0. This together with the hypothesis

shows that any submodule of C is M-injective and hence C-injective' It follows

by [6, 16.3] that any submodule of C is a direct summand of C , showing that C

is semisimple. Hurr." c C soc (.M), therefore c :0, proving that soc (M) is

essential in M. Using this we next consider two cases:

a) Soc (M) is f initely generated. Then M has a direct sum decomposit ion:

M - M 1 @ . . . @ M n ,

where each M; is indecomposable. Hence, by hypothesis, each proper submodule

of M; must be artinian. It follows that each M;\s artinian. Thus M is artinian.

b) Soc (M) is infinitely generated. By hypothesis,

Soc (M) : 'S O B,

where S is M-injective and B is artinian. It follows that

M : S @ A

for some submodule A of M, since S is an M-injective submodule of M. Therefore

Soc (M) -  S @C, where C :  Soc (M) n A,  and so C -  B,  in  par t icu lar ,  C is

finitely generated. Moreover, it is clear that c : Soc (,4) and c is essential in 4.

Hence we may use a) to show that -4 is artinian'

The last statement is clear.

The proof of Theorem B is comPlete'

Theorem B shows in particular that the assumptions (P1) and J(M) <, M

in Ib, Theorem 3.1] as well as the semi-perfectness of r ings in [5, Corol lary 3'2] can

be removed.

Corollary. Let M : ,S O A be a d.irect sum of an M -injective semisimple module

S and an artinian rnodule A. If M is quasi-projectiue, then S and A can be. chosen

to be fully inuariant submodules of M -

proof . A submodule U of a right .ll-moclule N is called fully invariant, if for each

/  e Endp(N),  tV) e u.

By hypothesis, we may assume that all minimal submodules of A are not

M-injective. Hence there is no non-zero homomorphisms from .9 to .4, this implies

/(S) g ,S for all / € Enda(M). Now, assume that M is quasi-projective. Then
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each submodule of ,s is rf-projective. Let p be a honromorphism from A to ,s,
then , /Ker gr is isomorphic to a submodule of s, and so ,4/Ker p is M-projective
and semisimple. Moreover A is M-projective and., since A is artini an, A-f Keyp is
f initely generated. Hence by [6, 1g.3] the exact sequence

0 -+ Ker I ---+ A - AlKer I ---+ O

spl i ts '  i .e .  .4  :  Ker  p @u for  some submodule u of  A wi th  u = AlKer  p.  In
part icular, {/  is an M - injective semisimple submodule of A. But we assumed
above that each simple submodule of A is not M-injective, hence L/ :  0. i .e.
p(A)  :  0 .  From th is  we easi ly  der ive that  for  each /  e  Endp(M),  I (4 , .  .q .

The proof of Corol lary is complete.

Note that by the same argument we can show that Theorem B remains true
when we replace "art inian module" by "module with Krul l  dimension at most o,,
for some ordinal a.

We would l ike to ask the question of whether a module M is the direct sum
of an M-projective semisimple module and a noetherian module if every factor
module of M by its small submodule is a direct sum of an M-projective module
and a noetherian module.
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