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E-GROUPS WITH CYCLIC FRATTII\I SUBGROUP

NGUYEN VIET DUC oNd PHAM ANH MINH

Abetract. Lct G fu a p-group and let Z (G), O(G) h the center and Frattini suforoup
ol G. We llive cohomological pr@fs ol Hobby's theorcrn, which asserts that Q(G) is cyclic
il ZP(G)) is cgclic, and ol Berger, Kooac's and Neurnann's result onthe classif,cation of
p-grpups uith cgclic Fluttini subgrotry.

INTRODUCTION

. Let p be a prime number" For every pgroup G, let Z(G) and O(G) be
respectively the center of Frattini subgroup of G" The purpose of this work is to
give cohomological proofs of Hobby's theorem [2] (III 7.8 c in [3]), which asserts
that O(G) is cycl ic i t  Z(O(G)) is cycl ic, and of Berger, Kovac's and Neumann's
result [t] on the classification of p-groups with cyclic Frattini subgroup.

Following [1], directly and centrally indecomposable groups with cyclic Frat-
tini subgroup can be obtained as follows. First, one gets two factor groups of

L :  ( a r b r " l o " * t  : b 2 : 1 ,  a b : a - l + 2 r ,  a " : a l l 2 t ,  b c : c b )

wi th  I  >  1by  se t t ing  D+(2 t+s) :  L lk2) ,  q+(z t+s) :  L l \ " ' " r " ) .  S" .ond ly ,  one
has the cyclic group Cot+z of order pt*', the extra-special pgroups of order p3,
and the non-abelian groups with cyclic maximal subgroups of order greater than
p3. The latter consist of

(t) l l lot '+') :  (o,blant* '  :  bP : L, ab : ar+pt) for p ) 2,

(2)  M(22+,) ,  Dlz t* , )  :  (o ,bc)  c  p+(2e+s) ,  s(z t+21 :  (o ,b)  c  D+(zt*" ) ,
QQt+\  :  (a ,bc)  c  q+ (z t+\  for  p  :2
(especial ly, D(8) : M(B), S(8) : Ct x Cz)"



p- groups with cyclic Flattini subgroup

As we shall see in Section 1, all these groups can be defined as extensions of 22
by either an abelian group, or D(zr+r), or D(22*t) * Cr.

In Section 2 we give a cohomological proof of the following

Theorem A (Hobby l2l). U Z@(G)) is cyclic, then so rs O(c).

Theorem B (Berger, Kovac's, Neumann [1])" Let G be a p-group with cyclic
Frattini subgroup of order pt. If lcl : Fn*t, then G is isomorphic to one of the

following groups
' C p , * ,  

.  F . . : . '  E  * g n - 2 m , : r ,  M  .  
U P x c ; - z * ,

r n - l  t imes m-l  t i rnes

m-2 t i rnesrn-2  td rnes

Here and in what fol lows, A'B rneans the central product of A and B withlAnAl:
p, M is one of the groups given bV (t) and (2) if l> L, or an ertra-special p-group
i f  l : 1 ,  N  r s  e i t he r  p+ (2 t+s ) ,9+ (z t+ \ ,  D (z t+21  . ca  o r  s (z t+21  . ca  and ,

(  ( o , b l a P : b P : [ a , b ] p : l a , l a , 6 ] ]  :  [ 6 , [ a , b ] ]  : 1 )  i l  p > 2
E : 1  |

l .  D (8 )  ; f  p  : 2 .

1. PRELIMINARIES

For every pgroup -I(, let us denote by I/* (K) the mod p cohomology algebra
of. K" Let, a be a generator of the cyclic group Coc andlet uo, uo be respectively
the 1- and 2-cocycles of Coz given by

uo(a)  :  t ,  uo(a i ,or )  :  {  ? '  
t l : *  i  <  P(

t  1, otherwise.

So uo : /uo, for (. : 1, with 0 the Bockstein homomorphism. It is well-known
that

H- (c  ' ,  f  P fu " ; r l ,  i f '  L : l  and  P :2ip')  :  
\  ui""rr ' )  a Pft to;21, otherwise. 

(1'1)

Here and in what fol lows, Elr,y,. .  .  ;  1l (resp. Plr,A, . .  . ;ZD means the exterior
(resp. polynomial) algebra over ,Zo of generators r,g,.." of degree 1 (resp" 2)"
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Hence, i f  f t  is an integer and, Crtxck-r :  (or,. " ",akloort :  a! :  lai re;J : L,
2  < i  1 k , 1 <  j  S  k ) ,  b y  s e t t i n g  r l i :  t t o ; , , u ; :  u o , ,  w e  g e t

{  
p l " r , .  .  .  , u p ; L ] ,  i f  I  : 1  a n d  P  :  2

H * ( C o c * C j - t )  :  
{  

E l u r ; t l  e P [ u 1 ; 2 1 a P 1 u 2 , . . . , u 1 ; 1 ] ,  i f  t >  l  a n d  p : 2

I  A [ " t  t .  .  . t u k i f  ]  O  P [ u 1  , . . . , a 6 2 ) ,  i f  p  >  2 .

The following lemma is then obvious.

Lemma I.2. Leto + X e Hz(Crc"Ct-\.  AssumefurtherrnorethatRus((o{'- ') ,
Coc x C!-L)X: uoot-r ;f t> I. Then X can be reduced, by an autornorphisrn of

Cot X Ck-r to one of the follouing forrns

; )  L ,  uz i - t  -  uz ; ,  u?+ D uz i - r .  uz ; ,  u?  +  u /  +  u r .  u2  - r D u r ; - r ' uz ;  i f
i : 2i :  I  , i :2

P : 2  a n d ,  l :  L ;

i i )  ) ,u1  *  t ru t .uz  *  i  u r r - r .u2 ;  i f  ( .  >
i : 2

L or p > 2, with F: O or 7, and,

,  1 1 ,  ; f l > r
. \ : {

[ 0 or 1, otheruise.

H e n c e ,  f f R e s ( ( a ) ,  C r c X C ! - ' ) X  l o ,  l o r  e u e r u  a € C o t x C ! - r , t h e n k : I .

Note that the factor sets of the central extensions

O - Zp + Cpt+t --+ Cot ---+ L,

O --+ Zo --+ G --+ Cot X Co -+ |

with G : E, Q(8) (for t:  1), M(pt* ') are respectively

u l t  r l r  . 1 1 2 t  
" l  

+  u /  *  u t  . u z ,  a 1  t  u 1  . u 2

(see e.g. [+]  or [5] ,  [6] ,  [8]) .  We have

Lemma 1.3. Let O --+ Zo -+ G ---+ Coc x Ck-t ---+ L be a central extension with

factor set o I z e H2(Cp, x C!-r) having one of the lorrns giuen in Lemma 7.2.
Then G is isomorphic to one of the lollowing groups

c r c + ,  .  F . . : . .  E  x c ! - z , n + r  "  M  " , 8 . . . * * g k - 2 m .
rn-l  t intes rn-l  t i rnea
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Analogous results can be stated if we replace Coc by D(Ze). Recall that

D(2 ' )  :  ( a ,b laz ' - '  :  b2  :  l ,  ab  :  o - ' 1 .

Let uo, z6 be elements of HL(D(}r)) given by uo(aiP) : i ,  u6(aiP) : j  for
0 < i < 2t-1, 0 ( j < 2, and zs € H2(D(2')) b" the factor set of the central
extension O ---+ Zz -* D(22+r) --+ D(ze) --+ l. The following is due to Quillen [71
and Mui [6].

Lemma L,4.. H. (D(zt)) :  Pfuo,u6, zal l@2" I uo . u6). Furtherrnore, ue haue:

( i )  0q :  u 'b '  zc '

(;;) ;f A: (a2L-2, oib) is a marimal elementary abelian subgroup of D(Ze),
with 0 < i  1 Zt-t,  then Res(A, D(Zc))zs: uzo"r-, * rr,o2t-z " uaib.

Let c be a generator of C2. Set t : D(2e) x Cz,, we have

Lemma L.5.  Let  X € Hz(T)  wi th  Res((az ' - ' ) , f )X :  u l , t - , .  Then X can be
reduced by an automorphism of I to one of the following lorms

z t *  p u | ,  z t * u 7 +  p u ? ,  z r * u 7 ,  z e * u ? * u o . u " l  p , u ?

with p, € Zz.

Proof. Note that f/ ' ( f) is generate d,by 22, u2o, uf;,  u?, uo.rtrc, rtrb.z". The proof is
trivial if X is free of rtra.rtrc and u6.u". Since u2"+u! : (uo*uu)' - u? in H2 ((a, abl) ,
we  can  assume tha t  X  i s  f ree  o f  u !+ " ' u .  By  Lemmal .4 ,  Res ( (b ,  

" . o , ' - ' ) ,T )(q+uo 'u " ) :0 ,  so  we  a l so  assume tha t  X  i s  f ree  o f  u6 .  u " .  I t  r ema ins  on l y  to
consider the following cases:

( i )  X :  ze tuo . r l c  o r  ze*u?1uo .u "1 r1 "2 ,  t hen  X  i s  reduced to  ze*u f ;+uo .u "
or  22 |  u ]  + uo.uc *  

"? 
by the automorphism (a,b,c)  -  (a ,bc,c) .

( i i )  X  :  z t * r l a . r l c * u 7 ,  t h e n  X  i s  r e d u c e d  t o  z t * u ! + u o . r r c . a 2 l - 2  b y
( a r b , c l  -  ( a r o b " . a 2 ' - ' r c .  a 2 t - 2 7 ,

( i i i )  X :  ze*u\*ua ' r tc ,  then X is  reduced to z t+u2al r l ,o . r t r " .ozr- ,  * rL2.o"r - ,

by (o,  b ,c)  - -  (a ,abc, r .o"- ' ) .The lemma is  proved.

Let  f r  be an in teger  and le t  {o t , . . . ,an- t }  be a base of  Cf- r .  Set  :9e:

D(21 * C*-' ,  then

H. ( { t  d  :  P luor t t rb ,uL, .  .  .  r r t rk- l t  ze l l  @3 *  uo .  u6) .
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We get

Lemma 1.6.  Let  X e H2({ ta)  wi th  Res((az ' - ' ) ,Ve)X :  u ! "c- , .  Then X can be

red,uced by an automorphism ol v 2 to one ol the following forrns

m-L

z2 + 1tu2o * v( t  -  p)u\+ t  uzi-r '  u2i ,
i : l

rn-L

z t  *  uZ *  ua '  u1  *  1 t 'u21+ t  u2 i - r '  uz ; ,
i : 2

rn-l

za * u2^ *  ua'  q *  u3+ D u2d-L'  uzi ,
i : 2

w i t h p . , u € 2 2

Proof . By the proof of Lemma 1.5, we can suppose that X : Y *,=,.8*_, pi iui 'ui

t > l

with Y being given in Lemma 1.5. If X is not free of uo'ttrr and p,y I O for i > t,

t h e n  u o  " u r  *  u t ' u i  =  u L ' ( u o  +  u i )  :  u r  u i  i n  H z ( ( a ' a i , a t , a i ) ) ,  s o  w e  c a n

assume that pai : 0 for 1 > 1. By appropriate changes of base of V p, we can show

that X is reduied to one of the required forms. For example, if X : zt* ul * uo'

u t  *  uZ  +  u l  +  us  "  r t r4 t then  X  :  4  *  t Ja .o t '  uo t  *  u? .oo  *  uas .az l - z '  uos .oo . ' zL .2

b y  t h e  a u t o m o r p h i s m  ( o ,  b r a l , a s , o n )  '  ( o ' o r r b ' a 4 r a r r a s ' o 2 ' - t  , a s ' a 4 ' o " - " ) '
The lemma follows.

Since the factor sets of the central extensions

O - Zz --+ G --+ D(Zt) -, t,

O - - + Z z - - > H - > f - - + 1

with G -- D(zc+t1, S(zt+r), QQL+!) and H : D*(2t* '),  g+(ze+z) are respec-
tively

z \ t  z t * u 7 ,  z 2 * u ! , ,  z p * u f ; * u a ' L l r t  z e * u ? * u a ' u 1 + u l

(see e.g. [6j), we have

Lemma L.7. LetO -* Zz -+ G --+ ![z+r - t be a central extension with factor
set O I z e Hz(!lz+r) hauing one of the forms giuen in Lemrna 7.6, then G is
isamorphic to one of the following groups

'  
=*xc!-zm+r' 

/rr 
3#_xct-2'n+2'
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p +  1 2 e + 3 )  . C a .  !  .  . . . "  E . x c f ; - z m + t  .
-v-

m-2 t imea

2. PROOFS OF THEOREMS A AND B

Our proofs are based on the following

Proposition 2.1. Let (J) O --+ Z --. J --+ K --+ L be a central ertension with
t  =  Z r  a n d , w i t h f a c t o r  s e t z €  H , ( K ) .  T h e n Z  c O ( J ) ; f f 2 * o i n  H 2 ( K ) .
Furthermore, i f  z f O, then O(J)lZ : O(K).

Proof. I t  is obvious that z:o implies that J : K x z,so z (aQ). conversely,
- assume that Z / @(J), then there exists a maximal subgroup H of J such that

z  (  H .Hence  J :  H .z :  Hxz ,so  theex tens ion  ( J )  sp l i t s .  Th i s  imp l i es  z :0 .
Forz f 0, since JIAQ) is elementary abelian and, JIA{l = JlZlAe)lZ :

Kla!)lz, we have o(K) c a!)lz. on the other hand, let r be normal in J
wirh Llz: o(/{), then Jf L= JlzlLlz: Kla(K). since Kle(K) is elemen-
tary abelian, we have O(J) C.L. Hence O(J) : tr,  so AQ)lZ: O(lf).

With the assumptions of Proposit ion 2.L,let {.E,.(J)} be the Hochschild-
Serre spectral sequence for the central extension (J). So Ez(J) : H* (I()S H. (Z).
We suppose that z + O in H2(K). Following (1.1), set

Since dz(u) :  z ,  we have

E"(J) : H* (x)lk) e zofPu)
@ Anns* 6)k) I ZplBulu

(see e.g. [a] or [S]), and there is a bijection

H ' ( J )  J -  n ! ' z 1 t ) e " E t ' t ( J )  @  E ? ' o ( J ) ,  r * n + F i + r H 2 ( J ) ,

with i the degree of Hochschild-Serre filtration of c, 0 < i S Z.
We also have

Lemma 2.2. Let (L) be a central extension, ---+ Zo -\ t -\ J -+ I with
factor set O I zt e Hz(t)" Then

91
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a) Every ertension of a subgroup of o(J) n z(J'1 by izo is contained in

z(o(r,));
b) If oz' € E;'t (J), then Ej"2(t'1 : o,

c) If Lzt € E|'oQ), then the ertension of Z by iZo is Z x iZo, and is a
subgroup of A@) n Z(L).

Proof .

a) Let a € O(J) ) Z(J) and 6 € .L such that n(6) : a. For 9, h €tr, since

[g,b]  and [ lz ,b ]  be longto iZp,  we have Igo,b l :  1  and [ [g ,h l ,b ]  :  L  in  iZr .  a)  is
then proved.

b ) I f  L z t € E l ' ' ( J ) , t h e n  l z t i s o f  f o r m  r & u , w i t h r  € H t  ( , I f ) .  L e t g b e a n
element of K such that r(g) I 0 and (D) the central extension O - Zp -+ D -+

(g)  *  1 .  Then Res(D,  J)z ' , -  18 u € EUI(D) .  Hence gz '  r -+ r8 pu e Eln(D)
which is non-zero. Since xSgu is not of form y.r&u with y € HL((g)), i t  fol lows
that  pzt  :  ds(gu)  10.  This  impl ies E)"2( l ) :9 .

c) Obvious from the definition of the Hochschild-Serre filtration on Bar
cochains.

From Lemma 2.2 a) and c), we obtain

Lemma 2.3. With the assurnptions of Proposition 2.7 and Lemma 2.2, aEsutne
that  Z(O(L))  is  cyc l ic ,  then O(J)  n  Z(J)  ;s  cyc l ic  and,0z '€  EY!(J) .

Lernrna 2,4. With the assumptions of Proposition 2.7 and Lernma 2.2, assunl,e
that A(L). Z(L) is cycl ic and E!2(L) f o, then O(J) n Z(J) is cycl ic and,
|zt e n!2Q).

Proof" Consider the extention (K), with Z an arbitrary subgroup of O(G) a Z(J)
of order p. Since O(r) n Z(L) and EY(L) * o, it follows from Lemrna 2.2 that
|zt € EY'(J). So Res(Z, J)zt :  0u. By Lemma 1.2, O(J) ) Z(J) is cycl ic. The
lemma follows.

Proof of Theorem A.Let lcl :  p"*2 and,lO(G)l: p'.  By Lemmas 2.3 and 2.4,we
get a sequence of central extensions (G;) O -t Zo -- G; -, G;+t ---+ 1, I < i < L
with G1 : G, Gt+t: Cf,, and the factor set z; of (G;) satisf ies z; € E^";-2(G;+t),
gzt . :0 .  Hence a(Ge),  O(Gz- t ) , .  "  .  ,  O(Gt)  are cyc l ic .  The theorem is  proved.

In order to prove Theorem B, we need

Lemma 2.5. If K is not elementary abelian, then Q(J) is cyclic ;flf AW) is cyclic
and z + du € Ey'(J) w;thO * o € Zo.
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Proof. By Proposition 2.L, we have the central
O(lf) -r 1" So O(J) is cyclic iff O(/() is cyclic
lemma follows.
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extension O --+ Z ---+ O(J) --+

and Res(O(K),K)z I  o.  The

Lemma 2,6. Let K : Cot x Ct-r or D(zL) x C*-r and J be one of the groups
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giuen in Lernmas 7.9 and, 1.7. Then EJ""Q) + O;tr J : Cu+r xC!-r or D(Zt+r)x
Ctr_'.
Proof. I t  is obvious that EY'(J) +oitr 0":0 (mod z) in H*(If).  This fact is
equivalent to z: u1 or z: Ze. The lemma follows.

Proof of Theorem B. We proceed by induction on (.. The theorem is clearly true
fo r  I :  l .  Assume tha t  i t  ho lds  fo r  L - |  ( ( .>2 ) .  Le t  Z  be  thesubgroup  o f
O(G) of order p. By Lemmas 2.5 and 2.6, A(GlZ) is cyclic, GIZ = Crt x Cf,-t or
D(2\ x Ct-t and the factor set for the central extension | --+ Z --+ G -+ G lZ --+ L
is of one of the forms given in Lemmas 1.2 and 1.6. The theorem follows from
Lemmas 1.3 and 1.7.
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