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A Short Communication

BOUNDARY OPERATOR METHOD FOR APPROXIMATE

SOLUTION OF BTHARMOI{rC TYptr trQUATION .

DANG QUANG A

1. INTRODUCTION

The aim of the paper is to construct effective methods for solving the fol-
lowing boundary value problem

L u :  e A , 2 u - a A , u + b u :  f  ( r ) ,  r €  f , l ,

u l l :  u o '

E u l
^  |  : U v t
d u  l l

( 1 . 1 )

( 1 . 2 )

(1 .3 )

where A is the Laplace operator, O is a bounded domain in R with sufficiently
smooth boundary f, rz is the outward normal to l, e ) 0, o > 0, b > 0. This
problem is called the Dirichlet problem for biharmonic type equation. It meets,
for m -- 2, in the theory of plates (see [t0]). Also, as well known, the solution of
the stationary Navier-Stokes system may be reduced to this problem.

For solving the biharmonic equation, i.e. the equation (1.1) with e : 1,
a : b : 0, using the Dorodnhisyn's idea Palsev [7, A] constructed an iterative
method, which reduces the problem (t.t)-(t.3) to a sequence of problems for the
Poisson equation and established an error estimate of order O(llN), where N is
the iteration number. In [S] Glowinski et al. also proposed an iterative method for
solving the biharmonic equation, but there was not obtained any estimate. In [2,
3l applying an extrapolation technique we have constructed an iterative scheme
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for the same equation, which converges with the rate of geometric progression.

Recently, for the imposed problem (1.1)-(1.3) Abramov and Ulijanova Ir]
proposed an iterative method, which works for any e. Unfortunately, the conver-
gence of the method was not proved. Besides, the method has a shortcoming in
realization. That is the multiple use of the Laplace-Beltrami operator, which is
difficult to be computed for an arbitrary boundary in the case rn l 3.

In order to overcome the above shortcoming, in the present paper we con-
struct an another iterative process for the problem (1.1)-(1.3), for which some
results on convergence are established. Moreover, we also propose a technique for
improving the convergence rate of the method up to that of geometric progression.
This technique is an extrapolation of the solutions of problems containing a small
parameter in boundary condition. It is efficiently used in our earlier works [2-4].

2. ITERATIVE METHOD

2.1" Reduction of the problem to a boundary operator equation

A s s u m e t h a t  a ,  b a r e c o n s t a n t s ,  o ) 0 ,  b ) 0  a n d  a 2  - 4 b e > A .

As in [1] we set
1

p:  
;@ + t / " '  -  +ur)  (2  1)

Furthermore we denote

l . l5

A ' o : 4 1  '
d u  t T

where u is determined from the problems

L2u : 7t L.u - bu,

L 1 u :  1 L u  -  u .
p

L 2 a : O ,  r e A ,  u l f  = u o r

L { l : u ,  r € O ,  u l r : 0 .

(2.2)

(2 .3 )

Now let u6 be a smooth function defined on f . Introduce the boundary operator
B by the formula

{2 -4)

(2.5)
(2.6)

The operator B prima^rily defined on smooth functions extends by continuity on
whole Lz(t)" It is easy to prove that the opertor B is symmetric, positive and
completely continuous in .L2(f). Moreover, from the theory of elliptic problems
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[O] it follows that B is an isomorphismof spaces.F/"(f) and I/"*1(f), 
" 

) 0. Due
to the compactness of the imbedding of l?s+r(f) into II"(f) we get that B is a
completely continuous mapping in 11"(f), s 2 0" In particular, B is completely
continuous in ,L2(f) : I/o(f).

Now we can lead the problem (1.1)-(t.3) to the operator equation

B u g :  f ,

F : t t r v - + t l  ,
o u  t l

u2 is the solution of the problem

L z u z : f ,  r € O ,  u z l r : 0 ,

L 1 u 2 :  a 2 ,  r  €  O ,  u z l r  :  u o .

The smoothness of F depends on that of f , uo, ur. Namely, using [6]
to  show tha t  i f  f  e  Ho-n (O) ,  , o  €  H" - t l , ( f )  ,  u ,  €  gn -3 /2 ( f ) ,  ,
F e Hn-3l'(f). Therefore, under the above assumptions the equation
an unique solut ion us € Hn- ' / ' ( t ) .

Thus, the problem (t . t )-( t .3) has been reduced

(, t+ r  )  (k)
u o ' _ - u d ' _  

+ B r f , k )  :  p ,  k : o , M  _ 1 ,
r

,50) € Lr(r).

(2 .7 )

where

(2 .8 )

(2.e)

(2 .10)

it is easy
) 4 then
(2.7) has

(2.7) in the Hilbert space ,r(f).

Rernark 2.1" In the'case a: b - 0 we put at once eAz: u as done in [2, gl,  while
the method of [t] does not work"

2.2" Iterative method

In order to construct an iterative method for solving the problem (t.1)-(1^3)
we use the two-layer iterative scheme for the operator equation (2.7), to which the
problem was reduced. The iterative process is defined as follows

to the operator equation

( 2 . 1 1 )

converges to the solution u6Theorem 2.1. The sequen"" {r[k)] gir"n by (z.tt)
of the equation (p.7) ;f

o 1 r <  l -  "
i lB t l

(2.12)
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Theorem 2.2. The iteratiue process (2.11) can be realized by the following

Algorithm 2.1.

St.ep 7. Giuen a starting approrirnation uf,o) € ,2(f).

Step 2.  Knowing r jo) ,  ( t  :0 ,1,  . . . ) ,  so lve the problems

L 2 a ( k )  :  7 ,  c €  O , , ( o ) 1 .  :  r [ * ) ,

Lp&)  :  u&) ,  r  €  { l ,  r (o )1 "  :  r t r o .

step e. compute #1,
Step l. Compute the approrimation

, [o*') -, j*) _,(#1. _,,).

Corollary 2.L. For the sequence {uft)} generated. by Algorithm 2.1 we haue

l l u ( t ) - u l l s u 1 , ( n ) - 0

as k'-- x, where u is the solution of the original problem (1.1)-(1.s).

3. ACCELERATED ITERATIVE METHOD

In order to construct a faster iterative method for solving the problem (t.t)-
(f.g), following to the extrapolation technique in [Z-a] we consider the correspon-
ding perturbed problem

L u 6 : e L 2 u 6 _  a L , u 6 * b u 6 :  f ( x ) ,  r € d l ,  ( 3 . 1 )

u6 ln  :  uo ,  (3 .2 )

- / e  \ ,  E u o l6(r-Auo -  
"u)1"  + - f r l r :  u , ,  (3.3)

where d is a small parameter, 6 > 0.

This problem may be reduced to the following operator equation

( B + 6 1 ) u 6 o : 4  ( 3 . 4 )
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where u6o:  (9 tuu-ru)1. ,  and B,  F aredef ined in  Sect ion 2.
\ P  "  / ' r  '

Theorem s"L.  Let  I  e ' 'Hn-n(O),  oo E gn-r l2( I ) ,  , ,  6  17n:312( l ) ,  rz  )  a .
Then for the solutiop of the problem (3.1)-(3.9) there holds thq, agymptotic erpan'
sion 

N

7 t r 6  : r t r + I  6 ' ' r +  6 N * 1 " 6 ,  z €  o ,  o <  N  S n - 5 f 2 ,
i : t

uhere u is the solution of (t.t)-(1.9), w; (i :
6 ,  wi  a  u-- ; (Q) ,  za € H"-N (a)  and

t, U) are functions independent of

l l"ul lr ' , '1n; S cr,

C 1 being independ,ent of 6 .

Now we construct an apirroximate solution UE of the problem (1.1)-(1"3) bV
the formula

N + 1

(JE : T lnuu/r,
i : 1

where
( -  1 ) t * t - i i 1v+ t' Y r : - r . 1 1 1 r . * 1 _ r . ; 1  '

u61;  is  the so lut ion of  (3 .1)- (e.3)  wi th  the parameter  6f  i  ( i :  1 , /V + 1) .

Theorem 3.2. [Jnd,er the assumpttons of Theorem g.7 we have the estimate

l lu t  -u l lsu l " (o)  <  Cr6Nr ' ,

where C2 is a constant independ,ent of 6.

For solving the operator equation (3"4), as is usual, we use the two-layer
scheme

(f r+ l )  (k)' ; -##oo +gr+eu[ f ; )  :p ,  k :6 ,M_L (3 .s )
r j^* ' /

,fB) e rr(r),
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t  (  ( , t + 1 ) )  . .  , ^ lwhere t"j^-"I is the Chebyshev collection of parameters [9], defined by the for-
mulae

- (o )  _, 6

p 6 :

2
1r ;  -  rz)  '' 1 6  - r  ' 1 6

1 - € o  ?
1 + € ,  

I  ( 6 :

(/c) rr(o) 2k - L
, i - '  :  

; ; k +  t ,  
t k  :  c o s  

r ,  
l t t

( 1 )
1i  

'  
^ , ( t )  :

( 2 ) '  t D
"'ti '

(3 .6)

In the case of the simple i teration 
"ju) 

:  16, k:

l l , i f )  -  uaol l  s (pu)ol l , i3)

The iterative process (a.S) can be realized by the

Algorithm 3.l.

Step 7. Giuen a starting approrirnation u[o) € f2(f)"

Step 2.  Knowing r l f ) ,  ( t  : ,0 ,1,  . . . )  so lue the problems

L 2 ' [ k ) : 7 ,  o € o ,

' j *) l t  :  ' f f ) '
hu|r) _ rtr), r€(1,

" to ) l t  
:11 'o '

step s. compute #1,
Step l" Compute the approrimation

, ! :* ')  :  r j t)  -,r(#1" - r,).

forufft) we obtain the error estimate

l l " l * )  *  u 6 l l s s l z ( n )  <  C ( p u ) k ,  k : 1 , 2 , " " .

where C : const and p6 is given by (a.0).

Therefore, in order to obtain an approximate solution of the original problem
(1.1)-(1.3) with the given accuracy 6* we have to choose 6, such that 6N+l - 6*,
where N is defined in Theorem 3"1 and then solve N + 1 problems (f . t)-(f  .3) with
parameter 6l i  ( i :  1At+ i) by Algorithm 3.1 with the accuracy 6.

6, 1t ')  :6 + l lBl l .

I r 2 r . . .  w e  g e t

-  , ro l l "
following

(3 .7 )
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4. NUMERICAL EXPERIMENTS

For the equat ion (1"10) with o: 1,  by experimental  way we chose the
iterat ive parameter r  :  2G, ensuring the convergence of Algori thm 2.1. When
fixing e with this selection of r, the numerical results show that the number of
iterations slightly depends on b. For the accelerated method the computation time
on sequential computer required by Algorithm 3.1 usually does not excee"d 9O% of
the computat ion t ime required by Algori thm 2.1. The Algori thm 3"1 wi l l  show i ts
advantage over Algorithm 2.1 if each perturbed problem is solved independently
on i ts individual processor of paral lel  computer.

1 .
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