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EXTENDED IIRST .ORDER' STOC HASTIC
AVERAGING METHOD FOR A CLASS

: OF NONLINEAR SYSTEMS

NGUYEN DONG ANH

Abetract. An ed.ctdd fwet ot&r du.horitic aacrqitq poocfur- ir:popsd lor a clost ol
ti@c-degrcc-of-frchm ry$enu vhich cu trot h inacstifii.d by witq t)v clutil51l fi'3t ordcr
aaercling nuthd. At' an illwtratior a cya1a,m uith rwnlircq da'rrrping h rrirui&rcL.

1. INTRODUCTION

over the past years the well-knl*n' urr"ruging method; developed by Bogo-
liubov and Mitropolski [t] has proved to be a very useful tool for solving determin-
istic nonlinear vibration problems. The advantage of this method is that it reduces
the dimension of the response coordinates. An extension of the averaging method
to 

Jt+f 
field of- random vfbrations was. oiiginally introduced by Stratonovitch [2]and then developed by many authors.

It:should be noted that although the general higher order averaging proce-
dure was already described for deterministic differential equations [a}, principally
only the first order averaging has 'been applied in practice. It is tuuit [oo*n, irow-
ever, the effect of some nonlinear tertns such as cubic stiffness is lost during the
first order averaging procedure

It implies that the first order averaging method is'not sufficient to describe
the effect of these nonlinear terrns.

The aim of this paper is to propose an. extended first order averaging pro-
cedure for a class'of singledegree-of-freedorir systems'i147ith random excitition. In
the first paragraph, we recall s.ome well ,known facts for the ilassical case. The
main result of our &tended method'is given in the second paragraph. In the last
paragraph, an application to systpms with nonlinear dampigg is:shori,n.
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a7First <irder.rtoch&6ic arerrgiag meJhod

'The"Fti*e*Plitrc'k'{'FPi equatbs;,wt'itteri,bn the"prcbaibility density func-
tion p(a,0,t) of system (?) is given as follows:

0 n  r O  r . , ,  A : - - .  1 r  A 2 . . - -  ,  - A i  .  A 2 :
# : " lfr*x, n1 1,ftdx, tl - 116 tx,p) + z #0 @., rr) +,ffi( rr I p)] ), tn)

where,
" :  : '  

" r l f i  
" '

Kn(a,r): 
. , isin2,p,

(10)

usi4g the stochastic averag!4g,aethsit !+JjF {l qq"$ryl: (9) i9 qpgr"ocimately
replaced by the averaged FP tind

X: "{*u*,)p) + *!{$,rlt
-*[,#ivr;Jp) + ffiu*,)il+ ffi;u**to)]], (r1)

where ( ) is the averagfing,dperator.wimtope.+ to,tp: " : "

. :  l - ' . t  : i 1 i  t o  
. ,  \

_ f\rr, thg :o"fraenls iB (11) Te oltained by aveqaging of the corresponding
coefficients in (9). It is seen from (8) that, in the case where the function J1 has
the property

. 
(/1!o':),ttnr) : ({t,(",p) ccs2) = 0,, (13)

the influence of the term h(o,p) *itt be lost in tte raoeraied Fp equation (11)
due to the averaging. on the other hand, the g:-rpressioq of the Bolutjon {F) d*;
not contain any effect of nonlinear ter-s. 

' '1;: -''l' r r"'!:':'':r ' 'l

It follon's that, in the case of (13) the &ssical'first order stochastic averaging
rhethod is not sufficient to dwcribe the effeqtlof theterm h(sri). Soanr adequate
extension is required. l ' .i:.

Exdmple. Consider the followirig systerh 
1

!

i + wz x : e(akzos'^ +-Eti(r, sJ) 
'+ 

eo((t).

(L2J

(14)
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Ilence, in oider to investigate the effect of the term /1 (r,i) in (14) ore needs

an extended averaging method.

3. EXTENDED FIRST ORDER STOCHASTIC AVERAGING

' 
loqb::e that the nonlinear syste- (r) &truit the prop'irty (r3). 

"oY,instead of (6) we consider the following change, purposely,
l . ' -

r ( t ) :ocos,.p+eq(e;P)r , , , -  " .  i  :  
'  (15)

, 0 u
, ,,,.,, 

t(t) -1t'tsing +'; , 9: wt *:0' '  (16)

A suitable expression of {he function t(or,pl. will be.determined later qqing
the property (13). In order to obtain the amplitude and phase It6 differential
equations let these equations be written in the form

da(t) - a(a,e\d,t+ P(o,p)dW (t),

d,o(t) : p(a,e\dt * t(a,e)dw (t),
I

*heie d,'rt,, it,t arii unknoq/"nfuttctidfisof c and p. For a giliert'Yunction.F(t,o,p)
ihd lto'iii*irJniiti1*ii ii1:eiv*' 

1 :

: dF = 
[#, . (t + tz)FJ* * eFdw(t), (18)

where the opbriiore ll, lz,Lsdenote
, '  :  ;  :  

.  ,  , , ' . ' ' ;  ,  I  : i ' .

a a
4  =  a g ; *  p f u r , l  

: i  .  ; :
t  ^ A 2  6 z  !  ^ A ztz: |F2 f,p + Frfu, * ir'fu ,

h :  B * , * r * .

(17)

. :
(1e)
j ' : r '  '



l b ta tasury - - -b  
* l lP . t r , l= ,  
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j r ' i , .  u , : , , : i , , t

i.,!', 
' ' ' tfr'+tzKy."cgr * eulisg, 

lu("-"*pf 
tuf= o, _ 

'.

(tr + eil(i,,k"'#T'"# = "tna+.?'(11{ #,ll
i.i*:'. . , : I

: r* : ..i.'

l.*_** + (ffi*+ W"#)j =r*sf;, 1' (?d)
i:a;i ii- ,'! ill* 1-:.. I

(25)

Assuming that we have (13) rrld ocpanding tt(qrp) into a Fotifcttdfio' ) ' "

r,2&ttr*J:il.s ,rp.op_+,(8 (o,sr) cos ry) "*,n*r)
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we get from (ZS)r.dhs fffitow,ing:.sipl€sstod foi.ufc, p\ ., i

,  \  I  ( , ^ula,e) :  
A{( / r (c ' 'e))  :

* , 
F="*f{h,t', 

w)sin ap} iin nb } (fr ta;b} ceis ze) 
"* "srl } .J )

. ;  : : . i  . i ; , ' i . r - . - ;  y i l ,  i , , ; , r , . r r . ( ? , . 9 } '
Hence, the system'(28) 'can-be'rewritten rn two,beparatle rystens

'  ' :  
t ' /  '  

a r - . -
ts(@cos(p I eu) : g, t"( - ar.r sin e + ew!) : 

"o'  dp /

a n d ' ;

{1,(a^cos,p +e{r} := 3tr2{oo9s p" .iul, .. .: i : , i.i

I\Idbie -Drifigt.616

.  l a .  t -

(27)

(30)

Hence,

9 (o ,p )  =  -9os in  I  *  e2 . . ,  1 (o ,p )  ==*ocos (p*  e2 . :, .  w  au
Substituting (80), (r9) into (28) yields

From (81) ouege!1. ;

a(o'P) : 
# cw2 e - *'rro,p) sin e + e1..

\  E 2 o z ' * i ' : ! t  E 2  ip(o, p) = - 
ffiEn2p 

- 
hnrb, p) cos p* es ..

(32)



rFirbf*6riierudtifrfr{gtic.awerrlgilrg method 'idl

Hence, the amplitude and phase differential equ.atftoirs"i(1'7f b*e*eailir4sfrtedlr,tdierc
a(o,arl, p(a,p), p(a,p), l@,p) are given in (eZ) and (90). The averaged Fp

;f,5*tff,,"r!vrrt,!9l 
for. fre!+bilrtl .-{..ei:!ry .functi-o,l ,p(a;'0,t\ of system (tl) ,tales

0 o  ^ r D  A . . . . . l r A z  . ^
fr: e'zlfi((a)p) + $ur>ol -']jf#(Fztpl ':'': 'l
'. 

- #($.,pl u,nL,ur')")1) *e.s.., , , (s3)

{t is seen from (z+) and (82) that.the coefficients e(a,p), p(a,,g,)",sontain. t}re
derivatives of the function ftb,n). So, the effect of the nonlinear term /1 (",i)
may be investigated by using the,,averaged FP equation (sS) and also the expression
of solution (ts), (16).

4. SYSTEL,f WITH NONLINEAR DAMPING

The proposed extended first order. stochastic averaglng method will be used
for investigating a system with nonlinear damping. We note also that sincb the
first order averaging is used the terms of eo (n ) 3) wilt be neglected in the Fp
equation. Consider the nonlinear +ystem described by the,foJlowing equation

i + wz x, : -egiz - ze2hi* aof (t), i (11)

where h, P > 0. So oni has the equation (I) in which 
, 

't'",. 
.,

f {o , i ) : - f -q2,  tz$r r \==?hg.  . ,  , .  ,  , . , ,  , ,  1p.4
It 

'can'b" 
,ho*rrlttiar th'e cbn<liiioh' ttg) ii satisfied. Saustitut$' (g5) idtor (?E)

yields

.w(a,pl.*, -L8 * 
frjcog,2p:. . . : . . . ,  , : .  . t  ; .  j , - i , : : _ . 1 . i . i " :  

; ;  . . ,  ; , . . , ,  : ,

Hence, using (ts), we see that the solution of equation ({a) takes the form

n : ocos p,- ,ry(t * *.os z,rr).

Using (35), (BG) one gets from (zl)

Fz(o, p) : -2h- .ir v + f,|z'osr' 
,irri p *" 9i . (g8)

(37)
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So, one gets from-,(eg} and fsOl ,: : i,..

$absti,tritiltg,(46);into. (33)fieltt*,..i : .
'  

. . . 1 ; ,  
'  

, 1 : - . ; 1 :  ; f , ;  
. . : , : , - t  i r ' ,  . " t ,  1 1 l i - '  i

, \  h l | i l . , i z '  ' (  2hw2 ' r ' 1
pla) : joexP \- 

", 
o 

I.

From (41) one gets

n @ \ = # .

'asiein2'esinz/).

(42)

o , e0o2E(rl - -rf,n1a'\ + e2.. = -ffi * e2..

trn'tlre absence of the nonlinear damping -e\i2 (i.". g = 0), one has E(o) = 0. So,
the expression (ls) implies that the nonfipqr darnping *e\i,' redgce, the rygq.g
value of the displacement.

Conclusibn. The well;knbwo rt*t."tic averiging metlod has been extended to
s!u{y g, class of nonlinear systems, w}ich,can not be investig?ted by using the
claslicit'firsi otder st'ochastic'aveiaging. 
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