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ON'SOLUTION OF BOUND RY? YALU{]“E_}_KPROBLEMS
~ FOR NONLINEAR HYPERBOLIC EQUATIONS.:
WITH DISCONTINUOUS COEFFICIENTS

NGUYEN HUU CONG

Abstract. In this paper, we study a boundary-value problem for nonkinear partial differential
equations of hyperbolic type with discontinuous coefficients. The eristence and uniqueness of
solution of the problem is proved. This paper can be considered as an extension of the results

in (1), [2].

1. INTRODUCTION

In [1] we considered the following boundary-value problem (BVP):

A(t,z,y, DyDLDY)U(t, z,y) = F(t,z,y), (1.1)
BiU,z,9)|,_, =Wt 0), {=1,2,...,m, (1.2a)
. a:J'ﬂD:DiDgU(tazay)’z=_o = a:'_’jﬁ‘D:.D‘;':DgU(taz)y)l:c:*_ov (13)

Wil AkiEilenm i 1,2,...,2['—";—1} ok
where (t,z,y) € G:= (0,T) x QA C R*!,

o .

¢ i B ._ ph =
D= %3+ Al ok D= Dy;D{,’; Df.._’ and
A(t,z,y, DiDiDy):= Y aip(t,0,)DiDiD"

t+j+|flISm+1

is a partial differential operator of hyperbolic type with respect to ¢t whose co-
efficients are bounded for 1 + j + |;3| < m 4+ 1, piecewise sufficiently smooth for
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4 G 4 || =omied; and B, zyy) '€ L*(G). The coefficients ayjg(s, gy (with’
i + 7 4B]'= m + 1)iare supposed to possess discontinuous: points only on hyper-
plane {z =10}, tend\to0:while z tends to +0 for the odd ] and satisfy the follogwmg\.
conditions:; A thar 65
alip _ Hmrioo {3 im0/ }’/2“"‘“’/ Lo ey

12[(m+1)/2]ﬁ'

a:'jﬂ “(m+1)oo
for the ‘even j =0,2,4,.".2[(m'4 1)/2] where a5 = Tim a;p(s 5 g) and’ =
l[ma,J B(t,z;y) While w tends to 0 respectxvely In the case when m is even we
. require that a;,,0 = aomi1. The coefficients oz‘J g @ u g in the condition (1 3) satlsfy
~the relations below:

afﬁa {”'“"("5;.+1)oo%}1<?—;iﬁi{f '3400.}2(5*"13’ o((+1)/208 | ")
%ip  \@m+1)00 ®moo @igl(+1)/218

In the particular case when the initial conditions (1.2a) is replaced by
DiU(t,z,y)|,_, =0 i=12,...,m (1.2p).
we proved the following energy ih:iequia'iity:'

HU(t,z,y,)HtHgn‘(G)' < Cl|AU(t,z,9)]| 2 gy (1.6)

~_In [2] for the problem (1.1), (1 2b), (1. 3) (with conditions (1.4), (1.5)) we
also proved the dual ‘inequality: The energy inequality (1.6) and dual inequality
ensure the existence and the uniqueness of solution of this problem for any right
hand side F(t,z,y) € L*G) (for.details about this linear problem we refer to [1}

(2])-
2 BOUNDARY-VALUE PROBLEM FOR NONLINEAR EQUATIONS < ..

In this section we consider a new problem by replacing equation (1.1) in
the above problem (1.1); (1.2b), {(1.3) (with the conditions (1:4),(1.5)) by the
nonlinear equation below:

A(t,z,y, DiDLDPYU(t,z,y) = F(t,z,y, D}D;DJU). (2.1)

¢ For this nonlinear equation, the following theorem-holds.
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Theorem 2.1. If F(t;z,y, DiDLD5U) s a real nonlinear bounded. function -of,
variables t, T,y; D{DLD DﬁU (with i +] + 18| < m-=1) and-F(t,z;y, DiDJ, DpU)
has first and second boundcd derivatives with respect'to variable: D’DJ Dﬁ UGy,

then the solution of the BVP (2. 1), (1.2b), (1.3) (wzth the cond:tzons (1 4), (1:5}))
ezists and 1s unique.

Proof ‘of i Theorem 2.1.. For each'r €[0;1) let-us define the dlffglzentla.l equation . .
®.(t, 2,4, V) = A(t, 7y, DiDIDJ)U(t,,9) = rF(t, 2,9, DiDLDJU) = 0 (212)

Consider the iterated Newton’s type methods noiad zooitslst ad
7 AR
i+j+B|<m—1 ’
or
[4-r( X F5(0) DIDID} Uk~ Us) = (AU~ rP(U)}; (2:3b)
i+ +|Bl<m—1

i h:
wnere OF

Flig(Uh) = —————
ue(Un) = 5 DI DR

(Uk).
The relation (2.3b) is equivalent to

a=r( Y F0) DIBLDE) G

i+5+[B|<m-1
=@ =7 Y ;',-p(:uk))uivzugvke o (280)
3 "H'Hm<m— : § % s Suiegs

For completing the proof of Theorem 2.1, we need the following'lemma.

Lemma 2.1. Assume the conditions of Theorem 2.1 and let suppose that there
ezists 7o € [0,1) such that the problem (2.2), (1.2b), (1.8) possesses a solution Uy,
then the equation. @, (t,z,y,U) = 0 possesses an unique solution'in H™(G) for
some 7 € (19,1).

Proof ‘of Lemma 2.1. Replacing k by k — 1 in (2.3¢) we get
AV =r( Y Flp(Us-1)) DiDiDEUL + rF(Uk-)
Uik HAISm ) :

- T( Z F,-,jp(Uk—-l)) DD}, DiUy_y. (24)
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{Dehapad ad ol
[A=7(. X Fip(U0) DiDLD]| Weiv— Vi) = r(F(UR) ~F(URLY))
i+5+|Bl<m—1 ; SN D
sr( % B DIBLDU = Vi) 23
i+5+|B|<m—1 :
By setting Wy = Ujyy — Uy and - Lg '=’[A = T( Ryl 2 z,a(Uk))D’D Dﬁ]
' SHa i+i+(Bl<m—1
the relation (2.5) takes the form:

LWk =19k ; ~ (2.6)

with

ok =F(U) - FU1)- (Y Flip(Us-1)) DiDi DEWL 2 U3,
i+5+(|Bl<m-1

It-is evident that the differential.operator Ly defined as above is a linear operator
- of hyperbolic type whose coefficients satisfy all the conditions as required for the
coefficients of A (in particular the conditions (1.4), (1 5)). Therefore the results
reported in Section 1 for the problem’(1.1), (1.2b), (1.3) ¢an be apply to the
problem (2.6), (1.2b), (1.3). Using the energy inequality (1.6), we obtain

g | ||Wk||Hm(g) ‘5 rC“»-‘”‘”z,a’(c:)' ol 3= (27)
- Since

”gk”m(c) v ”F(Uk)‘._ F(Uk-—l)
(¥ Fpoe)DiDint (o STl

i+5+|B]<m—1

r”Wk lnnm-f(a) I‘”W,, 1“Hm(c)’

Im(c)

we get from (2.7) the foliowmg mequahty

n I‘rC 39z} O -
“Wkngm(a) 2 ”Wk lllym(c) pwrall (2:8@)




(Here we recall that the function F' and it first'and second derivatives.are §ﬁﬁﬁ6§%&
to be bounded).

We rewrite (28) in‘another form: 1 o -

Irc

[I‘TC

“Wk”};m((;)< ”Wk IHH"‘(G]Z'. s (2.8b)

Thus e < ‘
B T L Qeadid L
p L P o LG P R

Now we estimate “Wo” H™(G)" In the equallty ¢ 8 3b) by settmg ' 0 ‘we get

'[A~r( = F:j,,(Uo))DiDiD{,’](Ul—UO)'=—[AU0—TF(U0)]. (2.3d) ‘
i+ +|Bl<m-1

On the other hand; .\

[Woll g 6y < Cll AV = TF(U0)]| 2 .i

and hence, since AUy —7oF (Uo) = 0, we have .

‘ ”WO”Hm(G) < é(f - TC;)]W(UO)“L:(G)' (211)

From the inequalities (2.11) and (29) it follows

n

20 ol iy S [ = @] (212

By choosing 7 closed enough to 7o one have

FC

T = TO)HF UO “L’(G) n (2 13) |

The inequalities (2.12) and (2.13) prove Lemma 2.1. [J

Flna.lly, observing that the problems (2.2), (1 2b) (1.3) possesses the solutlon
for 7 =0 (see 1], [2]) a.nd a-pplymg gara.meter contlnua.tion method Theorem 2.1
easily follows. O e ]
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