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ON AN APPROXIMATION METHOD
FOR SOLVING QUASILINEAR
OPERATOR EQUATIONS

NGUYEN VAN KHAI

Abstract. In this paper the author presents an approzimation method for solving quasilinear
operator equation Az + Fz = 0 where A s a bounded linear Fredholm operator and F
is a nonlinear operator. Convergence theorems and theorem of rate of convergence of an
approzimation method are proved. Some numerical ezamples are given.

1. INTRODUCTION

In this paper we consider the following operator equation:

Az + Fz =0, : (1)

where A is a bounded linear Fredholm operator (index zero), F' is a nonlinear
operator and 4, F' : X — Y; X, Y are Banach spaces. It is well known that by
the assumption of A, we have: X = X, 0 X,,Y =Y, @ Vs, X; = KerA, Y, =
ImA, dimX,; = codimY; = m < 400, Y; is closed in 'Y and the restriction A of A
to X; has a bounded inverse.

Let us denote by P a bounded linear projection from ¥ on Y;, PY = Y;,
Q@ = (I — P), where I is a unit operator in Y. Then the equation (1) is equivalent
to system:

Au+ PF(u+v) =0,

QF(u+v)=0 (2)

where u € X, v € X;.
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Note that the operator equation (1) has been investigated by many authors
(see [1, 2, 3, 4] for instance). By using the degree theory, we can obtain exis-
tence theorems for the equation (1) (see [1, 2]). This equation may be solved by
projection methods or by a special iterative method (see [3, 4]).

We shall solve (1) by the following approximation method: knowing the
n—th approximation z, (the O-th approximation zg is supposed to be given), we
construct the (n + 1)—th approximation by the formulae:

Atpyy + PF'(2p)uns1 = PF'(2,)u, — PFz,, (3a)
QF (upt1 +vnt1) =0, (3b)

Tn+1 = Un+1 + Unti

where up 41 € X1, vp41 € Xo.

2. CONVERGENCE THEOREMS AND THEOREM
ON THE RATE OF CONVERGENCE

Let us denote by [PF'(z)]x, a restriction of the derivative PF'(z) to X;
(2 =1,2) and [QF’(z)]x, a restriction of the derivative QF'(z) to X,.

Theorem 2.1. Let F be continuously differentiable (in the Fréchet sense) in an

open neighbourhood
Q={zeX : |z zo| S HYs

and l’[PF':z:]x2|| < a, ||QF’1:” <p forallze.

Assume that [QF'z|x, has a uniformly bounded inverse H[QF':::])_(:H < 5
and the restriction [A+ PF'(z)|x, of [A+ PF'(z)] to X, has a uniformly bounded
inverse ||[A + PF’(:v)];(fH < M for all z € Q.

Furthermore, assume that ||PF'c — PF'y|| < L||z — y|| for all z,y € 0.
L
Ifgo = M[afy + 5 (1 +7B)6] <1, (4)
50 = (1 -+ Wﬂ)M”A.’Eo <= PF.'Boll = "Y”QF:IZ()” < (1 3 qd)R, (5)
then the sequence {z,}, constructed by (3) converges to a solution z* of equation

(1), and

l£n — 2*|| < Rq™. (6)
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Proof.
We may choose t >'1 such that

~ L

¢ =MlatyB + S (1+19B)5] <1, (7)

6 = M(1+tyB)||Azo + PFzo| + t7||QF x| < (1 — q)R. (8)
For n > 0 let us define z;, = up + Vp, Ty =Upy1 + Up,

I = oe e RSN fats SnZ{UEXé o = vl <7},
An = Untl = Uni  Hn = Untl = Unj o = Y|QFZa];
G(v)

QF (upi1 +v).
We first obserx\/e that upy1 + S, C 0, and

G:L('U) = [QF'(un+1 + ‘U)]Xz.

|

We will show by mathematical induction for n the following relations:
s ET, 020, ; (9)
Ioll < M|l Azo + PFaol), (10)
L
Pl < Mallinll + 5 (IAa-all + l8a-1l)[An-1l], » > 1,

Anll < gllAn-all, n =2, (
Zp, €0, n>0, (12
IQFZol| < Bl Aoll + [QFzol], (
IQFZ,| < BllAnll, n 21, (
1, CAF T 0.

Indeed, assume that for n > 1 such that z, € Q, then
[Aall = lltngt = unll S M|(A+ PF)z,|.

Therefore

Al < M“ / PF' (201 +t(2n — Tno1)] (Zn — Tn_1)dt — PF'zp_y(un un_l)”,
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hence I
Anll < Ma|lta-1ll + ‘2—(”A.n—1” + llen <1 ) 1 An=1ll]-

Assume that for a n > 0, (9)-(14) are true. Then (vn4+1+v) € 2, C N and

|GL ()| €~ forall v e S,.

If |QF(Z,)| > 0 then r, =t4||QFZ,| > +||Gn(vn)]|| for ¢ > 1.

It follows readily from the theorem of Hadamard of local topological iso-
morphism (see [5], p.139) that there exists v,y € S, so that Gy (vat1) = 0,
and”

]l = [[vnt1 = vall < 7a = A QE(Z0)]|- (15)
If QF(z,) = 0, we take v,41 = vn. Then Gn(vn4+1) = 0 and condition (15)
is true for ||un|| = rn =0.

It can be verified that (9)-(14) are true for n = 0, hence there exists z; =
u; + vy by (3). Direct computation shows that (9)-(14) are true for n = 1, hence
there exists z; such that the condition (15) is true. :

The conditions (9)-(15) are proved by mathematical induction for n > 2.
Assume that there exists =, = u, + v,, then .

L
lensr = unll = 1)l < M[atyB + Z(1+ 187 [IAn-1ll = gl An-all-
Hence [[An]| < ¢" ||
lvntr = vall = llwall < 981X < tvg™7H|Au):

Therefore v, — u*, v, = v*, 2, = u, + v, = z* =u* + v*.

It can easily be seen that z* is a solution of the equation (1). The estimation
(6) is true.

Theorem 2.2. Assume that hypotheses of Theorem 2.1 hold. In addition assume
that [PF'(:):)]X2 = 0 and the norm in X satisfies the inequality C||z|| > ||u|| for

r=u+v,u € X;,v € Xz and C > 0 is a constant, then the sequence (z,),
constructed by (3), converges to * at quadratic rate:

[Znt+1 = Zall < kllzn — zn-1||?. : (16)
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Proof.

For n > 2 we have ||z,4+1 — :an < q(1 4+ tyB)||An]|- Since [PF’(ac)]X2 = {,
it follows that a = 0; hence

L
1An]l < M2 (1 +278) [ An-1]l-

- 4 L
Therefore ||zp41 — 7,|| < h||T, — T,—1]|> Where h = CzME(l + tv0)>.

Remark: By our algorithm we can get a quadratic convergence rate different from
[4] in which the rate is linear.

Theorem 2.3. Let F be continuously differentiable in an open neighbourhood

of a solution z* of (1). Assume that QF'(z*)x, has a bounded inverse and the

restriction [A + PF’ar:*]Xl of [A + PF’z*] to X, has a bounded inverse and

4+ PF'(z*)]5, || I[PF'z*|x, || |QF'z*|| |QF'z*|%} || < 1. (17)

If the initial approximation zo is sufficiently close to z*, then the sequence {z,},
constructed by (3), converges to a solution of (1).

3. AN EXAMPLE

Consider the following periodic boundary-value problem:

.%+sin%:c+5(e"" - 1)=0,
z(0) = z(1), (18)

The problem (18) may be reduced to the form (1) by introducing the fol-
lowing spaces and operators:

X ={z e C?0,1]: z(0) = z(1), £(0) = (1)}

Y = Clo.1], llellx = e, (0] + max 14(0)] + max, (0]
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lylly = e, ly(t)]

1 ‘ . 1
X1={x€X:/x(t)dt=0}, le{yEY:/y(t)dt:O}
0 0
Xy =Y; = {consty,~ " AR " "Fg= (sin i—z+ 5(e® — 1))

It can be verified that problem (18) has the solution z* = z*(t) = 0, Vt € [0, 1],
[A + PF'(0)]x, has a bounded inverse, [QF’(0)]x, has a bounded inverse and

I[A+ PF'(0)]%; < NRE (0)5,l < 4, IIPF'(0))x, || = 0.

Using Theorem 2.3 we obtain the following result.

Theorem 3.1. If the initial approximation z, is sufficiently close to =* = z*(t) =
0, Vt € (0,1}, then the sequence {z,}, constructed by the formulae:

1
™ Unt1 z i1 0 Up+1 z W, )
Unt1 + iR 08 — + Unt1.5eTn — / (*n cos — + un+1<5e$n)-dt
4 4 4 4
0

Un Tn ” 7
= — cos 3 + di,.5e"" —

u )
. (—ﬁcos——-f—unSe )dt

4 4

i [sin Z—" +5(ef — 1) — (Sm ~ +5(e™ 1))dt], (19‘)

O\H O\.—-

unt+1(0) = un+1(1)‘, Un+1(C) = tn41(1),

/Sin %& (et — 1)dt =0,
0

Trt1(t) = Upnp1(t) + Vg1
converges to a solution of (18).

It is to be noticed that the approximation method developed by Pham Ky
Anh in [4] for problem (18) at the solution z* = z*(¢) = 0 is not applicable.
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