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DIFFERENTIAL F.RMS OF TYPE {@ q)

BORNOLOGICAL ’VECTQR \sm SES
PHAM KHAC BAN

. Abstract. In 1976, E. Ligocka proved that the 0 - problem has a solution for closed (0,1)
fomuunthbomdedmppodmaBamchspace The aim of this note is to extend this result for
closed (0, q) - forms with bounded support in complete convez bornological vector space. E;te. E s

. the algebraic. mductwnhrmtdafanulyquanachspaw (Ei) 3 € I such that foreveryi < j. ﬁ:q;
camca?mapE --»E uconﬁnuoua ﬂemamrew&ufollowmg i
“Theorem: Let w be a differential form of type (O, q) of class C in compktc convez.
bornological vector space E with a Schauder basis. Suppose that dw = 0 ‘and supp w N C s bounded
for-every z € E. Then there exists a differential form n oftype(o q— 1) andofclau C’1 onE?;
such that 3n = w. i

In 1976, E. Ligocka [2] proved that the 8 - problem has a"sdlutionffbi'*close&*fj
(0,1) - forms with bounded support in a Banach space. The aim of this note is

to extend this result for closed (0,¢) - forms with bounded support in complete
convex bornological vector spaces [1].

1.

b R e T

We first recall the definitions of (p, ¢) - forms and operators d and din open
subsets of complete convex bornological vector spaces.

1.1. Suppose that E is a complete convex bornological vector space, i.e. E
is the algebraic induction limit of a family of Banach spaces (E;) 1 € I such that
for every i < j the canonical map E; — Ej; is continuous. ;

Let U be an open subset of E, i.e. UN E; is an open subset of E; for every
t € I. A function f: U — C is called to belong to class C* if the restriction dﬁ
f on U N E; is of class C* for every 1 € I.
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_ Definition. Let E be a complete convex bornological -vector space: -and U
be an open subset of E. Denote by L%(E) the space of all mappings n - linear
‘over.R antisymetric and continuous of E into C. The mapping w: U — L X(E) is
called a differential form:of type (pyq)-and of class C k if the following conditions
are satisfied:
T i mapping o‘fclass g

2)ptg=n :
"'3) for every z € U: z1,...,%q € E and for every z €'C we have

w(z)}(zLy, - - -, 2Tn) = 2PZIW(2)(21, <0n , Tp)-
The space of all such (p, q) - forms is denoted by ak (v).

1 1.2. Definition. Suppose that w is a d1ﬂ'erent1al form of type (p, q) and of
‘}?iclass Ck, k>10onU. The C*! . mappings

By e i oty Bt BB

are defined as follows: for every z € U and zy,...,Zp1q+1 € E,

( | E TR zp+q+l»)

W=k )J+1 Duw(z,z;) + tDw(z, u:,)](zl, { 3% e e Epiigih s

Ow(z )(-"’1’ ©sTptg+1)

=_ (=1 H? [Dw(z, x,-j - ti(z,izj)] £ IR TIRERET S 3

~ One can check by immediate computations that if w is a (p, ¢) - form then
dwisa (p,g+1) - form and dwis a (p+1,¢) - form. It is obvious that 0+0=d.
- This implies that 99 =0; 30 =0 and 39+ 38 = 0 for the forms of class C¥,
k> 2, becausedd =0

2. THE MAIN RESULT

2.1. The following result has been proved by E. Ligocka [1].

Let w be a differential form of type (0,1) and of class C! on a Banach space
E. Suppose that w has the bounded support and Ow = 0. Then there exists a
function u of class C! on E such that 9u = w.

2.2. Now we prove the main result of this note.
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Theorem 2.2.1. Let w be a differential form of type (0, g) ‘and of ‘class C’ :
in compIete convex bornolongaI vector space E with a Schauder basis. Suj DpOSe
that 8w = 0 and supp wN Czis ‘bounded for every z' €' E. Then there exi
differential form n of type (0,q — 1) and of class C* on E such that 91 = w.

Let E be a complete convex bornologlcal vector space with a Schauder ba.sxs
{4 } For each open subset U of E, by (U) we denote the space consmtmg of

the form

Z E lw'wlq (I)d Z5 A e A d‘gj'q 3 it (1 ’

n—n(q) 1<51<--:<Jgq
izt +Jq=" :

where n(q) L S dz; = ¢ Vi 1; { e} } is the dual basis of {e;}.
We need the followmg

Lemma 2.2.2. Let w be a differential form of type (0 g) and of cIass C'1 |
onU. Ifaw =0 then we have ; ot

! k—1 ah.h ---Jk---Jq+1 o “
Z(—-‘I) e~ i, =0 for 1< j; < < Jgs1 :
C k=1 »

Proof. w € (Q,(U) can be written uniquely;i‘nithe form (1) hence we have«

oo

dw(z) = Z Z Gir i (B)Ej, A AdE .

n=n(g+1) 1S4 < <ig+1 :
J1+:tig1=n

For each n > n(g + 1) consider

Mor‘eov’er :
: S gt

R O s g (1 1) 5 5 ol

Sile): o Jovo (_'115-?’!—‘+"'+("1)q_%;z—]_!ﬁ'—)d§a}A""Ad?ﬁ;
1551 < <dg41 o i w i 5 g
J14-+iggr=n E
Formaly
e
Y. Sale) = Bu(s)
n=n(q+1)
1
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‘his yields .
i q+1 5
i <1 k—1 3I ’k 7!-!:1 »
gJ] Jq+l kz_;l( ) a—)k

Vi<n<- <.7q+1 Sn for g1+ -:idgegr=n

oo q+1

Z. Z ( }:( J;-..g_-_-]-:qﬂ (=) j)"dzjx A---NdEj,,,

n=n(q+1) <9< <ig41
J+lt - tig41=n

‘and 9w = 0 1f and only if

g+1 8h. ; :
Z(_l)k—l___&é%’!;i =0. V14£% <t o< fpse
k=1 s 15 Ik

he Lemma 2.2.2 is proved. T
P ro of of Theorem 2.2.1

Let w be a differential form of type (0, ¢) and of class C'. Suppose that supp
N Cz is bounded for every z € E and 8w = 0. Put

1 f1 =
955...5,(2) = = / ;t-hlja___jq (t+2,2")dt A dt

C
P2 g <K g wherez—(zl,z)
Consider C! - differential form n of type (0, g 1):

=Y. 5.4.0%, A AdE;,.
<j2 < <lq

‘rom the definition of g;,..;, we have the rel’a‘.t'ions:[3,].

dg;. . .
| Bk s VSh <<y
'On the other hand B e -
M= > hiyy.;dE A AdE,
2.<,',<...<J'q

+ Z E (Z( _1)k-1 9:1...3.,,... )dz,, e Al

n=n(q)+1 2Si1<<dq k=1
1+ +;q=n




It remains to check that

Indeed, by the definition of gJ | we have

1.

X< kagjx--—ﬁk-»ivi ; : ; ;
Z(—‘l) —-——_—-—*—- &= hfh--jq: V2<j5p1<:--<

Eq :( ; l)k ag]l ---;k---lq

1 ahljl ...3k..-jqr

q 3 PR
= = kl/_.______.__..__ ’ SN 34N AT
= 2 (-1) = 3 55, (t+z1,z’)dt(\dt

2 by, s :
. .’t/l St (4 4 g0 o)dt A dE
x) t ¥ o
C

FrY T 1 : : P
= 5:—1'(—- / —t-hh""’q (t = 21,7 )dt AN dt) ‘ " v
C :

P hjl--'jqf(z)’ V< <2< jg. -
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