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 EXTENSION OF HOLOMORPHIC
AND MEROMORPHIC MAPS

NGUYEN VAN KHUE and LE MAU HAI

In the theory of holomorphic functions of one and several complex variables
the extension of holomorphic and meromorphic maps attracted a great attention
of many mathematicians. In this note we announce some our results about the
extension of holomorphic and meromorphic, also about the extension of separately
holomorphic and meromophic maps. Their detailed proofs will be given in [17],
18]

1. EXTENSION OF HOLOMORPHIC MAPS

The problem of extension of holomorphic maps is considered in two ways:
a) Extending holomorphic maps defined on a complement of an analytic
subset A in a complex manifold X to X (a Riemann holomorphic extension).

b) Extending holomorphic maps from a Riemann domain D over a Steuff
manifold to its envelope of holomorphy "D (a Hartogs holomorphic extension).

During the 50-th the problem of Riemann holomorphic extension was solvedi
for holomorphic functions defined on complex manifolds. The main result ha&’;
been obtained as follows:

Let X be a complex manifold and A be an analytic subset in X. Assume
that f : X\ A — C is holomorphic. If f is locally bounded on X then f can b@
holomorphically extended to X [5].

If codim A > 2 then the local boundedness of f is not necessary. It should bez
remarked that the result as above is still true if C is replaced by a Stein compleX’
space Y. Hence, in order to investigate the problem of extension of holomorphlc
maps more fully and deeply we must consider the problem of extension for holomor-
phic maps with values in complex manifolds, or more general, in complex spaces.
The Hartogs holomorphic extension for holomorphic maps with values in com-
plex manifolds having a Stein covering has been investigated by A. Andreotti a.nds
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‘W. Stoll [1}.. After that, results of the Hartogs holomorphic extension for holomor-
,hlc maps with values in the following complex manifolds have been obtained: Lie
sroups [2], Hermitian manifolds with a negative holomorphic curvature [6], [24],
bcally pseudoconvex domains over homogeneous projective spaces 7], hyperbolic
%amfolds {20], holomorphically. convex Kahler manifolds [12].
f’ Concerning the Riemann holomorphic extension, we note the result obtamed
hy P. Kiernan for holomorphic maps with values in complex manifolds imbeded
;jhyperbohcally [19] Here we give some results about the extension of holomorphlc
‘maps [10]. Let X be a complex space. X is called a holomorphic extension space
the following two conditions are satisfied:
(i) every holomorphic map f : D — X, can be holomorphlcally extended
to "D, where D is a Riemann domain over a Stein manifold and "D denotes an
‘ envelope on holomorphy of D.

(ii) every holomorphxc map f :Z\S — X, where Z is a normal’ complex
~space.and S is an analytic subset of codlmensxon >2in Z, can be holomorphlcally
extended to Z.

If X satisfies (i), X is called a Hartogs holomorphic extension space and if
X satisfies (ii), X is called a Riemann holomorphic extension space.

In [10] we give examples about holomorphxc extension spaces. Also, we
- proved the following interesting result about an invariance of holomorphic exten-
 sion spaces under finite proper surjective holomorphic maps.

- 1.1 Theorem. Let X and Y be complex spaces and 8 : X ~+ .Y be
- a finite proper surjectwe holomorphlc map. Then X is a holomorp}nc extension
space if and only if Y has the same property.

L There is an example showing that Hartogs holomorphic extension spaces are
. not invariant under finite proper surjective holomorphic maps.

2. EXTENSION OF MEROMORPHIC MAPS

, Let X and Y be complex spaces. A meromorphic map f : X —Yisan
a,nalytnc set T'(f) in X x Y which is called the graph of f, such that the canonical
o :T(f P proper- and there exists an analytic I(f) in X of codlmensxon
> 2 together with a holomorphic map fo from X \ I(f) — Y for which I'(f) C
I'(fo)-

The extension of meromorphic maps is more difficult than the extension
of holomorphic maps because extending meromorphic maps means that we must
_ extend analytic sets. Hence, results about extension of meromorphic maps with
values in various complex spaces are not so many. The extension of meromor-
phic functions from a Riemann domain over a Stein manifold to its envelope of
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Holomorphy has ‘been established by E. E. Levi [21] and J. Kajiwara and E.8ak
[13]. I 1969 H. Rossi has proved that every meromorphic function defined on a
domain of ‘projective space CP™! containing an analytic subset of positive dis
mension, can bé meromorphically extended to CP™~1'(23]. “The result of Rossi
was proved at the same time, by W. Barth [3]'and after that,ifi a more general|

~ case, has ‘been proved by W.'L Chiow [4] for meromorphic maps with values in|
algebraic varieties. The another result about an extension ‘of meromorphic maj
with valies in compact Kahler manifolds has been investigated by P. Griffiths (6]
and later in a more general case has been established by Y. T. Siu [27]. In' [25}13
Shiffman has proved the extension of holomorphic and meromorphic maps witl
values in compact ‘manifolds satisfying the curvature’condition. We have obtain
the results about extension of meromorphic maps. Ho&

P
@)

. 2.1. Definition. Let X be a complex space X is called ‘a meromorph
exten,sfigu:—'spacgif two the following conditions are satisfied: R A
; (1) every meromorphic map f + D — X, can be 'merbﬁidrphical‘ly'éxjtené

to D, where D is a Riemann domain over a Stein manifold and AD denotes an
envelope of holomorphy of D. : . s piidl
(ii) every meromophic map | :Z \ § — X, where Z is a normal complex
space and S is an analytic subset of codimension > 2 in Z, can be meromorﬁi}xicallijé
extended to Z. ' " ﬁ
We proved that the following spaces are meromorphic extension spaces: com=

plex Lie groups, compact homogeneous Kahler manifolds, elliptic non-si‘ngulatgé

Kahler surfaces. : : 9 ; |
The main result which will be proved in [17] is following i ?
9.2, Theorem. Let X and'Y be complex spaces and'§ : X — Y be ;f’;
finite proper surjective holomorphic maps. Then X is a meromorphic extension
space if and only if Y has the same property. §

In [8] we have extended the result of Barth-Rossi for meromorphic map:
with values in compact manifolds. Recently, we proved that Barth-Rossi theoren
is still valid for the case when D is a connected open subset in infinite dimensiona
projective spaces and amap f has the following forms: f i$ a meromorphic functio
wﬂ:h values in a sequentially complete locally convex space, a meromorphic map
with values in a meromorphic extension space and, finally, a locally biholdmorp"hi%
map with values in an infinite dimensional projective ety %

'3 EXTENSION OF SEPARATELY HOLOMORPHIC
“""" AND MEROMORPHIC MAPS

““Together with the problem of extension of holomorphic and meromorp
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%aps, the extension of separately holomorphic and meromorphic maps has been
am'estlgated by many mathematicians. The results of J. Siciak [28] and V. P.
ﬁa.kharyuta [291 say that every separately holomorphic function defined on spe-
cial subsets of C™ can be extended to a holomorphic function on its envelope of
hlomorphy In 1984 M. V. Kazarian has proved the followmg result about the
ension of separatefy meromorphic funétlons

3.1 Theorem [14]. ‘Let f= f(z;w) bea sepax:etely merdmbrplnc funcmon
on aset X = (D x F) U (E x'G) CCl'x CF,/where D c*C? and G'C'C™ are
domains, E.C D and F C G are pluriregular compact eboetd, Then there exists
‘a meromorphic function f defined on the domain.

A ={(zw)€DXG : w(zE,D) +wt(w,F,G) +1< 0},

ratontammg X sucb that f f on X

Recently, in 1990 B. Shiffman has proved that the Hartogs theorem is stlll
*mhd for separately holomorphic maps with values in Hartogs holomorphxc exten-
sion spaces (26].
o We have considered the theorem of Slcmk-Zakharyuta for separately holo-
morphlc functions with values in Banach-LIe groups. The following theorem has
%een proved in-{16). 2 moisns ; ;

: 3.2. Theorem. Let X a.nd Y be .S'texn manifolds and let E - X FCY be
compact sets such that E, F the holqmorphwally convex hull of E, F respectxve]y,
are regular in X, Y, respectively. Let I‘ be a Banach-Lie group and f :
XxFUExY —T bea continous and separately holomorphic functxon Then
j can be uniquely extended to a holomorpluc function f in the set

Z={(z,w) e XxY :w'(zE,X)+w (w,F,Y)+1<0}
containing Z.

Another result about the extension for weak separately meromorphxc func-
ﬁons with values i in Bana.ch spaces has been estabhshed ;

3.3. Theorem. Let G be an open set in C" and F be a Ba.nach space.
'Assume that f is a F-valued meromorphic function on an open subset X of G such
‘that z* f can be extended to'a meromorphic functions E"\f ‘on G forall z* € F*,
,tbe dual space of F. Tben f is meromorphically extended to G. »

l

-This result will be proved in [18].
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