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EXTE${SION OF HOLOMORPIIIC
AND, MEROM'gRPITIC MAP S

NGUYEN VAN KHUE ANd LE MAU HAI

In the theory of holomorphic functions of one and several complex variables

the extension of holomorphic and meromorphic maps attracted a great attentior

of many rnathematicians. In this note we announce some our results about the

extension of holomorphic and meromorphic, also about the extension of separately

holomorphic and meromophic maps. Their detailed proofs will be given in [f7],

[181 .

1. EXTENSION OF HOLOMORPIIIC MAPS

The problem of extension of holomorphic maps is considered in two ways:

a) Extending holomorphic maps defined on a complement of an analytic'

subset .A in a.o-pl"* manifold X to X (a Riemann holomorphic extension). ,
b) Extending holomorphic maps frorn a Riemann domain D over 1 

S{eiA

manifold to its envelope of holomorphy ̂ D (a Hartogs holomorphic extension). j
During the So-th the problem of Riemann holomorphic extension was,solve&r

for holornu"pt i. functions defined on complex manifolds. The main result had.l

been obt'ained as follows:
Let X be a conrplex manifold and ,4 be an analytic subset in X. Assume-

that / : X\A -r C is holosrorphic. If / is locallyboundedon Xthen f canbG
..:

holomorphically extended to X [5J.
If codim A > Zthen the local boundedness of / is not necessary- It should b$

remarked that the result a.s above is still true if C is replaced by a Stein comple*

space Y. Ilen'ce, in order to investigate the problem of extensien of holomot"htq

maps more fully and deeply we rnust consider the problem of extensisn for holomod

phi" m.p" with values in comglex manifolds, or more general, in complex spaces$

The ll6rtogs holomorphic e:ctension for holomorphic maps with values in co44

plex manifolds having a Stein covering has been investigated by A, Andreofiti'.aa$

!
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{fl,,,,Sto!},p}.,,Af-te.r'tf;at, reFults of,th.e,trIdogs.hqlomo.rphig ext$qlon,fpn hoJomgr:
iphic maps with values in the following comploc manifolds have been obtained: Lie
ggtoop" [Z], Hermitian,m44ifolds u,ith a.negative,:holom9lplrie.c.urlrata]re [6], [241,
foc?tty p"eudoconwx do.arainsovpr.hsmogeneouspr,ofutive spacep [7J,-hyperbolic
fu" a,nifolds [20], holomorphically. corwex Kahler'manifolds [12].
F" Concerning.the Riemann holomorphic extension, we note"the result,qbtained
ity P. Kiernan for,holomorphie .naps wi.th values in complex manifolds irnb,eded
,fuperb'olically [1g]t ltrere.we give sorne results about "the exte:rslion o{holemorphic

foaps,.,[fO]. be-t X be a complex spaee. X is called.,a holomorphic erctension space
glf+Ue followitrg',two,sonditions are sat'i-sfied:' :
F.. {.1) every holorrrorphic,map / : D,---='+ X,,can be holomorphically extended

ito nD, where D is a Riemann dornain over a Stein,manifold and ̂ D,denstes.an

i*""'"ff,:X"T'iffiT:l;i !*^o r: z\s , x,where z isanormar cdmprex
ispace and 1S- is- an analytic subset of codimension'2 2 in Z, ean be holoniotphically
i extended to Z.

$ 
' 

O t ,*tiut"r" ($, X is cetled a ltrartogs holomorphic'exteusion qiiase and ii

IX satisfies (ii), X iE,called a Riemann holomorphic extension Space. 
'

f, fn [fd] we give examples about holomorphic extension spac€s. Also, we
'i 

proved the following interesting result about an invariance of holomorphic exten-
il,eion spaces under finite proper surjective holomorphic maps.
I

i 1.1. Theorem. Let X and Y be comple4 spaces and 0 : X ----r Y be
a finite proper sur.yective holomorphic map. Then X is a holomorphic extension

!,'space if and only if Y has the same property.

There is an example showing that Hartogs holomorphic extension spaces are
not invariant u4der tnite proper surjective holomqrphic maps..

l

Let'X and It be cornplex spaces. A meromorphic map .f : X ----, Y is an
analytic".s"t i(IJ jrr X x Y w\ic! is call-ed the eraqh ?f {l i1h !,h:r-the,":anonical
o : I(/) ---:, X is proper and there exists an analytic I(f) in X of codimension
2 2 together with g holomoryhic map fs from X \ I(t) -. Y for which t(,f\i CI
r(/o).

The extension of meromorphic maps is more difficult than the extension
of holomorphiq.m.aps because extending.meromorphic maps means that we must
extend analytic sets. Hence, results about extension of meromorphic maps with
values in various complex spaces are not so many. The extension of meromor-
'phic functions:from a. Riemarrn domain over a Stein manifold to its envelope of
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rr,otoniorptrfrh,dsteen,esta,b,r!*fied'bt E.:8.'Levi lztl and J. I(ajiweta'and E'. sbk

iiii-'i* iib*l H, R;;'t il prlv'ed in"t *3y, -"'"L-"yie ru-rytlon.uno",:1:1,
h;*A;,"f 

'lirojCctive space'eP'?ri'r containing nT.Jryi:.t"b:"t'of'Positive
*eJliOn, .r"' be'mergrndrBhinelly'extended l: CPl--t JA, -o]r:ffi.--"'result''bf 

'3

wa.s proved at the siirrre tiine; by'W;'tsd*{h [3]'anil aftbr'ri']i*';'tiii'atnore'geiref-i

a#.lhas:be€ir prwedrby',.Wi.,T,,Ohriw'[4l,fot'rrrehorrOrphit tttrirps:'viiithrvaluT i

ild;td. varieties., Tlie another::i€su,lt'aboot .anrextensioh'ofrnieronlorphic rri

;iil ;;i;i'-i J I ;;;;t * al,t", trian irol ds h as be en investrgatba . 6y r, etm**
an.ililatei in,a.morelganaialcase'h'as been estabfished by Y. T. Sfu [ZZ]. In'125].G

Shiftnan has proveJ the extension of holomorpliic and rnerornUrplie'tixl'p wi't

values,iiit c.o,rnpacd,crdnif6l&,setisrying the eurvaturebondltiotii 'rfifu hwe'obtai

tlie resrilts a:bout.elrtension df iirerbmo4lhie maps. ' I "' :

Zi- Definitio n. Let X be a complex space X is callbd a

"*.t"nriqn' 
spacet if two the following conditions ate satisfred:

!it-";",;y ^eromorpfiic map | , D ' X, can be merofrorp?itglt,

to ,n D','*hrr" O is a Riemann domain over a Ste.in manifold and ̂ 'D denotes

envelolie'of holomo.rPhY of D.

f;l e\rery, metontoPhic maP L -', Z \ S --'

space t"a S is an analyrt. tu6"et of cod'imension

extended to Z.

X, where Z is a normql

2 2 in Z, can be meromorPhic

We proved that the following spaces are meromorphic extension spaces: co

plex Lie groups, compact homogerreous Kahler manifolds,'ell'iptic non-singu

Kahler surfaces.
The main result which will be proved in [17J is following

2..2: Theoreb. Itet'Jf ai*y be cdmptret< bpaces afid"0 :; )( '+

finite,pro4r suryecfiva'ho-lii.ddiihic lrneps.' Thren X iS ti mer6motphii

space if and only if Y has the satne ptoperty'

In'[a] we have extended",lhg-regult of Balth;R:t:l f:L*::tTttp.h::
with .ralues in compact mrtnifblits.i Recently, w€ piixed that Barth'Rossi't

is still valid for thecase when D is a connected open subset in infinite di
j  . r  

' a  t  r t

proJecrrve spaces and a map t has the following forms: / is a meromorphic 
iu.rrcti

iuitnl .,"tu"t in a sequentiaily complete locally convex space, a mbrofnorphic'

*'itfi o"lous irr a rrreismorphic extensibn space and, final$ a'locally biholomorph

m a p w i t h v a l U e s i n a n i n f i n i t e d i m e n s i o n a l p r o j e c t i v e s p a c e t t t ] . . , ] :

3. EXTENSION OF SEPARATELY HOLOMORPHIC
AND MEROMORPHIC MAPS

Together with the probldm of extension of holomorphic and

Y
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of,tal6norphlle,;. 6?

z meromorphic function f defined on the domain

'' " ,  
O  :  { ( a , u r ) . €  D x G  i  w " ( z , E , D ) * ' t r * ( u r , F , G } + 1  { 0 } ,

t,pntaining X such that f - f on X.
:
: Recently, in 199O B. Shiffman has proved that the Hartogs theorem is still
i,nlid for sepacately,holonorphie ilraps with values in Ilartogs holomorphic exten'
*ion spaces [26J.
i.J I Vlle,,ha*e,csusitlered the theorem''of Sieia&-Sakharyuta.for,separa'tely holo-
borphic funetions,rvitl valdt&.io 'Bana&*Iiiegrorps. The fol'lowing'theorem has
been prwed in [fo].

,; S+2. th,earep: I:"t I asdY be Stein.aanifolds aqd let E c X,,F c Y be
'wmpaet 

sets such thzt E, F thu holo"aorphicalJy c:oavex hull of E, F r:espectively,
xe regular in X, Y r. respectively. Let t, be a Banach-Lie group and I : Z :
X x F U E x Y -+I be a continous and separately holomorphic function. Then

t ,u be uniquely extendgd to a halamorphic function f in the set

. :  2  = { { z , w \ e X x Y  z w * ( z , E , X ) * w * ( w , F , y ) + 1 < 0 }

tuntainir.r8 z,

:, Another result absut the extension for weak separately meromorphic'func-
&ot with nalues in Banarh spaces has been establisheal.
,

i.j.'" 8ls., 'Tfteoreh;'&et-G be,atl 6pen set in'C" and I' be,a Bana'hspacd.
'lfssuae that I is a F-valued meramorphic functian'on an open sutnset,X'of G sudr

!&rit,gif'qan,,bts' etctended.to.a trdroinolpliic firactiont fr 'on G,f,orall s*' € F*,
t&e dual spar,e of F. Then f is meromorphically ertended to G, ;
t

This result will be proved in [18].
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