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OPTIMAL RECOVERY OF FUI{CTIONS
OF A CERTAIN MIXED SMOOTHI{ESS

DINIT DUNG

Abgtrset. Mut&,aridl fgmcqrlnt with orc or rctwalbwdd p*ia! &ritditrr Lwn ay

prcximdian pmprtiei a@tnlV difiercrrt fmm orct of unioaridt tmdth functioru. Wc inocttigdc

tfu optind ncooery for fuwtiow d Hdkler clor,ses ol a cerlcin cnwt].r\ecs by mrtlw of tonc clw-

wtcriitics ol optimal rvrfitcry ol tfusc doctet. Soma aeymptotic catimdec of **ie 'giicrtitict arr-

&toin96 bg- uc ol lit.w mcttrrds ol navcry by tripnomcbic plynomidt ol fu4r*,t{,olk ctrr&tct.

Tlusc cctilray6/g in aorcc wes coittsidc widt ugnptotic degreet of clwdtristics ol optimd ftrqtaY

of Hdldu claucs.

1. INTRODUCTION

Multidimensional classes of smooth functions with one or several bounded

partial derivatives have approximation properties completely different froin ones

of wtidimemional classe.s sf smooth fungtions. First oJ all, for functions of a given

mixed smoothness one must understand; whish polynomials or splines air€ rea^son-

able,to eelect for best approximations. Questions also aiise concern.ing the con-

parison of appro:rimation-methods with widths, entropy and other approdmation

characteristics.
In this pdper for-muttivariate.periodic functions of H6lder cla.ses of a eertain

mixed smoothness, we shall investigate the optimal recovery by reans of some

characteristics of optimal r€covery. This problem is closely related to the problems

of the z-width and of the best approximation by trigonometric polynomials of so-

called hyperbolic crosses for these classes. We refer to [D1], [T1] for surveys on

the lratter problems. Special lattices and methods were constructed for recovering

functions of a given mixed smoothness from their values at these lattices and some

estimates of the recovery error were obtained in [S], [HW], [T2].
tet us introduce some characteristics of optimal recovery.
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Let X be a,normed'linear,spa€e"of functions defined on the torus.Td ::
, rJd and W c X.  Fot  l r r . . . , r t r ,any.s  funct ionals  in  P '7 and,P"( t r , . . , . . , t " ) , ,
mapp,ing frop R18 intg..a linear nqnifold" in X of dipelsipns at p.ost.9,.,o4€

o natulally consider, regpy,siBg,f :€ .W ftgm -h(f),..;,Ltf).,by,ghe slement
{&(f), ..- , tr(f)i). .Wb. def,ae the follow.ing, characteristics of ophiryal'tecaverv:

Ro(w"x) ,= ,, r.,Si_ , ieo3t.Ilf,; 
P'(J(or)l. .' "f (c")l\xo ,.,

R;(W,X)  : :  .  in f .  sup l l /  -  P"( t r ( / ) , . . . ,1" ( / ) ) l lx .'i::..:?; t.*

These quantities express, in some sense, the optimal recovery of functions in the

class P[/ from their values or functionals with a prea.ssigned information quantity.

A characteristic of optimal recovery,,similar t'o R|(W,X) wds introduced i" [K].
Note that the above definitions imply the following important inequalities:

R:(w,x) > d"(w,x);

R'(W,X) > n;(w,x),

(1.1)

( t .z ) '

where dn(W,X) denotes the n-width of W in X (see the definition in $'3)'.
In this paper we shall discuss the asymptotic degree of R(SH!,rn(To))

*nd,R* (SEt,to(To)) for given A c Rd and various pairs L 1p,9 S oo, where
SHf denotes the intersection of the unit balls' SI/fi in the spaees Hi, a'€ A;
of functions on Td, satisfying the mixed H6lder condition a, The results of this
paper have been proved [DS] for the class S Ht.

In $2, as preliminariis; we establish some properties of trigonometric poly-
nomials and of de la Vall6e Pussin's integral and sum convolution operators J*,,
arrd .S*,r. Ia particula;, we prove a modification of a theorem of Marcinkiewicz
and an estimate of the L-.sorylof S,rr,r/ for t-rigonometric polynomials l.

In $3 we introduee,S6lder rpaces l/f, aad .Ef and associated classes ,Sdf
and SI{ of mixed smoothness a € Rd or 4 c Rd. Some dual,descliption:s of these
rllac€s !y harmonic, diadic deeomposi.t'ions in terrns of theoremes ofrequivahnce of
reminorm;.are ginen. Thesg,decompqrilions are constructed,by nearrs of tr^r, and'
5-,r. As auxiliary reults, we ob.tain sorae estimates:o{.the z-width,dr.,(S"H;1.,rq)

rnd G"(,9Ilf ,Lc), theibest approrimatiorr by Fourier sums,in the spape trq of,the
dasses S Ht fqr rrariousiairs p,.g;
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in,$4.. we, establish,,,seirne, as:nfptotie estimate of &,(grut,La and

R.(5fi!,.L.;.-for ,r#iorrs peiis'p,g. The'asymptotic dagree'of'the Grst 
'quatrti:

;; il r"lo; c'abes'ig obtained from the estimates ot d^(srf;, -Lo) and c"(Sry,Eq)

i" ES. To obtainithe asymptotic estihate of the second qulntfty, we'construct 3'
lineii ftethdrfd,t**.tigfu:rctionie'in sff tlii,irrdlues'at a tubset rCIf tli€

diadic lattice by trigonometric polynomials of certain hyperbolic'crosses depend-

ing on p,q and A oaittg the decornposition generated by the operator s-,*. wj

prlo" tir"i i*the case. I < p < q 32 this estimate coinsides with the asymptotic

degree of R"(SHf;,Lo).

2. PRELIMINARIES

c
o*,r(g):-,fJ rar,'r{r51, m, r € Nd,

Let

, r'+1

be de Ia Vall6e Pussin'g kernel of d variables where

p*, , ( t ) : :  1  *  z f  "*  
t  t  +z f  

n + :  -  *coskt

I t=l rk:m* 1

for natural numbers mrr arrd r, denotes the 1-th coordinate of r € R'd' For

functions f on'Td c-onsider the integfal eoavslu-tion.operato: : ) '

Ia,r{ t= f * o*,r,

and the sum convolution oPerator
, a

d

i= t  k

where,thesumis taken ovier all ft € Zd such that 0 < k < 2m*rth:2rl(2*+4ji

nf x, - {*fstr.,.,,trf ra),, rg - (tryr, '""',s6ga) Tltt*-leuu^alitr's S g (" < g},

is,nn:datstbud u.rj {ui tri < vil; i'e 11.,.,d. For,abbreviretib,*'we write {.,*, j

,9* and I- instead 
"f O;,;: S^,* and I^,^'

"" , O"aia ,b! T^, i i 21, ihe set,of trigonometric polyrioaials of order*'*.t'1

mo$t,mlatthevatiable r i , i  )1l . . . , i l ,whetebt::  { t  €Zd: fr  > o} '  ForafxE6-i

1nrf ibero,,9<:c.{ ' t r letM;befhesetof 'al lpairs(*,r) ,  m,r '€N;,sat lsrynffel

condition .6int,4'r 1rn, Below C; C'"denote variorrs ab'solut€ positive'cons'talitsi,;

*iif" Ct,bi.,,.t 
"L,r,.., 

dendte various positive constants depcading on o, a' . . . "'':' ''.',

:
l

i
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NiS'Sril$.:utbdt$ue{o\\cnfrngproleS,tss'.

l lO*,,11 L s co for anv (-,r) Q Mo

llr-,,./llo 5 c"ll/[|p' for any (*, 
") 

e Mo, (1 S I 5 oo) (2.2)

I^,rf : f for any t €T^ (2:3)

( S - , , / ) ( t k l =  f ( h k } ,  k e Z d , , 0 S k  1 Z r n * r ,  ( 2 . 4 )

S^,rf .: f for any f €T^ (2.5)

The properties (2.1-4) can be easily verified. The latter sne follows from
a mone generalized asseitiim. Namely, rf mrn'rs e Z! and, m * n < s, then the
fol lon' ingequal i tyholdsforany I  eT^ andg€f"  . : :  ' ,

I  *  s  : 1 ;  I @ x ) g ( .  -  h k ) ,  h : 2 r l s ,
I -;'

where the suln is takeri over all k e Zd such that 0 < lc < s. Indeed, in view of
the formula

r .  I  *  g:Dfxoxr i (* , . ) ,

where ft and gk arc the ft-th Fourier coefficients of / and g, it sufficies to prove
that for arry g €T,. and / - ei(t ' ' ) ,k { m, theright sideof (2.6) is equal to
gpgd(e,'). This fact can be checked directly by replacing g(.- hft},in the right side
of (2.6) by its Fourier series. Because of (2.3) the a-bove assertion implies (2.5).

Foraseguence {op: k €2d,0 5 & ( 
"}, 

s € Nd,of realorco4plexnumbers,
we define the norm

d -

1;1"r)lll,, 2: (zr)dlI * f lorlo, | < p( oo,
j = l r  h

the sum is taken over all k e Zd such thdt 0 S e < s. The sum norm is changed
!o the max norm when p: a.

For any f € Trn we have

d

':p ll U@ - hfr))llo,, s JI (t + him) '/oll.fllo,
' + t = l

where  h :2 r / s .
For the case p : oo, this inequality is obvious. The case p : L can be

prorr'ed in a way. sinilar to a proof of an analogous inequality for functisns of

lrspotentiril ffie,[N[. 'The ease I { p,{,oo,follows,'easily from'"thercases.p= lroo
Ly interpolation properties of the spaes.tron, ' :.

(2.1)

(2.6)

(?,7)
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*a
i" f,emma 9.2. If 1 S p < op aad (*,t) e. Mo, then for ey t €T^ we haye

, c,llf.llo s lt{t(he)}[ p,z'.+r S cillfllp, h:2i[(Zm * r).

Lesrma 2.S. If:I'.S,p! oo. anll (mrr)C Mo, then,far Nl f €Torn) m,
we have

d

lls_,,fllp s c" fI bi l*ir/rll/flo.
i ;

.  ' i  , ' i  :  |  . t  : , .  i

; - .
' .
r , 3. !IO[,D:ER SPACES,AND ffARJvfONIC DECOMPOSITIONS
' , 1  

; ' t

First we introduce H;,11p 1oo, the H6lder space of smoothness c € R,d.
pbis ap3qe consists of a{ those distributions .f e p'(Td) with zero mean in each
nariabb such that tlie seminorm

ll/llss := sup
'  

h€Td

d

lla11t"rll" il ln,7oi .
t : 1

d
i ,b,6rdte;  u&ere Afr , := A.aoAtr ,  Atr  : :  lJ  Ar; ,  (Arr / ) (o)  := / (21, . . . ,&i  *
I '  r : 1
b',, ' . ,xd) - f ("\ and,by definition ;(a)' it the Weyl partial derivative of order r

l  - f  e .  e L -  - - - - r - -  e r d  - -  t  1 ,  -  I r t  t l i i - - -  r  o  r  r  , r

i'of fi the vectors r eZd afi P € (O,lJd:are defined by the equality a: r* 0.
i There is another eguirnalent definition 'of. Hf for c ) 0, c € Bd, uqing a mixed
i'.&igher-order finite differeace operator (cf. [ftJ). , :. ,

In recowring we shall take fonctions of a given mixed emoothnes A' c Rd,' 
b€lot'ging tte iitterseettorrl Ef i= 0 H;. Below w€,can dee thst ff#,tsfu#dtr

',; q€A

, 
*ith the space of all those distributions / for which the seminorm

l lf l ln;:: ' lq ll/ l lr; ',  a € A

rb finite. 
'

. To formulate and.prove oor:rsdlts, we deecribe two barnonic diadic decom-
poaitions of the space Hf;. Let'Up and I/1 be the unidimensional operators defined

iity.
l :

#
3l
Sl

(3.1)
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52- : f Ur;
k1m

f2^ : I u*,
k1m
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(3.2) :

f/1 :: 51, (Jk 2.= S2t-r - rS2t-z ,, h : 2'3' ' ' 'i

V1 := I\, YP :: I2*-t - I;'s''r' ' h :2'3; ' ' ' ' '\ ' '

The multidimensional mixed''operatont [rX aod Yr, k t Nd are defined by

(11, :: fI U*, ; V* t: 'fl 7[r,
t = l t : l

where u4 and I/1, are the unidimensional operators at the variable ci.

Noie that for any m € Nd

where 2, i: (2,rr...r| '"\for r € Rd. Hence, using the properties (22-3) and

(Z.fO), orr" ..r, veiify that any f L Lo, t S p ( oo, can be represented by the

series

| -Lvrf,
k

converging in the .Lo - norm, a&d any / € C(Td) ean be represented by't1t"'u"tt*,

-  S a - '  
"I  :  L ' r l ,

k

i
. i

(3.3) i
:
{
J

converging uniformlY on Td. r - i
We shall use the nota*ions ( and x to denote the inequality aodequivalence {

of asynptotic deg;es (orders) (for details cf. [Dl]). For G c ILd let oG(c) := {
j

sup{(r,y) : y € G} be the slPPort function of G'

Lemma 8.1. For arbitrary A C Rd and I < p S oo' a distribution f l
belongs to IIf itr the quasinorm (3.1,) is frnite. Moreover, the following equivalence{

of quasinorms holds 
:

1/11.r,x6upzs/(*)llv*tllo, fGH,t- 
'ry

$

p r o o f. Obviously, the tgmma will pe proved if we establish the inequalitid



recovety of functie,an .,. 2{

(3.4)cp 1 f \l r; S. sup 2(o'h).itvtJllp S clrllf ll llr,

for each f e n7. Inequalities analogous to (e:+) were proved fb,r funetions of a
space sim.ilar to Jf; and defined by use of a mixed higher-order fi.nite difference
operator [T11. In particular, from those,inequalities [Tfl and their proof it follows
that (3.4) holds-for:arb..itiary a e (0,.t]d. .We'shall prorre (a.+)'for "the unidimen-
sional,case (d * 1), the multidimensi,onal case can be proved in a similalr,way
without essential changes. Let a € R and-a =.r+ p, r €,2, P € (0,11. By the
above mentioned remark and theequality V;l(4 : (Vkf)G) we have

crfllrr)1"i s rtp zpkll(vrf)(')l[, < cill/(']llo , (3.5)

L ,  ,  t ;  i ,  . -  l i '

i for each f e n;. Since V*f eT2*+t and,Yyf is orthogonil to the trigdriomqiris

f polynomials of order at most 2k-2, by Bohrts and Bernstein's inequalities (cf., e.

I g.' [N]) we obtain ,

: .cr,ll{vrl,)_('lilo <.z,kllyrlllp <c,ollvxf)(')ilo. 
'

?his and (3.5) imply (r.+) for arbitrary a € R. n
get I :=- (t,.. .,1) € Rd and l/(C) := co C - Rt for G c i ld, where co G

denotm the convex hull of G and R{ :: {r e Rd : r > 0}.

Lemma g.2. If 1z-p ( m and tlpe int l/(A), then the'followin!'equiva-
lence of quasinorms holds

l l/11"1 ='lo 2ee(k) llur/l lp, f e n!.

P r o o f. Flom the condit ion lf pe int ,V1a) by use of Lemma 3.1 one can
prove that H! is compactly embedded into C(Td), Let f € Hi.By (3.2) we have
f o r a n y f r e N d

Urf :DArn"f .
t ,

By (2.S) it is not hard to verify that (I1,,Vrl =-0 whenever the inequality s > k - l
does not hold. Therefore.

l lu*fl lp 3 t l lurv"fllp.
s ) l - l

(s.E

Lemma 2.3 gives
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'.r',.s*.e':+.$ifffte$ ffi

' lftl*%fllp r.<ig(*Z!ir-i*fiyrt'l6,

' t

?ec irp33c ${S*Sft111!* mAq**W'" gen be p,Iur€* b fu' se@6 urq' bil fe#
rglee of Gh aed f* bf eae,cthctr. i. ', . ,,-, 1,. . i : , i.,,* llj q

. .  .  f (sl : f  r i {r) ,
' Fezl' '-

with f* € Ts*, h e El,,satiafying the eadition 
'

I  r : i  : J i , *  ! " ' , 1 ; ; : ' l $ , i  
:  . l  t : .  I  i ' l '  

" . i  

f  "

.,1,., i :'""i 
':i; I ':"i,= 1,,: "' 15,1dtA*lAll*t$?FlflP'E6ip ,,': : "

k6z*

f o r f  s p < g < 6 0 . T h e n  f  e L c , a d . '  , ' -

F

i .s. - ,, r:,,1i;.,.i1,.:r1 ,lllltE *Qv* f, {?yt-f{lltttgtUO

d
gqfc l  : :  n  e i for ,a€.&+i "* " . ' i r

11k i&udity was prwed in tiil fsr'a diadic decompooi,ttoa *e-d in lDq
thc gd[trH!"te€i: {j:n'\J:]'; r"'€'ie: 

"jrii!l?



In: strldSing- afwi&hs,:aad .other ,apprii:iimation characteristiqs :of,c,la,Se€: . f,
qf a mixed smoothness, the estirnates of the approximafioS*efteh.,@d$ce

the problem of determining the asymptotic dgfeee,of'tls,s11g9 '1. ,,

Z,(t€|;- (3.10)

Let0:  d(G) : :sup{ l r l  :  r€G) bethevalueof  thepro-o- la f is : i tC] ,  -  d  1 '  r
and r =, r{C}. b,e the linear dimensisn of the set gf eolutions; g&) : p(G;h),
fr Oi be the.d-1-dimerrsional voluule'of'the set {b t e' lrl ; A - h}. It was

:proved that one can construct a function tu(h) : w(G;h), h ) 0, such that a.'(tr.)
;lsibontavg:ffitid'Ultrs;"df cofitinuiW if s > 0 adtl.o(4.) = I if s'.r 0, arrd.the..relatiofr

p(h) = r'(h), h -* 0, (3.11)
,  ' \ ' :

Mor,eorrerr, if G.is'a polyhetlial,se!'i;'s- .the inlersec'*ion of a finit'e number
half-. cpaces,, tlren

Tfe-have

p(h.) = h', h --+ 0.

.e6t; : E(C;i) ,: id*tr"(L'lt)'. "

Z(tG) x ze R(t), f --+ oo.

(3.12)

1d.ie)

(3.14)

For a given G one can csnstruct a convef dompact set ff t'R{'"such thdt .F f G,

3(tfr, x 8('tGl,, t *+ oo, (3.15)

. : ,D
&€Nd\ tH

(s.toy
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whefe'?}G('c):=,inf{t..j.>-6:r/teie,.}'.is.theMinftmsldfrnction"of"Girarr.do}o
is'a fixed*,nrtrilbet.'

We shall take'fiiactionsr-frorir

the unit ball of the space H!,lot recovering. As asxiliary ie€utts'.y: fit"iotablish

some oyrryroti. .rt'f."# of n-widthri:'*a tle be't a?pioxfuitidfi t{9'Fotrtci

;rrms n in'otth";*s; u; r"y.valious'pairs I S \41oo: 
:' :

Let x b" , 
";;;-it;""rtrn"* "r 

not trg* iu#"a'in fd and w c x' W,€

recall that the n-width of 17 in X, is

i:i ' ' d*(W,h,: a,i{:" 
nffiv,'u,'X),

where f, is alingar manifold,in X and

E(W',L,X) := 
rs39

I

A ch,a*trcteris-tie of best apProxinatibn' by

This quantitY is defined bY

cr(w,x\,: 
"..i'4." ;:fi,11/ 

- rcfllx'

where G is a finite subset in Zd, card G is the cardinality of G and

F6f := D /ttt(o'') '
keG

thom. the definitions it follqvrs that the following the inequality holds

'  .  , t
. - l l . l l

rnl llt - gllx.
t  ,  , ,  

:

Fourier suns was introduc€d in [Df]'.

dn{w,x) s n;(w,x) s G"(W'X).

set G! ,: {r: Rt ; (r,Y) -( l, Y € G} and C(G)

G c Rd, o+ i+ max(o,O) for a € B, where

f t t r : :  { s e Z d , : ? k ; - t  S l s t i  S ? 8 ,  i : L , " ' , d } '

Theorem 3.1.  ForA€ R,d and 1 3p,qS oo le t  B: :  A-( t lp-L l f l " t )

suppoe that 0 e int N(B) and one of the follswing conditions fioJds;

0  I S q S P  a n d  P Z z

, {4.-&@

:_ t nr for
&€cnNd



9-ptiim&igcicrrery" of firldioas,...

i  t i l  1 < p ( g ( o o t s B = { 5 , 2 . '

Then one can construct a convex compa.ct set G c Rl such that cafi, C(m"Gl S o
rrrit.h some mo - n"(n), and the folltxving rilafioas'hdtrd' i '' i :, l

G"(sfrf;,L) =r:}*f ll/ = rct-cl/llc
. l

= n-r/l'R(log nyr/e+t1ld ,

=,, 7, i d t, tfi e:eaqe.(d.,gpd,.g.9,,

d"(S Hf , Li = n-r/e {n(lagn)}r/e+t/a' , n. --f oo.

'*etch of proof and refer the reader to [C] for a dore detailed proof. Let I ::
+ao {ed(ft"),,  i  , t ,€ c(sp,,S F {{r e.Nd , lel . : ,e.@,kl Snlq*C, &€ B},
.F-or a given r?, one can choose a value of C such that n x dim? = 26),5 lt,
* -r oo. On'the'other hand Z(S| x Z^R'(logm)'and N :: card,9 = i(i;illi
rtr -+ oo. Hence, we have

dn(sEf;,Ld = d"(sfrf nT,LqnT)

i .  _  2 :n le+m/p_m/cd,n(g f , * ,N . , t?^ , * )  _  2_n l | , t r i t / i1 ' ' i :  
: '

;r

n_rlo R(logn)Llo+tlt, ,? _| oo.

.wg.:llg€.,.f|le $ittlen'oo{-F.aley,thsspm (o{.r,e'g'. .[Dll]r,Lepp+.2.':? arrd.,Th*
3.[.G]; For definitions of the set Bf,^,N and the sptice 4;," see aleo h [q].
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4. OPTA{AI RECOV.E&Y

'Dftth,lDug.g

\

From,fheciitms S.l-? and-{S.lq foilow€ .

Theorem 4.1. Under the hypatheses aad -notations of Theorcm 3.2 we have

R;(s Hf, tro) = tu-tl0 {R{log.nt1l:10+rle , n '-+ eo'

Theore'ns 3.1 and 4.1 shon'that recovering functions in SHf from the_n
Forri€r codfficibntstrdBociated*ith. the hyperbclic emss f{.C (t" 6) }, G conshubt€d'
in Theorem 3.1. by the corresponding Fourier sum, gives the asymptotic degree
of n;6Ht,trq) in.the casQs of p aRd g considered h Thesrems 3,1 and 4.1.

To estimate.the, other c&arateristic &,r (S II,f , Ls) 
" 
we preJfuriinarily eonstruc*,

a linear method of recovery on basis of the harmonic diadic decoroposition (i3.31.,
For G c I[t we define the oPerator ,56 bY

ssf z: Urf :

G

are completely determined from the

\-
/-r

k€Ndn

' ' !

:  o ( s c e - Z l ) .

at I(G) by Scl is estimated by

.t::

rii*ti
UTIE

r i,,

JY

Lemma 4.1. For arry G c R{ and f € C(Td) we hzve

2$ / t-r / il +ttl ll u*/ llt ) "0",l l l - s c f l l r * (

for fuRctibns / on Td. The functions 56/
vilues of 1 at the lattile .

l

L(G),:  
'U 

iz-ksls
, kec

The errbr of ieeovering / from the values

following

T
feNd\

w h e r c g " : . 1  f o r L < q S p 5  m  o r q :  o g  a 4 d  q " : q  f o r  1 (  p < q  (  m .

P r o o f. The lemma in the case g" = I is obvious and in the case q" : Qi,,
obtained from (3.9). il

Theorem 4.2. Let t S p,{ ( oo, .A c Rd be a bounded set and Lf p €'.
int I/(d). TheA,one czn coast;ruct a conv€x campact set G C Rt sucl thdt for4
a given *,.card, f,(m"G) S rt witb'some rrlo : m"(n), ani! the following rcIa
hold



a*

:iri:.,.
:i i 'i:

R"(sHf ,L) 3 sup lU - s-"c/llc
testt;

'  
:  :  :  r - - ' :  :

- n-r le{R(logn)}r/a*r/c", n --+ @,

'rdere 0 : 0(Bi), E(.) - n(Bi;,.) B : A - (t/p - tld..l and q" is defrned in
:{*g.ma 5.t.

ft' the remaining ca{tes can be proved in a similar way. Note that Bi is a con-
rer compact set because of the definition of B! and the boundeclness of A. We'ag,nstruct,b;r 

(3.14=16) a convex compact set G C Rl,such that G > Bi and

eard C(nG) = Z(*Q x 2-0d'R(m), m --+ ooi

2-tmni$) x Z-q^ R(m), rn -+ oo.

l l / - s , ,c / l lE<  t  2 -wB(k) ,  m-+oo.
h€Nd\mG

r
lceNd\mG

(e.r)

(4.2)

(a;3)

ffi Lqq1as 3.z.gil 4.1 and the equaliry sB{fr) - sA(,t} - (tt'p- rldirl; we hav.e
,$r each fe S'fit'
if
; .  , t

E . :
i:
1t.r

ii;.,.

,{
il

i';I&rc equalfty sB(t) *,m.fli@) for r € RX and (4.8) give

i l l -S*e/llc < ,-^gt/t(m'l m -) oo,

< 6 .  t r

b-r eac-h / e s Hf . {ora given natural number ri, let mo :: sup{m : card c(nc) S
' n). Then, from'(4.1),'(43) and properties of the function A(-) it fdllows'ihai:.-'

, l l/ - S-,c ll lo < n-rlo {R$osn))t/e+t/t , r -+ oo.

sh"* the function Sm.cf belong to the spirce ?o :: T(C(m".a)) and dim ?n :

,eard C(m"Gl < n, the inequaliW (4.4) proves the theorem in thecase I 1p I

A similar method f,or recovering in .Lo functions of sf/f,, o ) 0, I S p ( o,
csnstructed in [TZ].

From Theorems 4.1 and 3.2 and (1.1) - (f .Z) we obtain



g, : i .  , :  , . D i r r h , D u l g l

Theorem 4.8. Under the hypotheses and notatioas of Theorem 4.1 let

< p < q 5 2 .  T h e n

R*(sHt,Lu\ = n-Llo {n$osn\}r/e+t/t , ?} -+ oo.
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