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ON A FREE BOUNDARY PROBLEM ARISING IN

PHAN HUU SAN ANd NGUYEN DINH TRI

Ded,icated to the mernory of Prolessor Le Van Thiem

Abstract. A frc.e bounfury prcblern arising in the noncatfutic gos-solid reaction is consid-

ered. The 16;aal existence ol solutioru is established by uing the classical fi'ted pint argurnent.

1. INTRODUCTION

In [O] the fol lowing problem was investigated: Find a tr iple (T,s(t) ,u(r,t))

such  tha t  ?  )  O ,s ( t )  e  C1 [0 ,? ] ,  u (x , t )  €  C2 'L (Dr )  n  C(Dr ) ,  where  Dr : '

{ ( r , t ) :o  < r  < r ( r ) ,0  < ,  <  f } ,  u ,  is  cont inuous up to  the boundaty r :  s( t )

and such that

THE NOI{CATALYTIC GAS.SOLID REACTION

r t r x . n - u t : O i n D 7 ,

u ( O , t )  : u o t  O < t < T

s(0) : g,

u , ( s ( t )  , t )  :  e (u (s ( t ) ,  t ) ) ,  o  <  t  <  7 , ,

3 ( t )  :  / ( r r ( s ( t ) , t ) ) ,  o < t  < 7 ,

( 1 . 1 )

(1 .2 )

(1 .3 )

(1 .4 )

(1 .5 )

where us is a given positive constant, / url I are given functions.

This problem is a mathematical model of an isothermal diffusion-reaction

process of a gas with a solid. We assume that theeolid has a very low permeability

and is chemically attacked from the surface with a quick and irreversible reaction.

As a result of the chemical reaction an inert layer is formed, which is permeable to
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the gas and the process will exhibit a free boundary r: s(l) (the reaction front),
u(n,t) represents the gas concentration. The condition (1.4) describes an empirical
law, which relates the rate of mass consumption of the gas and the incoming flux
of the gas. The condition (1.5) states the same balance in terms of free boundary
velocity. In Wen's model the empirical law is described by

g ( r ) :  - t r n  :  - f  ( " ) ,

(see [7]). In Langmuir model

atrn
g ( r ) , :  - :  - f ( r ) ,

b + c r o

where a,brc are posit ive constants, D ) 0 (see [2]).
In this paper we consider the following Wen-Langmuir-like model:
Problem / ,  F ind a t r ip le  ( " ,s( t )  ,u( r , t ) )  such that  f  >  0,s( t )  e  Cr lO,T) ,

u ( x , , t )  € C 2 , r ( D r ) n C ( D r ) ,  w h e r e  D r :  { ( r , t : 0  (  z  <  
" ( t ) , 0  

(  |  <  T } ,  u ,  i s
continuous up to the boundary n: s(t),  and such that

u , 1 , , * u t : o
u ( o , t )  :  I ) o s

s(o) :  s,
u , ( s ( t )  , t )  - -  s ( u ( s ( t ) , t ) , t ) ,  o  < t  < 7 ,

3 ( r )  :  / ( z ( s ( t ) , t ) , s ( t ) ) ,  o  d t  1 7 ,

where / and g are'given functions.
The following assumptions are made:

f  e  C ' ( ( , ?+ ) ' ) ,  f , ( u , , " )  >  0  and  .F  )  f , ( a , r )  >  0  fo r  u  )  0 , r  )  0 ,

> f  (oo, r )  for  r  )  0 , / (0 ,0)  :0 ,  F and P being posi t ive constants ,

g  e  C l ( ( r ? + ) ' ) ,  g , ( u , r )  <  0  a n d  s 1  ( r , t )  < 0  f o r  u  >  0 , t  >  0 ,

g(uo,t) > -G and 9(0,f) = 0 for I ) 0,G being a posit ive constant.

Moreover, there exist positive constants /6,g0. such that

l f ( r r , r )  -  f (u t , " ) l  <  fo luz -  u1 l ,

f o r u l  , a 2 €  [ ? , r o ]  , r € R + ,

in Dr,

o < t < 7 ,

(1 .6 )

( 1 . 7 )

( 1 . 8 )

(1 .e)
(  l . 1o )

( 1 . 1 1 )

(  1 . 1 2 )

( 1 . 1 3 )

(1 .14 )l g (o r , t )  -  g ( r r , t ) l  <  eo lu2 -u l l f o r  ' t ) r , u2 r - lT , ro l  ,  t  €  R+
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2. AUXILIARY PROBLEMS

7. Case 7:  s(0)  :  b  > 0.

For each Lipschitz continuous function s(f), satisfying s(0) - b > 0, we

consider the following problem:

Problem /L Find the function u(t,t) such that

u r t - u t : O  \ n D 7 ,

u ( 0 , t )  : u o ( t ) ,  0 1 t 1 7 , ,

u ( r , O )  : r b @ ) ,  O 1 r S b ,

u " ( s ( t )  , t ) :  g ( u ( s ( t ) , t ) , t ) ,  o  < t  < 7 .

(2 . r )
(2.2)

(2 .3 )

(2.4)

(For the sake of completeness we consider u6 (f ) instead of uo in the right hand side

of (2.2).) W" shall  prove the fol lowing:

Theorem 2.1. Under the hYPotheses

i ) = L > o  l " ( t t )  - s ( t 2 ) l <  t ' l t t - t z l , Y t v , t 2  €  [ 0 , " ] , 0  (  a o  1 " ( t )  <

Ao,  Vt  €  [0 ,  T) ,ao,As are constants ,
i i ) {  € C l a , b ) , ' r ( O )  :  u o ( O )  ,  r b ( " )  >  0 i n  [ a , b ] ,  $ ' e  C I U - E , b l f o r e >

o,  1b ' (b)  < o,
iii) g(u,t) is a strictly decreasing filnction with respect to u for u ) 0,t > 0,

satisfying (1.14) and g(o,t) :  o for t ) o,

iv) us € C[0, T], u6(t) ) 0 in'[0, f], .?r?rro(r) 
> 

o?3i, 
,lt("),

there exists a unique solution of Problem II.

P r o o f. a) First, we prove the following a priori estimate for the solution

u of Problem II:

o < u(r, t)  < o?,gr.us(t)  
\nD7. (2'5)

The right hand side inequality of (2.5) follows from the maximum principle and

the fact that, g ( 0. Let Ts ) 0 be the f irst t ime such that u(s(T6),To) : 0,

0 {  ?o < ?.  By the s t rongmaximumpr inc ip le  (see [S] ) ,  we get  u ' (s(?e) ,?o)  (  0 ,

which contradic ts  u, (s(?6) ,?o)  :  g(u(s(?-6) ,To) ,?"0)  :9(0,?o)  :  O.  I t  fo l lows

that  u(s( t ) , t )  >  0,0 (  t  <  T.  Using the maximum pr inc ip le  we get  u(x , t )  )  0  in

D7.  This  proves (2.5) .
b) uniqueness. It follows from (iii) and the maximum principle.

c) Existence. For each given function h(f) € clo,Tl with h ) 0 and

g(h(0), O) : ,b'(b), there exists a unique solution of the fol lowing problem:



36 Phan .Huu San and Nguyen Dinh TH

A a t  - t  U t  :  O  i n  D 7 '

u(0 ,  t )  :  uo( t ) ,  0  1 t  I  T ,
u ( r , 0 )  : r ! ( r ) ,  0 ( r ( 6 ,

u " ( s ( t ) , t ) : g ( h ( t ) , t ) :  H ( t ) ,  0  (  t < 7 .

(see [0]). Moreover, the solution u is continuous in D7 Hence, for every
h e C[O,?] we can define ir1t1 = u(s(t),r) € C[0,?] and therefore we have the
application

\  :  h ( t )  €  c [0 ,  T ]  -  h ( t )  €  c [o ,T | .

By an argument used in [+], we can prove that .Fr is a contractive mapping
of C[0,?] into i tselt.  Indeed, there exists an increasing continuous function Q(?),
vanishing for T : 0 and depending continuously on the parameters o6, .4.s, L, go
such that

llh, - h'll,

where l lel lr :  .e?r. ld(") l
Hence,  there ex is ts  T6:  To(oo,Ao,L,g6)  > 0 such that  Q( f )  <  Q("o)  < 1

for all T 1 To and then Fr is a contractive mapping and its fixed point is a solution
of Problem II.  Moreover,Q(t) and ?s do not depend on the datalt(x) and us(f),
so that the same method can be repeated in [?0, 2?6]. Thus, there exists a unique
solution of Problem II for any 7 > 0.

2 .  C a s e  2 :  s ( O )  : 6 : 0 .

For each given function s(t) e Ct[0,?] with s(O) :0 we consider the fol-
lowing problem:

Problem 11L Find a function u(r,t) € Cz'r(Dr) n C(Dr) such that:

< A("\ l lhz - ht l l1, for t  € [0,?]

(2 .6)

. (2 .7 )

(2.8)

(2.e)

r t r z r - u t : O  i n D y ,

u ( 0 , t ) : r o ,  0 < t < ? ,

z " ( s ( t ) , t )  :  s ( u ( s ( t ) , t ) , t ) ,  o  < t  < 7 ,

where us is a positive constant and g satisfies (1.12).
We have the following a priori estimates:
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Lemma 2 .1 ; )

O  1 u ( r , t )  <  , o  i n D y ,

- G < u , ( r , t )  < 0  i n D r .

;i) If s also satisfies the cond,ition

=Kz )  0 , " ( t )  <  Kzt ,Vt  €  (0, t0) ,  t6 :  - I  ^ :  )  o t
t t L z v

then u verifies

I t a

o < + 3 u(r,r)  S ,o in D6, Q.Lz)2
- G < u , ( r , A S o ( \ , 0 )  <  o i n D 6 .  ( 2 . 1 3 )

P r o o f. i) The proof of (Z.tO) is sirnilar to the one of (2.5).

We get (2.11) by using the ma>rimum principle and the fact that g ( 0,

g,  1  O,urr (O, t )  :  O in  (0,  r0 ] , .
i i )  For (r,t) e D;o, we get

, By using the maximum principle and the fact that 9, l O,uri(O,t) = O itt

(O,toi we obtain the right hand side of (2.13).
As in [+] we cgn establish the following:
Lemma ?.2;  I f  us( t )  e  Clo,T l , ro( t )  )  o  in  [0 ,?] ,g(u, t )  is  a  cont inuous

function with respect to u, for a 2 0,t € lO,Tl and s € C[0, T] with s(O) : O, then

there erists tt € (0, 
") 

such that the equation

f ( y , t )  
-  y  - ro ( t )  -  s ( y , t ) s ( t )  :  o

has at least one solution y for eacht € (0,t').

Moreouer, the function yo(t) ) O can be defined' in (O,tt) such that

f  (yo(t), t)  :  o ond 
,Lf i*uo(t) 

:  ro(o).

37

(2.19)

(2 .11 )

f '
u(x , t ) :  uo  *  I  uo(v , t )da  2  uo  *  s ( t ) .  ̂g1 i l .  g@o, t )  >

J  O  O ( t ( t o

)  us - .GK2t )  us -  GKzto = ?.2
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T h e o r e m 2 . 2 . l f g v e r i f r e s ( 1 . 1 2 ) , s € C 1 i 0 , " ] , s ( 0 ) : o a n d s ( t ) >
Kfi,(Kr > 0) in [0,?], then there exists a unique solution of Problem III for a
suitable sma/l f > 0.

P r o o f. a) The uniqueness is deduced as in the proof of Theorem 2.1.
b) Existenc.e. We introduce a decreasing sequence {t,r} such that

T  >  {  )  f r  )  t z }  . . . }  t n  > . . . , , , 1 $ t , " : 0 ,

where t' is defined in Lemma 2.2. We define the sequence {2,"} such that u,n --

un(n,t) is the unique solution of the following problem:

: 0  i n  D n , T ,
- - U o ,  t n < t < 7 ,

where  Dn ,T  :  { ( " , 1 )  :  0  <  z  <  s ( t ) ,  t o  1  t<  ? } ,

t n < t < 7 ,
< s( t ' " ) ,

and

.bn(" )  :  vo *  g( th"(s( t " ) ) ,  t " )c .  (2 .18)

which is justified by Lemma 2.2 and choosing tb"(s(t"1) : ao(tn) ) 0 for each z
that satisfies

, , l$ 
,h"( t ( t " ) ) :  uo.

Let, zn be a solution of the following problem:

un""  -  un"

un(o , t )

u . " ( s ( t ) , t )

u n ( r r t n )

:  g(u"(s( t ) ,  r ) ,  r ) r
: 1 b " ( r ) ,  0 ( r

(2.r4)
(2 .15 )

(2.16)

(2.17)

zor" - zn,

z. (o , t )
zn( r r t , - )

2 " , ( s ( t ) , t )

1(t)

-  0 in Dn,,
- 0 ,  t o < t < T ,  i

: r!t i(x) : o, 0 ( r ( s(t,r),

*  i ; ( t )2"(s( t ) ,  t )  :  o,( t ( t ) , , t ) [ . i ( r )s(1(t) ,  t )+

*  z " ( s ( t ) , t ) l  + s r ( . y ( t ) , t ) ,  t n  < t  < 7 ,
t
r

:  I  ls(r)o(r("),  r)  + z"(s(r),r) ld,r+
J
t o

+ r / " ( s ( t " ) ) ,  t n < t < T .

(2.1e)

(2.20)

(2.21)

(2.22)

As in [t] we can see that,there exists a small enough ?1 > 0 such that

(2.23)
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(2.24)l l i , l lo^,,, S ryq- ' . i( t).  . .  sup lg(r,r) l  ( const'
t*<t<rL 

?:=:\;"-",

Define irn(r,t) in Dn,7Q < fr) bY Putting

i ln(r,t) :  ,o + rlg(Ib*G(r,")), t^) + 
lr '^",,(o,r)drl+

zn(y, t )d ,y . (2.25)

We have the following properties:
i )  i l n , " (o , t )  :  i l n , ( r , t )  :  z^ (x , t )  in  Dn,7 .
i i )  t " ( 0 , t ) : r o , o < t < 7 .
ii i) i l ,*(r,tn) : ao * rg(hn(s(f")) ' t '-) : th^(n), 0 S r S s(r.".).

,  i r )  i l . " (s( t ) , t )  :  s(1!*(s( t*)) , tn.)  *  f i . "n,(o,r)d,r t  f fU) z*(n, t )d,r  :

g ( r r^ (s ( t ^ ) ) , t , ) *  I J *gh i , r )d l  :  s (1 ( t ) , t ) , - -o  <  t  < ,?" .  ( I t  fo l lows bv  us-

ing Stoke'r th"or"*": Tor t € (tn,?) we set 0 : 
"[/ 

(rn,, - 4n,)drdr : 
J,, 

zndt *

zn,dr . )- ' o ' ' '  
v1 f i i l .G ( l ) , t )  : . i ( r ) s (1 ( t ) , t )  +2 " (s ( i ) , t )  : 1 ( t ) ,  0  < t  <  ? ,  and  bv  i n te -

gration, we f ind f i"(s(t), t) :  ^/(r), 0 < t < ?' Hence

i l , . , (s( t ) , t )  :  g  ( f i ,  n(s( t ) ,  t ) ,  t ) . (2.26)

From i) - ii), (z.zo) and the uniqueness of solution of (2.1a)-(2.L7),we deduce

iln: u* inD,.,v. By (2.24) i t  fol lows that

l lu,-,, l l r . , ,  ( const, 11"", l l  D;,r S const, Yn. (2.27)

Denote by u(r,t) the limit function of u,. for nL --+ oo. Then u satisfies- (2.7),

(2.8). We have only to verify (2.9). Let t € (0, ?), c e (0, s(t)) be fixed, then we

have

u(s( t ) ,  t )  -  u ( r , t )  :  [u (s ( t ) ,  t )  -  u ' (s ( t ) ,  t ) ]+

+  [u" (s ( t ) ,  t )  -  un( r , t ) ]  +  [u " (c , , t )  -  u ( r , t ) ] :

:  [ z (s ( t ) ,  f )  -  u , " (s ( t ) ,  t ) ]  *  Iuo( r , t )  -  u ( r , t ) l+
1

+ s(u"(s( t ) , t ) , t ) ( " ( t )  -  x )  + ' ru^ , , ( i , t ) (s( t )  -  , ) '

* 1"" t' I:
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for some t e (r,"(r)). By (2.27), we obtain

lu(s(t); t) - u(x"' 
a'r',i:!iii,'l?;illlli];lii ::

Lett ing z tend to oo and then,c.to s(t)o we get (2.9).

3. LOCAL EXISTENCE AND UNIQUENESS

We return to Problem I with / and g satisfying (l . I t)-(t . tA). I

Since 
"f, > 0, f, > O and (2.12), it follows that i

' I t

. i ( r )  >  f  (? ,0)  >  o,  Vr  e  (0 ,16) ,  (3 .1)

and's(t)  = s(0) + / j  s1";ar )  0, Vt € (0,t0).  '  ,  ' :

We choose ? such that

T (  min( te ,  t ' ,T t ) ,  (8 .2)

where to,t',Q are defined by Lemma 2.1, Lemma 2.2 and (2.24) redpectively.
We consider the following auxiliary problem: For each given function r(t) e

Ct [O,T]  such that  r (0)  :0  and 0 (  Kr  < i ( r )  3  Kz in  (0,?) ,  le t  u( r , t )  U [n"
unique solution of the problem:
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By an argument used in the.proof of Theorem 2.2 and taking l1] into account,

we find that ur" is bounded in Dr,7 by a constanl zs depending on K2, G for ? > 0

small enough. Define

B :  { s  €  C r [ 0 , ? ]  :  s ( o )  :  g ,  0  (  K r  < . i ( t )  1 K z ,

ls(?r) -  . i (rr) l  s l rr  l t ,  -  tr l  for t  , , t ,  e (0, 
" l ) ,  

(3.8)
. U n

:  
n : { ( y , p ) , ; . - - a 1 u o ,  0 ( p ( o o } ,

where the coefficients Ki ,,Kz,Ks satisfy the conditions

o ( Kr t ,rlf; ln/ 
(Y'P) : it\ ' '01'

0 < sup f (a,p) 3 Kz, fo(GKz * zo) + FK2 I Ke. (3'9)
(v ,p )e  o

S i n c e 0  (  K r  < . i ( r )  l  K z  a n d s ( t )  :  s ( 0 )  + / o t s ( r ; a r :  [ : s f t ) d ' r , w e h a v e
K f i 1 s ( t ) S K 2 t ,  O < t S T .

It is clear that B is a closed subset of C[0,7]. In particular, we can choose

Kr:  f  (T,o) ,  Kz:  P'  Kt :  fc)(GKz *  zo) + FKT (a ' ro)

Define F2 Lo be the aPPlication

F 2 : r € B ' - ' i ,

where 
pt

r ( t ) - -  
J r f @ ( r ( r ) , r ) , s ( r ) ) d r , t € [ 0 , 7 ] ,  

( 3 . 1 1 )

and u(r,f) is the unique solution of (3.f)-(e.5), which satisf ies the estimates

;  t ,  (  uo,  l r , l  <  G,  l r , ' l  <  zo in  D, ,7 .  (3 '12)

T h e n w e h a v e  i e B  b e c a u s e

l i ( t  r ) -  ; ( t , )  I  S  |  / ( ,  ( " (  t z ) ,  t  z ) , s ( t 2 ) )  -  / ( u  ( s ( r  1  ) ,  t ,  ) ,  s ( t 2 ) )  |  - r -

+  l / ( u ( s ( r 1 ) , t , ) , . s ( t 2 ) )  -  / ( u ( s ( t 1 ) '  t t ) , s ( t r ) ) l  <

<  / 6 i u ( s ( t r ) , t r )  -  ( u ( s ( t 1 ) ' r r ) l +  r l s ( t 2 )  -  s ( r r ) l  <

<  f r { G K z a  z o } l t r - t r l +  p x r l t r - t t l :  K s l t z  -  t r i ,  ( 3 ' 1 3 )

for f 1 ,t2 € (O,"). We have the following theorem:
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Theorem 3.1. The application F2 is a contractive mappin1 of B into itself
in the metric of C[O;T] for a small enough ? > 0.

, P r o o f. Let u and u be the corresponding solutions of the problem (3.3)-
(f .S) for s, ?. € B, respectively.

For the sake of simplicity we put

6r,(t\: l3(r) - i(t)1,l l6",l l , : 
011?, 

6e"(r),

6(l) : l"(r) - r(r)1, f l6ll, : ,,*-01"1,
,  )  0 ( r ( t

or , ( t )  :  in f (s( t ) , " ( t ) ) ,  02 :  sup(s( t ) , r ( t ) ) .

Without loss of generality we may assume that o1 : r, o2: s. Then

oF,(t) :  I  l"t  V{r("("), r), s(r)) - f  (u(r(r),r),r(r)) ld,r l  <

< /o l l iu1" -  ,1 ' l l '  + r t  o?p{, l " ( r )  
-  

" ( ' )1,  (J.14)

(we denote by u;"  and u1,  the rest r ic t ions of  u  on r :  
" ( t )  

and z :  r ( t ) , respec-
tively). We get

l l r l" - upll t  :  o?p, lu(s(r) ,r) - u(r(r), 
") l  

<

a #t, lu(s(r) ,r) * u(r(r),  r) l+

* 
#l i ,  lu{r(r) ,r)  -  u(r(r) ,  

") l  
= b(t)  + a(t) .  (3.1b)

Applying the average value theorem we get further

b(f)  < c. l l6 l l , .  (3.16)

Notice that u(r( l ) , t )  :  ro + f i ( t )  u,(r , t )d,r ,  u(r( t ) , t )  :  ro+ /-( t )  u,(r , t )d.r .
This yields

lu(r ( t )  , t )  -  u(r( t ) , t ) l  < K2t l lu"  -  u, l ln . , , :  Kzt" :1?,  C{r) ,
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where

C(r \  :  la , ( r ( r ) , r )  -  u" ( r ( r ) ,  r ) l  <
<  lu " ( r ( r ) , r )  -  u " (s ( r ) , r ) l +  l u ' ( s ( r ) , r )  -  u , ( r ( r ) , r ) l 3
< ,o l l6 l l t  +  go l lu t "  -  ,1" l l r .

Hence,  we f ind 
, . \  -  i ,  , la(t) < K2tlzsl l6l l ,  + gol lpt" -  ur" l l t l .  (3.17)

From (3.15)-(3.17) i t  fol lows

l l r t "  -  11 ' . f l r  < c l la l l r  + K2t [ 'z6l l6 l l t  + sol lur"  - ,1, l l r .

Then

l l r t " - , r ; , . 11 ,  <  
##<oo116 l l ,  f o r0<  t  < t * ,  (3 .18 )

where t* :  dn ) 0, a6 :2G+ ff  t  0.
By using (3.14) and (3.18) it follows that

6r , ( t )<  /6as t l l6 l l t  +  r t l lo l l t  :  ( . foco  +  r ) t l l6 l l t ,0  < '  < , * '

I f  wechoose  ?such  tha t  0  <T  <?o :m in ( t . , 6 * * f ) ,  t h "n  Fz  i s  acon t rac t i ve
mapping.

Theorem 3.2. Problem I admits a unique solution for T S ?0.

P r o o f. This is a straightforward consequence of Theorem 3.1 and of the
Banach's fixed point theorem.
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