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oN GLOBALIZATION OVER U(1)-COVERING
OF ZUCKERMAN (9,I0-MODULES

TRAN DAO DONG

Dedicated to Prolessor Nguyen Dinh Tri on his sirtieth birthday

Abetract. Using the metoplutic rc,presentation in terms of the Bergmann-Segd mdel we

Iift the corctruction suggested by W.Schrnid ond J.A.Wo$ to the case ol U (l)-cotering by wing the

techniqre of P.L.Robiwon and J.H.Rawnsley. Our purpse is to giue an algebrdc aersion ol the

mtftidimeruionol qvantization uith resp.ct to Zrz-couering (os o sp.cial ease) andU(l)-couering.

By hfting to U (ll-cooering, from c bosdc' datum we firstly describe in terms ol lud cohomnlqy the

marimal globalization ol the Harish - Chandm mdules in the axe of manmally real polarizdioru.

Then we use the change ol plaization to ertend the indicated results to the geneml cose.

INTRODUCTION

In 1979-1980, Do Ngoc Diep It-Z] has proposed the procedure of multidimen-
sional quantization for general case, starting from arbitrary irreducible bundles.
This procedure could be viewed as a geometric version of the construction of
M.Duflo [+] .  Recently, in 1988, W.Schmid and J.A.Wolf i ; ]  described in terms
of local cohomology the maximal globalization of the llarish-Chandra modules to
realize the discrete series representations of semi-simple Lie groups by using the
geometric quantization and the derived Zuckerman functor rnodules.

In this paper, we modified the construction suggested by W.Schmid and
J.A.Wolf to the case of U(1)-covering by using the technique of P.L.Robinson
andJ.H.Rawnsley [5]. Our purpose is to give an algebraic version of the mul-
tidimentional quantization with respect to Z2-covering (as a special case) and
U(1)-covering. By l i f t ing to U(1)-covering, from a basic datum as in [3], we shall
describe in terms of local cohomology the maximal real polarizations (Theorem
1). Then we use the change of polarization to extend the indicated results to the
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general case (Theorem 2). Our work is in much influenced from the loc.cit. work
of W.Schmid and J.A.Wolf. The main results can be considered a.s some U(l)-
analogues of Schmid-Wolf's ones. The key moment in U(l)-lifting is the usage
of Gtr(t) N K.Bu(r) as the fibered product of Bu(r) -- B and, G -* B over B.
other very useful fact is that xu(l) works out for u(l)-covering so good as 1 in
sch$\{-No\Ts s\\rratron. so we\eep the same notat'ron 

"rrd "*poritiln 
a^, in [a].

r. CLASSICAL CONSTRUCTIONS AND THREE
GEOMETRIC COMPLEXES

t t;^!!y"i"ol^"::*r:.ctio1ts.. Let G_be a connected, linear, semi_simple Lie
lll""n^- ?"L::".llf lT 

Lie algebri rf g.and-g* its dual space. ri"lroop ci r v u l ,  vacts on $ by the adjoint representation Ad, andln g- by r(-r"pr"runtatjon. Let
1 "." 9_ " ::l 

jl o,^" 
lhe s t ab ilizer ^of_th is llirt-. D-"r,oi. ;; i ;,rr1ffi"ii;: ;;;

i_"Tr:"'ubalgebra l-* 
g: 

. 
g o^c. We shall o.ry .o.Jiil"?;.?ch that

IITE UIIiI,I,*;?llt,_!tlu'.t1q r is u(r)-admissible [8], i.;., th;;exists a unitary characrer
Ft- '  t  HUlr )  - * .9r  such thatXYG) : Hu (t)

By virtue
Gu( r )  x  V

BtJ  (  r )  
, o

dxlo)(x,p) : 
itrtn + p), where (x,p) e i/ a u(r)".

Let I be a closed positive polarization in $6, we know that g is a Borel sub-algebra of 9c with.V c B. Let a bu ro-" n*"a irr"aucible unitary representation

:l f.'tl,;,.r:parable Titb:r, :o."." 
such that the,restriction of xu(ri :i6;J; ;ri6;

::_(::):,1i;';,"'ll-3* ".1:h. characte.r ,Y@,. where o1 iJtn" nJ;;:;l*
*fi""_9 

in ([8],$2). Let Bs _the. corresponding analytiur \ ler 'u4r, .  Leu -o0 rre correspondmganalyt ic subgroup in G of Bn$ andB : H.Bo. We see that Bu(r) : gu1t1x fs is ,f," Uliy-.ovii ing of B and there)-coviiing of B and thereexists a unique irreducible representation a I gugl --'g1Vy such that

o l7u( , t  -  xu(r ) ,  (see [s ] ,  gz) .

of the representation o : Bu(t) --. U(V), denote by Eo,, _
the vector bundle on B \ G associated with o. Then the in-

:::T:T^l-: l:-"11", ")8",0)11"":to1 bundte on f,l : 11\ c, where zr is the natural

and Gu(t)il:i:l?i 
from fr \ 

" 
,:,1_\ 

": 
tl the catego.y of .-ooth vector bundles o* 8,,)

X
H r t  ( r l  , o l H n  ( r l

F are equivalent.

Then we a,s in [8] obtain a homogeneous vector bundle

Eu( l )  :  6ru( t ;
* r r r f , ror r rV 

- -+ / /  \  G, (1 .1 )
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orL H \ G associated with the representation Xu(r) : (6.o).XX(t).t" the view of

[3], we can say the bundle (1.1) associated to the basic datum (H,8,Xu(t)).

suppose that dimg oF : m,. Let cc(Eu(l)) denote the sheaf of differential

.forms of type (0,q) on 11 \ G with coefficients in Eu(t). We know that each

difierential form of this type is a section of the bundle Eu(l) 6 )eN* on l/ \ G,

where N -- If \ G is the homogeneous vector bundle with fibre N =- B lN and N*

is its dual. Denote by 0y(nuttll the sheaf of germs of partially holomorphic C*

sections of Eu(l) that are annihilated by J/ o U(1)c. Then we have

0--- ol(nu(r l ;  3 co(nu(t)) -* . . .  
aql(" 

c-(Eu(r);  --  o (1.2)

where the mapping f is induced by inclusion of the space of partially invariant

partially holomorphic sections of Eu(1) into the space of smooth sections, and the

mappings AEU(1) are induced by the usual operator, mapping a form of type (o, q)

to a form of type (o,q * 1).
By taking global sections, (1.2) induces a sequence of the form

0- -+  c - ( I r  \  c ;  0y (n t l ( t ) ; )  -  c * ( f f  \  G ;  Co(n 'u { r l ; ;  -+  . . .

- -  C*(H \  G;  C*(Eu( t ) ) )  - -+ 0

and this sequence of abelian groups forms a cochain complex

(1 .3 )

C* (H \  G; Eu(t)  e A N.) ,  Fp,,1, , (1 .4 )

Denote by lrr (C*(H \ C; nutt) e rt'N-)) the p - th cohomology group of the

cochain complex (1.4) we have

Proposition 1.1. There exists a canonical isomorphism
g r ( C 6 ( H \ G ; E u ( l ) 8 ^ . N - ) ) e H p ( } 1 \ G ; 0 l ( E u ( t ) 1 ; , p >

Hp(H \Gi Oy(Eu(t)1) is the sheaf cohomology group of the space // \ G of

degree p with coteffi.cients in 01,(Et/(1)).

P roof. Wcknow that H \G= Op is the paracompact almost complex

manifold. So (t.Z) is a fine resolution of.)x(nuttll,and then it is acyclic. Thus,
our assertion is an analogue of Dolbeault's theorem.n

7.2. Three geometric compleres. We see that the differential d6,,1,1 of (f . )
extends naturally to hyperfunction sections, so we have a complex

C- ' (H \  G;  n,u( t )  8 l  A 'N.) ,  ds, ,1 ,1 (1 .5 )

Let X denote the flag variety of Borel subalgebras of Sg. Since If normalizes
8, there exists a natural G-invariant fibration II \ G - ,S : G.B c X, where ,9 is
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the G-orbit passing g in X, and as homogeneous real analytic submanifold of thecomplex manifold X,,g has the structure of CR_manifotd.
Then the bundle Eu(t) --+ H \ G push down to a G-homogeneous bundre

Eu(') -+ ,g = B \ G and we obtain ar i" [s] the cauchy-Riemann complex

C-'(S; Eu(r) I  A'N!),  As (1 .6)
whereNs:  To ' t (s ] - . rLa G-homogeneousvectorbundle based on NIN nN.
^ ?:":te by xu(L) the flag variety of u(r)-invariant Borel subargebras of

9c @ U(t)". We obtain the natural pr<
Gauss'decomposition G : K"B, where I
G , w e h a v e B \ G =  B u ( r )  \ K . B u ( r ) .  N ,
X t I ( r ) .  Le t  Su ( r )  :  (K .Bu( , ) ) . (B  C I  U ( l
Xu(l),  i t  is easy to show that Bu(l) is t:
exists a diffeomorphism of ^su(l) onto ^9. By the projection rs1 : xu(r) -r X we
obtain the homogeneous bundle rkDu(r) ---+ su(r), .rrd h"rr" th" complex

whereT'{sr '(r) :  r*N",,.1Ld Dsr,1,r is induced by the cR- operator ds.
The bundle zrlErI(t) e apNsrrlr l  + su(r) = B \ G pull  uu.k to tr iviar

bundless on G, so the comples (r.z)"is isomorphic to the comprex

5 ' - t ' r15u( t ) ;  zr lEu(1)  g l1 'Nio1,y) ,  ds, r1,1 ( r .7)

{ c - ' ( c )  @ y B A  ( N l N n T1 * l i V n T , B r ' t ( t )  f
I  J  ,  u N , N n N (1 .8 )

for relative Lie algebra cohomology of (.
A section 3 e C-. (Su(r). rkgu(.

ar iant  i t r  s(hr) :  
"u( t )1h) .9( r ) ,  

yh e H
Denote by Cr?t,r (Su(t); rkBu(L

;:Tj":"t ial ly 
holomorphic C* sections op g-u(gu(t); r\Eu(r) I  A.pNi,,, ,),

Proposition 1.2. There exisfs a canonical rsomorphrsm

Ci?, r , , ( ,Su( t ) -  zr iEu( t )  g  ApN!, r1, , )  =  C- , (^g;Bu(r )  s  ApNi)  (1 .9)
as vector spaces.

P r o o f. The assertion follows I
sections and the construction of homoge.

We see that .FI \ G -- siu(r) has
Poincare' Lemma to those fibres we see I
complex (f .S) induces an isomorphism c
the following results.
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Proposition 1.3. There are canonical isomorphisms

He(C-u(H \  G;pu( t )  I  A 'N-) )  =-  go(C"?, t , r ( .9u(1) ;  r *Bu(r )  I  A 'N; , , ( , ) ) )

=  Hp( {C- ' (G)  I  I r  e  l '  (N  lN  n  J / ) . 1 } rn ' t r ' a I ' ( r )1 .

Let 5 denote the germ of neighborhoods of ,S in X. Then Etr(l) -' S has a

unique holomorphic $-equivariant extension iu(t) -- .i c X, and we obtain the
Dolbeault complex

C - ' ( S ; i u ( t ) 8 A 4 r - ) , 0 (1 .10 )

with coefficients that are hyperfunctions on 5 with support in ^9.

Similarly, we have zrlEu(r) -- Su(r) c Xu(r) and then obtain the complex

g-, , ,19u(r) ;  n*rtu(t)  *  n r l l , i , , ) ,  du(,) ( 1 . 1 1 )

where tl l ,r,, : olT?t, and Du(r) is induced by d.

By using the canonical isomorphism Cy?,rr,(Sutrl , nkfr'Q) S A Tll, i ,))

= c- ' (s;  fu( t )  e I  r l r ' ; ,  we see as in [3]  that

Hp(c;?,1, ,  (Str( r ) ;  zr ; f  
t ' ( t )  

e l  r l l , ; , , ) )  = / r313,  o 1nt( ' ) ;1 ( r .12)

where the right hand side of (t.t2) is local cohomology along S. I

2 ,  ISOMORPHISMS OF THE COI{OIUOLOGIES AND THE INDUCED
FRECHET TOPOLOGY

2.1. Isomorphisms of the cohornologfes. We f ix a basic datum (H,B,Xt'(t))
as in Section 1.1" Let,9 : G.B c X. Denote by Y the variety of ordered Cartan
subalgebras. As homogeneous G6-space, we have Y = Hc \ G", where Gs is
the adjoint group of 9c, and I{6 is the connected subgroup with Lie algebra
)1. Since r\[s normalizes 8, there is a natural projection p : Y ---, X with fibre
p-L(B) - exp (,lJ). Let Sy : G.X c Y be the G-orbit through the base point in
Y , we have p : ^9y ---+ 5, with fibre exp (X c 9) = u*p (X n X n 9). Then ,Sy is
a real form of the complex manifold Y and u -- codirn3(S) is the fibre dimension
of the natural projection p: Sv ---+ ^9.

By the projection p :Y --+ X there exists a homomorphism
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pu( r ) :  yu ( r )  -+  Xu ( l )

such that the following diagram

yu(r) r :3 Xu' l)
r v I  U  I n x

Y 
; 

x (2.1)

is commutative, where zr; and Ty ate natural projections. we let Ty;; denote
the complexified relative tangent bundle of the fibration p.y I x, and T|f*,
T?i" the subbundle of holomorphic, respectively antiholomorphic, relative tan-
gent vectors. Then, there exists a Gs-invariant isomorphism

p * T x  0 T y t x  = T y , ,

which is compatible with the complex structure and the Lie bracket.
By a similar way as in [3], we obtain the complex

c-'(s"; o"6u(t) sa Tllo;) , e.z)
kt s$(1)._: (r.rurrl;.()/g)U(l)c) c yrr(r) be the orbit passing (.VeU(r)c)

we see that ^911(1) 3 Sv. By using the diagram (Z.f), we obtain

g-,6f;tr). ou1t1*nlf 
u(t l  

s A Tyll t ,o*), Fu(r) (2.8)

where TYllr'0: rrlT|fu, and 6re) is induced bv D.
we see that r|f* is modeled on // : B @u(r)cl)t o u(1)c urd ,r;6t(t)

is also modeles on Hu(t)-module y, so the subcomplex of the complex (2.8)

ci\,,,(sfltt l '  pu(').n\rtu(t) I A'Tyl9t'o-), (2.4)
coincides with the complex (l.b). By a similar argument as in [3, $6], we obtain

Proposition 2.1. There arc canonical isomorpftrsms

gr lc - ' (H  \  G;Eu( t )  BAN") )  =  Hp(c ;? r ) ( .5u(1) ;  z r iE t l ( r )  ga  Ns,111) )

= H3+"(S; O (tu(t);;

65
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a,s G-modules without topology, wh6te u: codimp(S c X).

P.2. The induced Frichet topology. We fix a Cartan involution 0 of G with

0K : K. Then H : T x .A, where )/ : T + A are the tl-eigenspaces of 0lx,

A:  exp( l  n  9) .  Consider  the orb i t  S :  G.B C X,  where X c B.
It follows from Proposition 7.1 in [S] that we can define a relative orbit

S*r*: G.Brnr*, where )l c B*r* and B-r* is maximally real for that condition.
Then G has a cuspidal parabolic subgroup P: MA.Ng, where 0M : M

and 8rrr.* C P, P : Lie P. Moreover, the fibrations ,S - ,S-.* and ^9,r''* -* P \ G

induce a f ibration S'-: P \G. Since Su(l) t  S, we obtain the f ibration St/(r) ---

P \ G. Let C"("(Su(l)) be the sheaf of germs of hyperfunctions on ^Su(t) that are

C* along the f ibres of Su(l) -* P \ G. Then CF("(Str( l)) defines a complex of

sheaves C;(c(Su(1);niEu(r) 8ApNi,,, , ,  ) of germs of Hu(t)- equivariant sections

of  the bundle rkEu(r )  @ApN!, ,1 ,y  - - -+ Su(1)  coef f ic ients  in  C"(" (Sr t ( t11.

Taking global sections, we arrive at a subcomplex of (t.7)

cFfl"(st l(1) |  rkDu(L) E a N3. ' ,r ,r  ) ,  E,q, ' r ,r  . (2 .5 )

Proposit ion 2.2. The inclusion Cfi"(StI(r); TrlEt/(r) a rt N5,,,, ,) ---+

C 11?ot (Su(t) '  nkEu(r) I  A'N]r,1,, ) induces isomorphis ms of cohomology.

P r o o f. By applying the usual Dolbeault Lemma and the (standard)
argument on hyperfunction, we see [s] that the sheaves C s?,t,,  (^9u(t); nlEtr( l) 6l
APN!, '1 ,y) ,  and CF[*(s"(1) ;  zr lEt ' ( t )  e  ApNsr ,1,y)  are sof t ,  and the inc lus ions

o f  C" (6 (Su(1 ) ;7 r iEu (1 )  I  ApN; , , ( , y )  i n to  C11? ,o  (S t / ( r ) ;  z r lE t r ( r )  I  ApN i , , 1 , , )
induce isomorphisms of cohomology sheaves.

On the other hand, it follows from [6] that the inclusion of sheaves induces an
isomorphism of hypercohomology. Since both complexes consist of soft sheaves, the
hypercohomology is just the cohomology of associated complex of global section.
This completes the proof of our proposition. n

Remark that the theory of hyperfunctions with values in a reflexive Banach
space is developed exactly in the same way as for complex valued hyperfunctions.
So by a similar argument as in ([3], $7) we obtain:

Proposit ion 2.$. The Cr("(Su(1); TrlEI/(1) 6l ApN;,,(, ;) have natural

Pr4chet topologies. In those topologies, ds,.,1,1 is continuous and the actions of G
are Frdchet represent ations.
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3. THE TENSORING ARGUMENT AND MAXIMATLY
REAL POLARIZATIONS

5.1. The tensoring argument. Recall some notions from [3]:
An admissible Fr6chet G-module has property (MG) if it is the maximal

globalization of its underlying Harish-Chandra module.
A complex (c ,d,) of Fr6chet G-modules has propecty (MG) if d has closed

range, the cohomologies Hp(C ,d,) arc admissible and of finite length, and each
HP(C ,d) has property (MG).

Given a basic datum (H,B,Xtt(t)),  we say that the corresponding homoge-
neous vector bundle Et/(r) ---+ Su(l) has property ( l t IG) i f  the part ial ly smooth
Cauchy-Riemann complex (Z.S) has property (MG).

Deno te  Hp(SL t ( r ) ;  Eu ( r ) )  :  Hp (C ;? , , , )  ( , 5 r r ( r )  i  r - xBL t ( t )  g  l  N* , , , , ) )

Proposit ion 2.2 shows that I lP(St/( i);  Ett(1)) is calculated by a Fr6chet
complex, then f l t ' (SL/(1)'  Etr(r))1i<y i .  calculated by the subcomplex of -I(-f inite
forms in that Fr6chet complex. In particular, we can define morphisms

IJp (Su(1 ) ;  E t / ( t )1 ( r ( )  -  Ao (G,H ,B ,Xu( t ) ) , (3 .1 )

67

where Ao(G,H,B, ,x t t ( t ) )  ry  .gr '16 ' ror ( I / \G;Eu( t )eA'N.) to l )  are Har ish_Chandra
modules for G. Then Hp(su(r); Err(t);  wil l  be the globalization of
Ao(G,H,B,Xu( t ) )  i f  (3 .1)  are isomorphisms.  (See [a j ,  $3) .  n

Recall  that as in 13], the bundle E,(r) ---+ gLr(t;  has property (Z) \f
(3.1) are isomorphisms. Note that / € x- can be identif ied w"ith F'€'() l
such that  F lu l r ; .  :  0 ,  then X"  c  (X OU(t )c)* .  So,  we can consider  the
condit ion for a pair (H, B):

There exist a positive root system iD+ and a number c > o such that:

I I  Eu(r) ---+ 5tr(t;  is irred.ucible,
\ : [rtr 1r) l_,1, € )/. ,
)p is the restr ict ion ofA to the real form )ls

on which roots take real ualues.
(  lR,  a .  >> C,  for  a l l  a  € e+,
then Lr(r) __- gu(t) has both propert ies (MC) and. (Z).

Proposition B.t, fiI-({, B). !!.!!.2) rs frue, then for arbitrary basic datum(H,B,xt t ( t ) ) ,  the bundleEt l ( l )  - -+ gu( i )  n*  n" tn ' i )opu. t iu"  (MG) and (Z) .
P r o o f. Assume (3.2). Applying Corollary g.l2 and Lemma

see that if Proposition 3.r fails, then it must fail for a basic datum

the maps
o  u  ( 1 ) c )
following

(3.2)

8.13 in [3] we
( H , 8 ,  x t ( t ) )
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with Er(l) --a 5u(t) irreducible. so we can suppose that Eu(l) ---+ sru(l) is
irreducible, tr : dyulrl lu e I*. Let c be as in (3.2), re as in Lemma g.ls in [B].
Suppose |g F li such that ( )o,a )) C for all a e O+. Thus, by (e.Z), the
bundle Eu(l) -+ Su(l) has both (MC) and, (Z).

Now, we fix one such Ao and let as in [3]:
sr  :  Sup{r  }  0 '  l l }n  -  fo l l  (  r  impl ies (MG) and (Z)  for  Eu( t )  - *  gu( t )1 .

We see that s1 ) ro. Suppose s1 is finite. It follows from Lemma S.f8 in f3l
that there exists s2 ) s1 such that the open ball B(s2), radius s2 and center 0,
contains B(s1)u {accessible from B(s1)}. Then, by applying Lemmas g.ls and
8.16 in [3] we see that properties (MG) and, (z) carry over from B(rr) to B(s2).
That contradicts the choice of s1. So s1 is infinite. This completes the proof of
our proposition. n

3.2. Mazimally Real Polarization. Fix a basic datum (H,B,yu(r)), let
S :  G.B C X and u:  Cod, imnS.

Proposition 3.2. If B is maximally real then the (Z) part of (J.Z) is true.

P  r o o f .  R e c a l l t h a t  G h a s a c u s p i d a l p a r a b o l i c  s u b g r o u p  p :  M A . N g
associated to  H,  such that  B c  P.  Here H :  T x ,4 wi th  T :  H o K,A:
exp( . ' {n$) .  Then,su( t )  =  H.Nu\G and,su(1)  f ibres over  p\G wi th  holomorphic
f i !_..": 

" 
\  M. Let Eu(t) ---+ Su(l) 'be irreducible, A : d,ytt(t1lx € ) l* and XL;(r) -

Xu(1)12,,r1,;,  where ?tr( l) is the inverse image of ? in ,7t i1t1 under the U(1)-
covering projection. we see that dxl1)lr :  A;r. suppose that Eu(t) lr\- i"
sufficiently negative. Then, it follows from Lemma 9.3 in'[r] that the maps

Hp(T \M,Er ' { t ) l r t , to) ( r (nM) - '  Ap (M,T,B n M,xf l ( t ) ) (3 .3)

are isomorphisms of (It, /{ n M)-modules, these modules nonzero just for
p : dirnc[" \ (fr n M)1. Let zp and Bp denote the corresponding spaces of
closed and exact smooth (K n M)-fitri1u Bu(t)-valued (0, p)-forms on T \ M, ando zp and oBp denote the corresponding spaces with "smooth" replaced by .for-
mal power series' for the coefficients. Then as in [3], it.follows from (e.B) that
Be \ zp =^ oBp 

\o z, as (J"t, K n M)-modules, where the isomorphism is induced
by frn -- oZP, Taylor series at 1.T.

Applying the Poincare' Lemma to the fibres = Na of the fibration rr \ G --+
H.Ns \  G = su( l )  we see that .4p(G,H,B,xt ( t ) )  can be computed f rom the
complex of left K-finite, rjLght K)M invariant, functions from K to the Zuckerman
complex for T \ M. So, as in [3], we see that

He(su ( l ) .  Eu ( r ) ) ( r r )  *  Ao  (G ,  H ,  B ,x r ( t ) )

is surjective. Since here each side is induced from the corresponding side of (3.8),
then the.surjection is an isomorphism. fl
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Proposition B.B. If B is maximally real then the (MG) part of (a.z) is
true.

Proof .  SupposethatEr( l )  - -+ Su( l )  is i r reducib le , , \ :  dyu( t1 ly  € ) / * .  Let
\: u*io, u € i  (f  ?$)* deep in the negative weil chambu, of o1u,'T). w" r""
that Hp(Su(t). Bu(r\ :  He(CFf"(sttt l  i  rktr"u(L)EA.N!,,1,,)) vanishes except
in degree po : dimc(" \ I{n M) and l?eo (Su(r); Eu(t); :-W is the C-, induced
representarion Indf;ao*o(n S 

"]') 
The induced module Heo(Su(r);Euit))1;

finite length because 7 ii irredricible. Tl
we see thatW is (MG) and the operator ,
inherits a Frdchet topology from the spa
This completes the proof of our propositi

Now, we suppose that I is maximally real polarization. Propositions B.l, 8.2
and 3'3 thus show that Eu(r) -- 5u(r) satisfies borh (MG) and^(z). Combining
this with Propositions 2.1, 2.2 and, Z.B we obtain.

Theorem I. For any maximally rcal polarization
topologic aI isomorphisms betw een Frichet G-modules

(H,B,Xt( t ) )  ,  there are

Hr(g-u (H \  G;Eu( t )  I  A.N") )  = Hp(C,1?,ot  (Su(r l ;  r lEu(r )  @ 11.N! , ,1 , , ) )  = ,

= 17v+u(f i ;  o lnr i(r l ,

wlric"h are canonically and topologically..isomorphic to the action of G on themaximal  g lobal izat ion of  Ao(G,H, ,B, t r i ( t ) ) . I  
, :

4. CHANGE OF POLARIZATION

1t1':;:11:"1," T,[*] 
we formulit: 

idual statement on change of po_" v r P r,,1r,o:t 
T,arrd ^then 

show that Theorem t holds arso for arbitrary basic datum(!,8;.*'"r)). suppose that H : Gp is f ixed. Let B c gc be a polarization su.l i

:::: 1 5.1il1.r_'.,":1*Timir r:1. LT1l 7.2 in fe]-gives "* ; .;;;;;x simpleroot a.,such 
:h1*g f 

ti, Denerte O.J- : SoOr-, Bo :' i*-B.r; S; f ;;;
rulil"y; i"i'.u y i"the cartan subalgebra of g_q,.we obtajn a representation ,t,  f ; ir(t i ; ;".  Thenwe have vector bundles f,{{tl 

.-* 
tot,t, 

-and L{(r) -+ gr/(r;. Appl'in* Lemma10'6 in [e] we obtain G-equivariant morphirms of complexes.

Ci?,, ,(Sf l t t l '  n ' iEt/(r)  I  AeN",,1,r) -*

Ci \ , , , (Su( t t '  Tr lEu(r )  S L1f )  8  tp+rN! , ,1 , ; )  (4 .1)
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and (4.1) restricts to a morphism of subcomplexes

cFfl"(sf (r), ,riuu(t) e APNlj,r,r) -*

c"f l " (su(t ) ;  n-yuu(r)e11f)  @ap+1Ni, ,1,1)  g"z)

Let C"-;?r,r (Su(t)' rkuu(L) €l t1Y) 6l A'Ni,-,1,, ) be the subcomplex of the

complex C-u.,(Su(l) '  zr lDu(l) sLlf) I  ANi,,,r, ,) consist ing of forms ar and

dsr,lrycu vanish on (0,1) vectors tangent to the fibres of Su(1) --t Sfl(t).
Applying the Dolbeault Lemma we see that the inclusion

"i{,u(su(t l  
;  rkuu(r) s L1$) I a'N},,1,,) -- '

g-w 1gu(t) ;  n;Eu( l1 e l1! l )  I  A N!, ,1,y )  (+.s)

induces isomorphisilN on cohomology. On the other hand, we obtain the morphism
of complexes

g-'15flt1). nkuu(') e rrou;,,t ,r) -

"#, , (su(1) .  
r ;^Du(t)  s  L1f  )  I  ap+rN;, ,1,y) .  U.4)

Let Bo : B * 9o: Bo * 9-". Denote by Xo the flag manifold of parabolic
subalgebras of 9c which are Int($s)-conjugate to 8o and consider the orbit So :
G.Bo C X. The natural projection pq i { 

-a Xo is holomorphic, and there exists'
a homomorphism pYG) : Xu(r) -- Xf(t) such that pa o rtx : Trixo o pf (t), where
rrxo i Xu(t) a Xe is thc natural projection.

Let Ua C So be an ,So-open subset whose Llo is compact and has an X.-
open neighborhood over which pa i X --+ Xo holomorphically trivial. Let y.tr(l) -

su( t )  n  bg(1)) -1qa](%) and uu(r )  -  s t r (1)  n  (pf  (1) ) -1r ; :  
(y*)  we see that

(4.4) bcalizes to maps

C *?,t,t (uflttl ' ?rlBu(r) I AeN;.,(,t ) -

C p?rrr,"' '1,v (Uu(l); zr;Eu(t) e r'.,1$) @ Ap+tN!,,1'v ) (4'5)

LetCtp{(t)1- and B!!y{(t\- denote serms of neighborhood ot ctg{{t)y
and Bd(a{(t)tr in su(r)US{(t). Th" analogue of (A.9) in [3] fo, sfl(t) i.

Ctr

c-cqgru(r). olBu(t) e^1, N".,r,, ) : g,

I)an Dao Dong
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where c : dimcR Ss and Fu(1) : Eu(l) gLYL')*r*.
Similarly, we have

cif,, ,(uu(t l '  zrlEu(t) @ t1$)ff+tN!,,,, ,) :

ci;,,,,1c11uflt.)1-; Fu(t) I a"-pN; ,,,,,) '

c!, , t ,r  @dP{\ - ;  f  
u(r) 

e a"-PN}'r , ,  ){

where c * 1 - dim6,p So, F u(1) - (nlEu(t) s L1f)) @LYt')+,, (see [g,$ta]).
Then, by a similar argument in [3, $13] we obtain the dual statement, as follows:
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The restriction ,n&ps

c?r , , r ) ,sD(r )  PtPY0) ; '  6u( t )  I4  Ni , , , . , )  - -

c11,,1,y (cl lnot '( t l r ;  Fu(1) e a'Nr,,r ,r  )

c ;u , , , ,s , f , t r r  @a1u[ '05 
- ;  r t r t l  I  a 'N]u, ,y)  *
'c fru, , ,@a1u[ '05; 

Fu(r)  I  a N"o.r)
ind,uce isomorphisrhs in cohomology. J

(4.7)

(4 .8)

We know as in [3] that the restriction maps (a.8) are continuous and surjec-
tive, and are dual via (+.0) and (a.7) to the maps of (4.5). Thusn it follows from
(+.S) that we obtain the following statement

, . \ :  d X u ( r ) l y  €  X . ,
- 0 , 0 > l < 0 , a )

a positiae integer. 
(4'9)

ism of cohomology groups. ,J

Theorem 2. Fix H, and suppose that 8 is not maximal rca[. Then, for ar-
bitrary basic datu^ (H,B,yv(r)1, the bundleEu(r) --+ gu(t; ftas both properties
(MG) and (Z). In other words, Theorem t holds for arbitrary basic iata of the
fo rm (H ,B ,1u ( t ) ; .

P r o o f. By_using Propositions 3.2 and 3.3 we may assume by induction on
dim ^9u(t) - dim sg[l) thar every Eu(l) * sfl(t) has both (llf,G) and (z). since
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the cohomologies and maps that occur in Theorem 1 all are compatible with co-
he ren t  con t i nua t i on ,wemay  as  i n  [ 3 ]  assumetha t  Z<^ I  p -d ,d ]  I  <o ,o>
is not aposit ive integer, where Xu(t) is irreducible and.\: dxu(t)10 e i / . .  Then,
by applying Lemma 10.15 in [3], it follows from (4.9) that

C"f,"(Su(t) ; riDu (t) e r,19) I A Ns,,t,r )
has both properties (MC) and (Z). This completes the proof of our theorem.n
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