
T7p chI Todn hgc Journal of Mathematics 19(1)(1991), 4g-Sg

ON COI\TINUOUS RINGS WITH
CHAIN CO}IDITIOI{S

LE VAN THUYET

Dedicated to Professor Ngvyen Dinh Tri on his sirtieth birthday

Abstract. In this ppl, rcsults on artinian ings, esp.cially on QF rings, are obtained.
and presented

1.  INTRODUCTION 
!

For a right or left self-injective ring R the following conditions are equivalent:
i) R is quasi-Frobenius
ii) R has ACC on right annihilators
iii) n has ACC on essential right ideals

(see c. Faith [r0] and Dinh van Huynh, Nguyen v. Dung and R. wisbauer [T]).
Inspired by this result, several authors investigated chain conditions in con-

t inuous rings, e.g. [3], [+], [rt ] , . . .  In this paper we fol low this l ine and prove some
more results on continuous rings satisfying weaker forms of AC C on annihilators
or on essential right ideals. We also obtain results of rings with the restricted
minimum condition on left ideals.

2.PRELIMINARIES

All rings r? considered here are associative with identity and all moclules are
unitary. Let M be a left R-module. Then the socle of M is denoted by soc(M).
A submodule N of M is essential in M (denoted by N 

T 
M) if for each non-zero

submodule Lof  M,  LaM I0.  M has f in i te  un i form-dime's ion i f  M does not
contain an infinite direct sum of non-zero submodules. For a subset A of aring r?,
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r(A) and /(,4) denote the right and left annihilators of ,4 in R, respectively. For a
module M , we denote by E(M), J (M) and Z (M) the injective hull, the Jacobson
radical and the singular submodule of M ,, respectively.

.4 module M is called. a CS module if for every submodule A of M there

exists a direct summand A- (denoted by A' & M) containing ,4, such that
A 

? 
A.. M is called a continuous module if M is a CS module and for every

submodule -a and B of M with,4 3 B and B.q M implies ,q9 u. A ring
.B is called left (right) continuous if R is as a left (right, respectively) ft-module
continuous.

,4 ring .R is said to be orthogonally finite if there is no infinite set of or*
thogonal idempotents in R, and R is called a ring of enough idempotents if the
identity of r? can be written as a sum of a finite number of orthogonal primitive
idempotents of R. We have the implication:

Orthogonally finite -+ enough idempotents.

However, the converse is not true in general, see for example [S, p. f fZ].
T},e following results are used repeatedly in our paper:

Lernma 2.f ([16, Theorem 1.2]).Any lelt  continuous ring R satisf ies the
following eonditions:

i) Fo,r any idempotent e and left ideal A contained, in Re, there erists an
idempotent f in Re such that Rf is an essential ertension of A in R.

;;) A Rg O Rh : O for idempotents g and h, then Rg -f Rh is generated, by
an idempotent of R.

Lemma 2.2 ([16, Theorem 4.6)).I f  R is a left continuous ring, then z(.nl?) :
J(R); RIJ(R) is a regular left continuous ring and, idempotents modulo J(R) can
be lifted.

Lemma 2.s. I f  R is aleftcs r ing hauing enoughidempotents, then R is
a direct sum ol indecomposable uniform left ideals.

P  r  o  o f .  By  de f i n i t i onwe  have  R :  Re tO. . .O-Re , ,  where  each  Re ;  i s  an
indecomposable left ideal and {e;}i, is a set of primitive orthogonal idempotents.
Since every Re; is again acs module, it follows that all Rei are uniform.

Lemma 2.4 ([tz,Theorem rJ)). Let w : 6 ur. Then M is continuous

if and, only if each M; is continuous and tutl - ;niJitlu" ro, j + i.
Lemma 2.5 ([16, Theorem 7.10]) .Suppose R is a two-sided continuous, tu)o-

,sided artinian ring. Then R is a quasi-Frobenius ring.
Lemma 2.6 ([4, Lemma 6]).Let R be a semiprirnary ring with ACC on left

annihi lators such that Soe(pl) :  Soc(.R6) is f initely generated as a r ight i6eal"
Then R is right artinian.
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3. RESULTS

First we consider continuous rings with restricted chain conditions on anni-
hilators. Motivated by lZ,, Theorem 1], we get

Theorem 3.1. Suppose R is a left continuous ring and H is an ideal of
R. If H has a decomposition as a left ideal

a:  oa,
r g t

such that each H; is indecomposable and the ring Rf H is orthogonally finite, then
I is finite.

P r o o f' Suppose that 1 is an infinite set. Since R is left continuous. there
exists an idempotent e of -R such that I/ ,----, Re. since l is infinite, e d fr. we can
find a set of orthogonal idempotents in R'1H ^" follows.

stepl .  wr i te  1:  ar  u  f1  wi th  lA l  :  l f  r l  :  lAr l ,  where t . - r  denotes d is jo in t
union and | . I denotes the cardinality. Let B : (E I1r and c1 : (E rlr. Then

A 1 f 1
there exists Bi, Ci contained \n Re such that
.8 .  Hence Br  I  Cr :  B i  + Cl .  S ince R is  le f t

c o n t i n u o u s , B i g C i &  - R ,  s a y  B i @ C i @ I : f i .  N o t e  t h a t  H , - -  B , r @ C , r , _ _ -  p " .
It follows that B! @ c'L : rte and whence Re : Bl @ cl@ (Re n 

"); 
i.u. b1 o c{I

r v  r v r r \ /w r  u r r4L  r_ ,  I  -  
" '  7  

I Le  a \g  w l rence  f i e :  b i

is a direct summand of Be, however Bi @ C,, -,--+ Re hence Re : Bi @ Cl. So
there are e lements e1 € B ' r ,  f ,  €  Cl  and e:  er"*  f r .  Whence i " r :  re  and then
e1 : e,1e . Similarly, h : f te. Now we are going to prove Re1 : 91. In fact,
Re1' - - - ,  91.  I f  r  €  B '1 then r  :  r ,e  for  some r ,  €  R,  hence x( l  _e)  :  0  and
r , :  r e :  r ( e t  + / r )  -  r e r * r f r .  T h u s  x f r :  r - r € , 1  €  B , r ) C , r : 0 ,  i . e .
r :  :r:er € Rey. So Be1 - Bl. Similarly, Rh : Cl.

lVe have e1 :  ere :
€ B',, n C{ : g. Thus

Since Br,Ct are not f initely generated, er 4 Bt and /1 ( Cr,.We prove that
e r  (  H ,  f t  #  H . In  fac t ,  i f  no t ,  suppose  eye  H  then  Re1  , - -+  H :  B r  @C1.  S ince
Bt '-  Re1,, i t  fol lows that Re1 - By e (C, n rt l) ,  i .e. 81 is a direct summand
of Re1, however since .B1 

T 
R"r, i t  fol lows that 81 : Rer, a contradict ion.

Similarly, g 4 H.
Step 2. Repeat the above argument on C1, writing f 1 : Az U f 2 with

l f  t l  :  l A z l  :  l f  2 1 .  A s  i n  s t e p  L , l e t  F 2 :  @ H  a n d  C 2 :  @ t .  T h e n  C r :  B z @ C z
and R/1 - Rez@ Rfz where e2 and /2 are orthgonal idempotents. Now we claim

5 1

H :  B t  @ Cr .  By  Lemma 2 .1 ,
A A

B r T B ' t 4 r ? a n d C r + C i e

We claim that e1,/1 are orthogonal idempotents.
e1(e1 * . f r )  :  e l  +  e1f1.  I t  fo l lows that  er f t  :  u? -  er ,
e r f r : 0  a n d  

" ? :  
e r .  S i m i l a r l y , f t e : 0  a n < l  t ?  :  t r .
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that e1 ,ez, fz are orthogonal. Indeed, e2 : ezfr, fz : f2f1 and erf i  :  frer : O,
s o  e 2 e 1  :  e z I f i t : 0  a n d  f z e t  :  f z f t e t :  O .  A l s o  0  :  e t f r  :  e t ( e z  +  f z )  :

e 1 e 2 l e 1 f 2 , i l  f o l l o w s  t h a t  - e 1 e 2 :  e r f z  €  R e 2 ) R f z : 0 .  H e n c e  € 1 e 2 :  e t f z :  O .
Of course, ez, fz 4 H,

Step 9.  Assuming errezr . . .  ,en, fn  are or thogonal  idempotents obta ined
b y  w r i t i n g  A  :  A r  U  A z  U . . . U  4 , , .  U  I '  w i t h  l A ; l  :  l f ; l  :  l A l ,  t h e n  f '  :

An+r  U fn11 wi th  lA, ,+r l  :  l f , "+r l  :  lA l  as above y ie lds or thogonal  idempo-
ten ts  {e1 , . . .  ,  €n ten r ! , f n+ r } .  A t  i n  s tep  1 ,  each  

" r4  
H  and  / r , 11  (  H .  Then  the

set  {e1 *  H,ez*  H, , . . . }  g ives an in f in i te  set  o f  or thogonal  idempotents of  RlH,
a contradiction. llence ,I is a finite set.

The following corollary extends a result of Armendariz and Park [2, Theorem
11 .

Corollary 8.2.Suppose R is a left continuous ring and the ring RlSoc(pR)
is orthogonally finite. Then Soc(p,R) rs a finitely generated let't R - module.

Corollary 3.3. If R is a left continuous ring and Rf So"(nft) is orthogo-
nally finite, then R is a semiperfect ring.

P r  o  o f .  By Coro l lary  3.2,  Soc(nR) conta ins no in f in i te  fanr i ly  o f  or thogonal
idempotents. By Lemma 2.2, RIJ is a left conl. inuous regular r ing. RIJ also has
no inf inite set of orthogonal idempotents, i f  not, by' l i f t ing of idernpotents u'e can
find an inf inite farni ly {e;} of orthogonal iderripotcnts of E. ' Ihen 

{e, 'r-  ̂ 9t ic(nft)}
i sa fam i l yo f  o r thogona l  i dempo ten ts in  R lSoc (n / i ) .Ryabove ,  Soc (p .R)  con ta ins
a f inite family of orthogonal idempotents, hence {", + Soc(pn)} is inf inite, this
contradicts the orthogonal f initeness of RlSoc(pB). Thus RIJ \s semisimple. By
Lemma 2.2, R is a semiperfect r ing.

Corollary 3.3 extends results of S. K. Jain, L6pez- Permouth and S. T. Rizvi

[11], V. Camil lo; M. F. Yousif [3, Lemma 13], and Armendariz, Park [2,Corollary
21.

Theorem 3.4. If ,B is a left conftnuous ring and RlSoc(pB) l* ACC on
left annihilators, then R is semiprimary.

P r o o f. Note that if a ring B has ACC on left annihilators then it is or-
thogonally finite; because if not, then there exists an infinite chain of annihilators:

l ( e 1 r e 2 , . . . )<---t

1
l ( e 2 , , e s ,  .  .  . ) I

r

l ( e s r e a , . . . )

a contradiction" Hence by Corollary 3.3, R is semiperfect" We use a technique of
[2 ,  Theorem 3 ]  t o  show tha t  J  i s  n i l po ten t .  Pu t .g :  soc (n "R) "  Le t  {o r . , o r , . " . }
be a subset  o f  J .  Let  (o1r t  + ,9) /S-- (a1a2R + S) / ,S*- . . .  be a descending chain
o f  subse ts 'o t  R lS .  Then  / ( (a1R+S) /S ) . - - l ( (a1a2R +S)1 ,9 ) . - - . . . .  S ince  E /S
has ACC on left annihilators, there exists a positive integer t such that:

I
f
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l ( ( a p 2 . . . a t R  +  S ) / S )  :  l ( ( a p z  . . . a 1 . . . a t + n R  +  S ) / S ) ,  V , b  :  0 , 1 , . . . ( * ) .

By Lemma2.2,  J(R)  :  Z(nR),  hence S.J :0 ,  i .e .  S. - ' / (J) .
Thus for  every n,  S, - - l (J)= l (o t ,&2, . . . ,a , - ) .  We wi l l  prove that

I  ( ( " ,  .  .  .  an  R +  S)  /S) . - -+  l (a  p2  .  .  .  anan* r )  I  S , - - - l ( (a  1  .  .  .  anan* r f i  +  S)  /S) .

I n  d e e d ,  l e t  b  +  S  €  l ( ( " t . . . a n R  +  S ) / S ) ,  t h e n  b a 1 a 2 . . . a n  €
S ' - -+ / ( J ) ' - - / ( a , r+ r ) .  I t  f o l l ows  tha t  6a1a2 . . . anan+1  :  0 ,  i . e .  b  e  I (ap2 . . .
a n a n * r ) ,  h e n c e  b +  S  € l ( a 1 a 2 . . . a n + r ) l S . I t  i s  c l e a r  t h a t

l ( o t  . . .  a n * r )  I  S , - - l ( ( a 1  . .  .  e , n t 1 n  +  S ) / S )

a n d  b y  ( * ) ,  i t  f o l l o w s  t h a t  / ( o 1  . . . a t a + r ) l S  :  l ( a 1 a 2 . . . & t a t + r  " . " a t + i l 1 5 ,  k  :
0 , 1 , . . .  t h e r e f o r e  l ( o r . . . a t a t + r ) : l ( a p 2 . . . i l t a t + r . . . a t + l + / c ) ,  f t : 0 , 1 , . . .  p a r -
t i cu la r l y  l ( o t . . . a ta t+ r )  :  l ( ap2 . . . a t c i t+ ra t+z ) .  we  sha l l  p rove  tha t
a ra2 . . . a ta t+ t :0 .  I n  f ac t ,  no te  tha t  l ( a112)  

T  
R  because  a t+z  e  J  :  Z (aR) .

Take  g  €  l ( a42 ) )  Ra1a2 . .  "a ta t+ r .  Then  Aa t+z  :  0  and  !  :  TCLyd2 . . .  a1a1  |  1 ,  f o r
some c  €  .R .  Thus  0  :  Aa t+z  :  ra1a2 .  " . a1o ,1a1o4+2)  so  z  €  l ( ap2 . . . a ta t+ ta t+z )
:  l ( a ta2 .  . .  a ta t+ t ) .  Thus  y  :  r d1o ,2 . . .  a ta t+ r  :  0 .  We  have  l (os . , . 2 )  n  Ra1a2 . . .
a t a t + l  : 0 ,  i t  f o l l o w s  t h a t  R a 1 a 2 . . " a t + t : 0 ,  e s p e c i 4 l l y  a 1 a 2 . . . a 1 a . 1 ' r 1  -  O .
Hence J is left ?-nilpotent and the ideal (J + S)/S of the ring r?/S is also left
?-ni lpotent. since .R/s has ACC on left annihi lators and by [F, Lemma 1.gg],
(J + s)ls is nilpotent, there exists a positive integer rn such that J^---s. Thus
J**1-.,S.J:0, i .e. J is ni lpotent. This proves that ft  is semiprimary.

corol lary 3.8 (Jain, L6pez-Permouth and Rizvi [11, Theorem 3l and
Camillo and Yousif [3, Corollary 7]). Let R be a left continuous ring with ACC on
essential left ideals. Then R is left artinian.

P r o o f.  By [7, Lemma z] Rlsoc(prt) is left noetherian. using Lemma
3.17 we see that B is then left noetherian. Hence Theorem 3.4 shows that ,R is
semiprimary. Thus R is left artinian.

By using the technique of proving Lemma 2.6, we can show the following:
Lemma 3.G. trf R is a semiprimary ring such that R has ACC on left

annihilotors and R satisfi.es the following conditions:
i )  Soc(pR)-Soc(Rn)  and
ii) (SocRp)p is finitely generated.

Then R is right artinian.
P r o o f- We prove the lemma by induction on the index of nilpotency

of J. suppose J'-r t '  o and Jn :0 for some posit ive integer n. rf  n:1, i t  is

53
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clear that the lemma holds. Suppose the result is true for every k < n. Since

R has ACC on left annihi lators, there exists a f inite subset {tt , . .-, j ,  )  of J

such  tha t  r ( J )  :  t ( { f t , . . . , j * } ) .S ince  R IJ  i s  semis imp le ,  Soc (pR)  :  r ( J )  and

Soc(Rp):  t (J) "  LetE:  RlSoc(nB).  Clear ly  .R is  a  semipr imary r ing wi th

J(E\"-r : 0 and E retains the ACC on left annihilators' Now, \f Ji: 0 and
r  € i ,  t hen  J r  c  r ( J )  C  l ( J ) ,  i . e .  g :  ( Jn )J  :  J ( zJ ) ,  i . e .  nJ  e  r ( J ) '  Thus

ii  :6, i .e. Soc(*E) g Soc(E;). Consider the.R-homomorphism / from R to
,TL

Ol iR def ined bv / (z)  :  ( r r r , . . . , i , , r )  ( f  is  wel l -def ined because Soc(pR) :
i : l

" (J) ) .  
Moreover ,  /  is  a  monomorphism because r ( r1 , . . . , i , . ) :  Soc(nB).  S ince

f (Soc(Rp)) e Soc(np) which is f initely generated, i t  fol lows that Soc(r?p) and
hence Soc(R*) is finitely generated. Now by induction hypotheses, ,R is right
art inian. Since Soc(nft) -C Soc(Rp), i t  fol lows that Soc(aR) is r ight art inian,
hence .R is right artinian. The lemma is proved.

Theorem 3.7. Let R be a left continuous ring. lf R has ACC on left,
annihilators and (SocEp) p is finitely generat,ed, then R is right art,inian.

P r o o f.  First R is semiperfect by Lernma 2.3. On the other hand, since
RIJ ls semisimple we have l(J): Soc(Rp), however, since R is left continuous,
.9oc(n R) .J  :0 .  Hence Soc(pB) C Soc(Rp).  Note that  RlSoc(nR) has a lso ACC
on left annihi lators. By Theorem 3.4, f t  is semiprimary. From this and Lemma
3.6, i t  fol lows that 1? is r ight art inian.

Corollary 3.S ([4, Theorem 1]). I f  R is let ' t  and right continuou,s and R
h.as ACC on left annihi lators, then R is a QF ring.

P r o o f.  We can directly apply Theorem 3.7. But u:e can also prove as
fol lorvs: Since I? satisf ies ACC on left annihi lators, R is orthogonally f inite. Ry
Lemma 2.3, R is a direct sum of uniform right ideals and uniforrn left ideals,
especia l ly  (SocR6)p is  f in i te ly  generated.  By Theorem 3.7,  R is  r ight  ar t in ian,
Moreover, since .R is r ight and left continuous, i t  fol lows that

Soc (EP)  :  Soc (n1 l ) .

By [ rs ,  Theorem 3.5 j ,  f t  is  a  Q.F r ing.
The condit ion ",Soc(f ip) is a f initely generated right R-module" in Theorem

3.7 is not superf luous as we can see from the fol loiving example:
Examp le :  (Fa i th  [9 ,7 . t1 ' .  1 ] ) .  Le t  R  :  Q(z r  , . . .  , r n ,  "  . .  )  t he  ra t i ona l

funct ion f ie ld  in  in f in i te ly  many indeterminates,  and le t  .9  :  Q(r?,  , i , .  .  .  ,17, .  . . ) ,
le t  / (c , )  :  r? ,  I (o)  :  o  Va € Q,Vf .  Thus /  is  ar ingepimorphisrn,  an<l  d imRs :
oo.

Let

e -  ( R  f r \-  
\ o  s  )

t
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, ,  ( o  v \
then (,; o / 

ir a right ideal of A, for any ,s-subspace I/ of R. consider the

subring (A, f) constructed via the homomorphism f : R , ,S, then we cut down
to just three left ideals:

n : ( o  o \  ( o  n \  , ,-  
\ o  o ) ' ( , o  o ) ' " " 4 @ ' f ) '

(A,, f) is clearly a left continuous ring satisfying ACC on left annihilators. Note
that ^9oc(A,.f ) i. not a finitely generated right (A, /)-module . (A, f) is also not a
right artinian ring because the right ideals

( o  v \
\ 0  0  )

of ,4 is also right ideals of (A, f).
Now we obtain the following theorem which shows that with some additional

conditions a continuous ring can become quasi-Frobenius.

Theorem 3.9. Let R be a left C S right continuous ring. If R satisfies
ACC on essential right ideals, then R is a QF ring.

P r o o f. By Corollary 3.5, R is right artinian. In parlicular, R is orthogo-
nally finite. By Lemma2.3, R is a direct sum of uniform right ieals and uniform
left ideals. Moreover, since R is right continuous, it follows that

Soc (R6)  c  Soc (p8 ) .

By [15, Theorem 3.b], ,R is a eF-ring.

Theorem 3.10. Let R be a left and right cc,ntinuous ring such that
RlSoc(pR) n* ACC on left annihi lators. I f  Soc(RlSoc(nR)) is a f i i i tely gener-
ated right RlSoc(pR)-module, then R is a eF ring.

P r o o f. By the above proof, since R is left and right continuous, it follows
that s : soc(Rn) : soc(nB). Bv corol lary 2.2, s is a f initely g".rur.tud left R-
module and by Theorem 3.4, R is semiprimary. Thus .S is also a finitely generated
right rt-module by Lemma 2.3. Let /? : Rls. similar to the proof of L"-r 'u
3.6, we have ,soc(rE) : soc(B*). From this and Lemma 3.6, i t  fol lows that /? is
right art inian. By Theorem 3.9, R is a e.F r ing.

Example 3. l l  (see 19,  Exarnple,  7 .11 ' .2 ,Fr .  338 ) .  T 'wo-s idcd ( :ont inr rousn. ,ss
in Theorem 3"10 is necessary. C. Faith gave an 

"*urr*pl* 
a-s fol lows" Ler R be a r i .g

wi th  only  three le f t  ideals  0,  J(R)  and R.  R is  le f t  and r ight  ar t in ian,  wi ih  the r ight
composit ion length 3. Note that f i  is left continrlous but nr:t night continuous, r?
is not quasi-Frobenius. Thus a one-sided continuous trvn-sided art inian ring r ieerl
not be quasi-t 'robenius.
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Now we obtain a result characterising Q-F rings by means of left continuous
rings satisfying weaker conditions.

Theorem 3.12. For a ring R the following conditions are equivalent:
i) R is a QF ring.
ii) R is a left continuous right C S ring satisfying ACC on left annihilators

such that Soc(,Rp)is an artinian left R-moduIe.
iii)R is a left continuous ring satisfying ACC on essential left ideals such

that aR @a R or Rn is a CS module.

P r o o f. i) + ii) is clear.
ii) + iii). Assume now that ,R is a left continuous right CS ring satisfying

AC C on left annihilators. Then R has only a finite set of orthogonal idempotents
in R. It is easy to see that R is a direct sum of indecomposable uniform left ideals
and uniform right ideals. By Theorem 3.7, .R is a right artinian ring.

By a similar proof as that of Theorem 3.7, we obtain:

Soc(nR) c  Soc( ,Rp) . ( r )

Now with the assumptions that R is right artinian, satisfying (t) and
Soc(Rp) is an artinian left R-module, we can prove that ft is left artinian by
induction on the index of nilpotency of J. This is similar to the proof of Lemma
3.6. Thus i i)  + i i i ) .

iii) + i). Assume now that .R has ACC on essential left ideals and pR On E
is a C,S module. Moreover -R is left continuous. By [11, Theorem g], E is left
artinian. We also obtain (1). Further, R is also a direct sum of indecomposable
uniform left ideals and a direct sum of uniform right ideals. By [15, Theorem 3.5],
-R is a left self-injective ring, proving that R is a QF ring.

For the case, when R is a left continuous right CS ring satisfying ACC on
essential left ideals, see Theorem 3.9.

The proof of Theorem is complete.
Remarlc. This Theorem generalizes a recent result of V. Camillo and M. F.

Yousif [4, Theorem 1].

Now we are going to consider a continuous ring with restricted minimum
condition. Following [S], u ring.R is called a left CPA ring if every cyclic left
R-module is a direct sum of a projective module and an artinian module. and is
called left RM ring (restricted minimum condition) if for each left essential ideal
I of R, the module RII is artinian.

Theorem 3.13. If R is a left continuous left CPA ring, then R is \eft
artinian.

P r o o f. By [8, Theorem2.L),R has a direct decomposition
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R R :  A @ U { J )  C I . . . @ U ( t ) ,

where A is an ideal of .E such that pA is artinian and each t/(i) is a uniform left
R-module with ^9oc(nryU)) :0. We will prove that U(t) :0 for every f. Assume
on thecon t ra ry  tha t  U ( i )  l 0 fo rsomef .  Take0  *x€  y (d ) ,  t hen  Rr :nP@aB
where pP is projective and pB is artinian; however Soc(Rx,): 0, it follows that
B : 0, i.e. r?z is projective" Now,we consider the R-homomorphism gr from R
onto Rr defined bV gr(") : rn. Then Rr= Rf Kerq. Since Rc is projective, it
follows that .R : UG) @ Kerp. Since gU) =.Rz and R is left continuous, it follows
tha t  R :  R r  OV.  Hence

g( i )  :  R .UU)  :  (R re  V )  n  r yF )  :  Rn@ ( I r  n  U ( ; ) ; .

Since Rr * 0, U(') is uniform, it follows that V I y(;) : g. Hence UU) : Rr
for every r + o of uU), showing y(t) 1. simple, a contradiction to Soc(u(l); : 6.
Therefore ryU) :0, and pr? is artinian.

As a consequence of Theorem 3.13 we have:
corollary 3.14. If R is a left continuous left RM ring , then R is left

artinian.
P r o o f. Let ,4, be a left ideal of R. Then there exists a direct summand

A' of .R such that A ,--+ At:
e

R : A t @ 8 .

Therefore RIA = (A ' lA)  @ B,  wi th  n(e '1e1 ar t in ian and 68 pro ject ive.
Hence R is a left CPA ring. By Theorem 3.13,.R is left artinian.

As a consequence of Theorem 3.12 and Theorem 3.14 we obtain:
corollary 3.15. If R is a left continuous left RM right c s ring, then R

is a QF ring.
corollary 3.16([13, Theorem 3.2]). If R is a left self-injectiue lelt RM

ring, then R is a quasi-Frobenius ring.
The question whether or not a left contimrous right RM ring is left artinian

remains open. The following Theorem 3.18 answers this question in the semiprime
case affirmatively.

Lemma 3.17. ([.f. 7, Lemma 1]). Let M be a finitely generated, cs left
R-mad'ule. Suppose that M contains an infinite direct sum of nonzero submodules
H : QHt. Then the factor module MIH has infinite uniform dimension.

Theorem 3.18. Let R be a left continuous right RM semiprime fing.
Then R rs semisimple.

P r o o f.  Since R is semiprime,,S : Soc(nB) : Soc(RR). By Lemma2.2,
RIJ is a regular left continuous ring and idempotents modulo J1A;-"".r be lifted.
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It is clear that .B : RIJ is right RM. Let 51 be the right socle of E. Then il l,
has finite uniform dimension as a right E-module by [8, Lemma 2.4], hence ElS,

is semisimple. Since,S1 is also the left socle of fi. By Lemma 3.17,,S y is finitely

generated. By Corollar! 3.2, (St)" is also finitely generated. Thus R is two-sided

artinian. Therefore p^9 and Sp are finitely generated. By [8, Lemma 2.41, RIS
has finite right uniform dimension, hence R has finite right uniform dimension, k

say. It follows that .R contains /c independent uniform right ideals Ur, . . . , U6 such

that:

U n : U r @ . . . @ U n 7  R * ;

hence (RlU)a is artinian. We also note that for each nonzero submodule I of
U;(i  :1,. .  .  ,  k), U;fV; is also art inian, then Up has Krul l  dimension (at most 1).
Hence ,R has right Krull dimension (at most 1). Since .R is semiprime, it follows
that ,B is right Goldie. By [S,Corollary L.15], R has DCC on right annihilators.
Therefore R has ACC on left annihilators. By Theorem 3.4, R is semisimple.

Theorem 3.18 generalizes a result of Dinh Van Huynh in [6, Proposition 2.2).
Remark. After finishing this paper we received a preprint of P. Ara and J. K.

Park: On continuous semiprimary rings, in which Cor. 3.2, Cor. 3.3 and Theorem
3.4 are also obtained.
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