Vi phan trong hinh hoc dai s6 va hinh hoc phtic

Pham Khoa Bang

Ngay 18 thang 6 nam 2020

Pham Khoa Bang Vi phan Ngay 18 thang 6 nam 2020
g P



Outline

@ Vi phan trén vanh

© Vi phan trén luge do

© Vi phan trong hinh hoc phiic

Pham Khoa Bang Vi phan Ngay 18 thang 6 nam 2020 2 /32



Dang vi phan trén module

Dinh nghia 1.1

Cho A 13 mot vanh giao hoan c6 don vi. Cho A — B 1a mot A-dai s6 va M 13 mot
B-module. Mot A dao ham ctia B vao M (derivation) 1a mot A-dong cau tuyén
tinh d : B — M thoéa man luat Leibniz

d(blbz) = b1dby + badb; \V/b1,b2 cBvada=0Vac A
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Dang vi phan trén module

Dinh nghia 1.1

Cho A 13 mot vanh giao hoan c6 don vi. Cho A — B 1a mot A-dai s6 va M 13 mot
B-module. Mot A dao ham ctia B vao M (derivation) 1a mot A-dong cau tuyén
tinh d : B — M thoéa man luat Leibniz

d(blbz) = b1dby + badb; \V/b1,b2 cBvada=0Vac A

Tap cac A-dao ham ctia B vao M dugc ki hi¢u 1a Dera (B, M). Dé thay
Dera(B,0) : Modp — Modg la mot ham ti.
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Dang vi phan trén module

Dinh nghia 1.1

Cho A 13 mot vanh giao hoan c6 don vi. Cho A — B 1a mot A-dai s6 va M 13 mot
B-module. Mot A dao ham ctia B vao M (derivation) 1a mot A-dong cau tuyén
tinh d : B — M thoéa man luat Leibniz

d(blbz) = b1dby + badb; \V/bl,bQ cBvada=0Vac A

N

Tap cac A-dao ham ctia B vao M dugc ki hiéu 1a Dera (B, M). Dé thay
Dera(B,0) : Modp — Modg la mot ham ti.

Bé dé 1.2

Ham t¢ Dera(B,0) : Modg — Modg la mot ham ti& khd dién (representable) trdi.
N6i cdach khdc ton tai duy nhat (sai khdac mot dang cau) mot B-module Q}B/A sao cho

ta co mot dang cau tu nhién

Homp (Qp/4,0) = Dera(B,0)

Module QE/A dugc goi la vi phan Kahler ctia B trén A.
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Dang vi phan trén module

Chitng minh.

Xét xay dung cu thé sau

Qpa = @ B(db)/ (da, d(by + ba) — dby — dbs, d(b1bs) — bidby — badbs)

beB
trong d6 b1,b2 € B,a € A va anh xa

dB/A : B — QIB/A
b — [db]
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Dang vi phan trén module

Chitng minh.

Xét xay dung cu thé sau

Qpa = @ B(db)/ (da, d(by + ba) — dby — dbs, d(b1bs) — bidby — badbs)

beB
trong d6 b1,b2 € B,a € A va anh xa

dB/A : B — QIB/A
b—s [db]

Khi d6 moi A-dao ham d: B — M déu tach dugc duy nhat qua dg 4. N6i cach khac
anh xa

Homp (g4, M) — Dera(B, M)
d——do dB/A

14 mot ding cau. O
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Chuyeén co sd

Cho B, A’ la hai A-dai s6, dat B' = B®a A'. Khi dé ton tai mot ding ciu chinh tdc
ciia cdc B'-module Qp/ /4 = Qp/4 @5 B'.
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Chuyeén co sd

Cho B, A’ la hai A-dai s6, dat B' = B®a A'. Khi dé ton tai mot ding ciu chinh tdc
ciia cdc B'-module Qp/ /4 = Qp/4 @5 B'.

Chitng minh.

Dao ham chinh tic d : B — Qp,, cAm sinh mot dong cau

d=d®Ids : B'— Qp/a®s A 2Qp/4®p B’

khi d6 ta dé thay (Qp,, ®p B’,d') théa man tinh phé dung ciia vi phan Kéhler. [

v
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Day co ban thi nhat

B6 dé 1.4

Cho M'" — M — M" — 0 la moét day cac A-module. Khi dé day nay khdp khi va chi
khi day cam sinh

0 — Hom(M", N) — Hom(M, N) — Hom(M', N)

la khop voi moi A-module N.
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Day co ban thi nhat

B6 dé 1.4

Cho M'" — M — M" — 0 la moét day cac A-module. Khi dé day nay khdp khi va chi
khi day cam sinh

0 — Hom(M", N) — Hom(M, N) — Hom(M', N)

la khop voi moi A-module N.

Dinh 1i 1.5

Cho B la A-dai s6 va C la B-dai s6. Khi dé ta co day khdp cia cic C-module

QlB/A ®p C i> Qlc/A i) Qlc/B — 0

trong do f(db® c) = cdb, g(dc) = dc.
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Day co ban thi nhat

Chtng minh.

Theo b6 dé trude ta chi can ching minh day sau khép véi moi C-module N

0— Homc(Q};/B,N) — Homc(ﬂ};/A,N) — Homc(Q};/A ®p C,N)

Nhung ta c6 cong thitc chuyén co s Homc(Q}g/A ®p C,N) & HomB(Q}B/A, N).
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Day co ban thi nhat

Chtng minh.

Theo b6 dé trude ta chi can ching minh day sau khép véi moi C-module N
0— Homc(Q};/B,N) — Homc(ﬂ};/A, N) — Homc(Q};/A ®p C,N)

Nhung ta c6 cong thitc chuyén co s Homc(Q}g/A ®p C,N) & HomB(Q}B/A, N). Do
do6 ta chuyén vé viéc ching minh day sau khép

0 —— Home(Q¢,5, N) —— Home (Q4)4, N) —— Home(Qp,4 ®5 C, N)

) ) ;

0 — Derp(C,N) —— Dera(C, N) » Dera(B, N)

nhung diéu nay 1 hién nhién []
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Day co ban thi nhat

Chtng minh.

Theo b6 dé trude ta chi can ching minh day sau khép véi moi C-module N
0— Homc(Q};/B,N) — Homc(Q};/A, N) — Homc(Q};/A ®p C,N)

Nhung ta c6 cong thitc chuyén co s Homc(Q}g/A ®p C,N) & HomB(Q}B/A, N). Do
dé6 ta chuyén vé viéc chitng minh day sau khép

0 —— Home(Q¢,5, N) —— Home (Q4)4, N) —— Home(Qp,4 ®5 C, N)

) ) ;

0 — Derp(C,N) —— Dera(C, N) » Dera(B, N)

nhung diéu nay la hién nhién

Véi S la mot tap nhan tinh cia B thi Qg = _1913/,4-

-1B/A —
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Day co ban thi hai

B6 dé 1.7

Cho R la mot vanh va I la mot ideal. Cho N la mot R-module khi do
R/I ®g N = N/IN nhu hai R-module. Noi rieng khi N =1 thi I/I* 2 R/I ®r I.
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Day co ban thi hai

B6 dé 1.7

Cho R la mot vanh va I la mot ideal. Cho N la mot R-module khi do
R/I ®g N = N/IN nhu hai R-module. Noi rieng khi N =1 thi I/I* 2 R/I ®r I.

Dinh 11 1.8

Cho B la mot A-dai so va I la mot ideal cia B. Dat C = B/I khi dé ta c6 day khdp
cac C'-module

trong dé 6([b]) :==db® 1 Vb € I va a(db® c) = cd([b]).
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Day co ban tha hai

Chitng minh.

Theo bd dé 1.7 thi I/I? = I ® C va do d6 ta chi can chitng minh day

0 — Dera(C,N) — Dera(B, N) — Hom¢(I/I?, N) = Homp(I, N)

la khép v6i moi C-module N.
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Day co ban tha hai

Chitng minh.
Theo bd dé 1.7 thi I/I? = I ® C va do d6 ta chi can chitng minh day

0 — Dera(C,N) — Dera(B, N) — Hom¢(I/I?, N) = Homp(I, N)
la khép v6i moi C-module N.
Ta sé kiém tra tinh khép tai Dera(B, N). Dong cau
Dera(B,N) — Homg(I/I?,N) = Homg(I, N)

dugc mo ta cu thé béi d' — dj;. Néu d; = 0 thi hién nhien n6 tach qua C, tic 1a cam
sinh mot dao ham d’ € Dera(C, N).
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Day co ban tha hai

Chitng minh.
Theo bd dé 1.7 thi I/I? = I ® C va do d6 ta chi can chitng minh day

0 — Dera(C,N) — Dera(B, N) — Hom¢(I/I?, N) = Homp(I, N)
la khép v6i moi C-module N.
Ta sé kiém tra tinh khép tai Dera(B, N). Dong cau
Dera(B,N) — Homg(I/I?,N) = Homg(I, N)

dugc mo ta cu thé béi d' — dj;. Néu d; = 0 thi hién nhien n6 tach qua C, tic 1a cam
sinh mot dao ham d’ € Dera(C, N).

Dong cau dau tién gii mot A-dao ham C' — N hop thanh véi phép chiéu B — C dé
dudc mot dao ham B — N va né 1a don cau do IN =0 (vi N la mot C-module). [

y
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Tinh toan trén vanh da thic

Vidul.9

Khi B = A[z1,z2, ..., 2] ta sé ching minh 9119/,4 12 mot B-module ty do sinh bdi cac
ki hieu (dx;). That vay xét mot dao ham d’ : B — M. Thi do B la vanh da thiic nén

/ - 8 /
dfzzaaidifEB
=1
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Tinh toan trén vanh da thic

Vidul.9

Khi B = A[z1,z2, ..., 2] ta sé ching minh 9119/,4 12 mot B-module ty do sinh bdi cac
ki hieu (dx;). That vay xét mot dao ham d’ : B — M. Thi do B la vanh da thiic nén

/ - 8 /
dfzzaaidifEB
=1

do d6 anh ctia d’ hoan toan xac dinh béi (d'z;). Xét B-module tw do @), B(dz;) va
anh xa

=1

khi d6 cap (P, B(dz;),d) thda man tinh pho dung ctia vi phan Kahler.
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Tinh toan trén vanh da thic

Vidu 1.10

Xét B = Alz1,...,xn]/I v6i I = (f1,..., fr) khi d6 ta co

Qo) wgnonija ®a B2 @7 Bdz;  ddi co s6
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Tinh toan trén vanh da thic

Vidu 1.10

Xét B = Alz1,...,xn]/I v6i I = (f1,..., fr) khi d6 ta co

Qo) wgnonija ®a B2 @7 Bdz;  ddi co s6
QJlB/A = coker(I/I° 2 D, Bdx;) day co ban thu hai
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Tinh toan trén vanh da thic

Vidu 1.10

Xét B = Alz1,...,xn]/I v6i I = (f1,..., fr) khi d6 ta co

.....

W ior o oni/a @4 B @, Bdz;  ddi co s6
Qp /4 = coker(I/I? RN @, Bdx;) day co ban thi hai

Theo vidu 1.12 thi d = d® 1 va d xac dinh bdi

afl) =Y gz,

J
()1"
j=1 7
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Tinh toan trén vanh da thic

Vidu 1.10

Xét B = Alz1,...,xn]/I v6i I = (f1,..., fr) khi d6 ta co

Q}A[xl,xQ,,,,,mn]/A ®Xa B = @?:1 Bdx; dobi co sé
QL 4 = coker(I/I* % @7, Bdz;)  day co ban thit hai

Theo vidu 1.12 thi d = d® 1 va d xac dinh bdi

A1) = 3 5otda,

nén ta c6 thé dong nhat Qp,, véi d6i hat nhan ciia ma tran Jacobi

9fH  of 9f1
oxq Oxo Ox
J =
oxq Oxo Ox
c6 nghia 1a Q}B/A = coker(J).
4
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Tinh toan trén vanh da thic

Vidu 1.11

Cho A = k 1a mot truong va B = k[z,y, 2|/ (y* — 2° + zyz”) khi d6 Q}B/k 14 module
tu do sinh béi ba ki hiéu dz, dy, dz théoa man quan hé

(=22 + y2°)dz + (2y + z2°)dy + (2zyz)dz = 0
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Tinh toan trén vanh da thic

Vidu 1.11

Cho A = k 1a mot truong va B = k[z,y, 2|/ (y* — 2° + zyz”) khi d6 QlB/k 14 module
tu do sinh béi ba ki hiéu dz, dy, dz théoa man quan hé

(—2z + yz°)dx + (2y + z2°)dy + (2zyz)dz = 0

\
| \

Vidu 1.12

Vi phan Kahler khac vi phan thong thuong 6 chd né chi nam bat dudc cac déi tuong
c6 quan hé da thitc v6i nhau. Cu thé hon khi trong vanh céc chudi lity thira hinh
thic trén truong s6 thuc, R = R[[z]] thi

de$:d<;) >#Z—dm—e

Tuy nhién chiing minh de” # e”dz 14 mot chitng minh khong tam thuong, né doi héi
stt dung b6 dé Zorn.
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Khong gian doi tiép xic

B6 dé 1.13

Cho A la mot vanh dia phuong vdi ideal cuc dai m. Ki hiéu k = A/m la truong thdng
du. Khi dé anh § & dinh ly 1.8 la mot ddng cdu.
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Khong gian doi tiép xic

B6 dé 1.13

Cho A la mot vanh dia phuong vdi ideal cuc dai m. Ki hiéu k = A/m la truong thdng
du. Khi dé anh § & dinh ly 1.8 la mot ddng cdu.

Chitng minh.

Theo dinh nghia Q%A/m)/k = Q,ﬁ/k = 0 nén tu day khép co ban thi hai ta c6

0 m/m2 — Q}?_/k Qr k
13 mot toan cau. Do d6 ta can chitng minh né 13 don cau. Day 1& hai khong gian
vector nén ta chi can chitng minh déi ngau ctia § 1& toan cau. N6i cach khac ta can c6
0" : Homk(Q}L,/k ®a k, k) — Homg(m/m?, k) 1a toan cAu. Tuy nhién

Homk(Qh/k ®ak, k)= Homk(Qh/k, Homy (k, k)) = Homk(Qh/k, k) = Dery (A, k)

V6i moi ¢ € Homy,(m/m?, k) ta dinh nghia d : A — k,d(a) = ¢([m]) trong dé
a=z+mekdm=A. 0
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B6 vi phan trén lugc do

Dinh 1i 2.1

Cho f: X — Y la mot cau za gitta cdc luge do khi dé ton tai duy nhat mot bo tua
nhat quan Qk/y tréen X thoa man vdi moi tap md affine V ciua Y va moi tdp md
affine U cia f~1(V) ta co

Qv | U 2 (Qoxwyopn))” (Qx/v)s = Q%’)X,m/oy,f(m) Ve e U

Pham Khoa Bing
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B6 vi phan trén lugc do

Dinh 1i 2.1

Cho f: X — Y la mot cau za gitta cdc luge do khi dé ton tai duy nhat mot bo tua
nhat quan Qk/y tréen X thoa man vdi moi tap md affine V ciua Y va moi tdp md
affine U cia f~1(V) ta co

Qv | U 2 (Qoxwyopn))” (Qx/v)s = Q%’)X,w/oy,f(m) Ve e U

ngoai ra ta con c6 mot cich nhin thong qua cau xa dudng chéo
A: X - X xy X

G day X =2 A(X) va A(X) 1a locally closed trong X xy X, néi cach khac ton tai mot
tap mS W sao cho A(X) C W va A(X) déng trong W.
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B6 vi phan trén lugc do

Dinh 1i 2.1

Cho f: X — Y la mot cau za gitta cdc luge do khi dé ton tai duy nhat mot bo tua
nhat quan Qk/y tréen X thoa man vdi moi tap md affine V ciua Y va moi tdp md
affine U cia f~1(V) ta co

Qv | U 2 (Qoxwyopn))” (Qx/v)s = Q%’)X,w/oy,f(m) Ve e U

ngoai ra ta con c6 mot cich nhin thong qua cau xa dudng chéo
A: X - X xy X

G day X =2 A(X) va A(X) 1a locally closed trong X xy X, néi cach khac ton tai mot
tap mSé W sao cho A(X) C W va A(X) déng trong W. Khi dé ta cé

Q%(/Y = A" (I/IQ)

trong d6 Z 1a bo céc ideal dinh nghia A(X) trong W.
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Hai day khép co ban

Dinh i 2.2 (Day khép co ban thit nhat)
Cho f: X —=Y,Y = Z la hai ciu za lugc do. Khi dé ton tai mot day khdp cac bé

£y )z = Uz = Qxy =0
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Hai day khép co ban

Dinh i 2.2 (Day khép co ban thit nhat)
Cho f: X —=Y,Y = Z la hai ciu za lugc do. Khi dé ton tai mot day khdp cac bé

£y )z = Uz = Qxy =0

Dinh 1i 2.3 (Day khép co ban tha hai)

Cho Z la mot lwge do con dong cia luge do X va I la b6 cdac ideal dinh nghia Z,
f: X =Y la mot cau za cic luge do. Khi dé ta c6 mot day khdp cdc bo

I/I2 — Q}){/Y oy Oz — le/y — 0
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Mot s6 b6 dic biét

C6 dinh mot truong déng dai s6 k

Dinh nghia 2.4

Mot da tap dai s6 X trén k dugdc goi 1a khong ki di (nonsingular) néu moi vanh dia
phuong ctia né 1a vanh dia phuong chinh quy (dimym/m? = dimA). Khi d6

dim X

wx = /\ Qk/k va Tx = HomoX(Q};(/k,OX)

dugc goi 1a bé chinh tic (canonical sheaf) va bé tiép xtc (tangent sheaf).
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Mot s6 b6 dic biét

C6 dinh mot truong déng dai s6 k

Dinh nghia 2.4

Mot da tap dai s6 X trén k dugdc goi 1a khong ki di (nonsingular) néu moi vanh dia
phuong ciia né 14 vanh dia phuong chinh quy (dimgm/m? = dimA). Khi d6

dim X
wx = /\ Qﬁ(/k va Tx = Homo (Q%{/k,OX)

dugc goi 1a bé chinh tic (canonical sheaf) va bé tiép xtc (tangent sheaf).

| A

Dinh nghia 2.5

Cho Y 1a mot da tap dai s6 con (déng) ctia da tap dai s6 tron X trén k. Ki hieu Z 1a
b6 cac ideal sinh ra Y. Ta dinh nghia

T/I° va Homo,, (Z/Z°,Oy)

la b6 ddi chuan (conormal sheaf) va bé chuan tac (normal sheaf) trén Y.
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Cong thic "adjunction"

Theo day khép co ban thit hai ctia luge do:

I/I? = Qx)y ®ox Oz = Qyyy -0V f: X =Y

Pham Khoa Bing Vi phan Ngay 18 thang 6 nam 2020 17 /32



Cong thic "adjunction"

Theo day khép co ban thit hai ctia luge do:
I/I? = Qx)y ®ox Oz = Qyyy -0V f: X =Y
néu 6 day Y = Spec(k) vd Z =Y la da tap con déng ctia X thi ta c6 day

I)I? — Qx/x ®0x Oy — Qy /i, — 0

Pham Khoa Bing Vi phan Ngay 18 thang 6 nam 2020



Cong thic "adjunction”

Theo day khép co ban thit hai ctia luge do:
I/T? = Qx)y ®ox Oz = Qyzyy -0V f: X =Y
néu 6 day Y = Spec(k) vd Z =Y la da tap con déng ctia X thi ta c6 day

I/T* — Q) ®ox Oy — Qv — 0

Dinh 1i 2.6 (Hartshorne, I1.8.17)

Khi'Y la da tap dai s6 con déng tron ciua da tap dai so6 tron X trén k thi
(i) Q%//k la tu do dia phuong
(ii) Day khép déi chuan la khép trds

0—Z/I° = Qx/k ®ox Oy = Qy/p = 0
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Day khép Euler

Dinh 1i 2.7 (Day khép Euler)

Cho A la mot vanh, Y = Spec(A), X = P%. Khi dé ton tai mot day khdp cdac bé trén
X n—+1
0— Qx/y — @(’)X(—l) — Ox — 0

=1
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Day khép Euler

Dinh 1i 2.7 (Day khép Euler)

Cho A la mot vanh, Y = Spec(A), X = P%. Khi dé ton tai mot day khdp cdac bé trén

X
n—+1

0— Qx/v —>@(’)X(—1) — Ox — 0

=1

Gia st ta ¢c6 mot day khép cac phan thé vector
0O->F—=>G—->H—=0

khi d6 day khép nay cdm sinh mot ding cau AY™9 G 2 AT F o AU do d6
mot hé qua cua dinh ly trén la
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Day khép Euler

Dinh 1i 2.7 (Day khép Euler)

Cho A la mot vanh, Y = Spec(A), X = P%. Khi dé ton tai mot day khdp cdac bé trén

X
n—+1

0— Qx/v —>@(’)X(—1) — Ox — 0

=1

Gia st ta ¢c6 mot day khép cac phan thé vector
0O->F—=>G—->H—=0

khi d6 day khép nay cdm sinh mot ding cau AY™9 G 2 AT F o AU do d6
mot hé qua cua dinh ly trén la

Hé qua 2.8
Cho X =Py, khi dé wx =2 O(—n —1).
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Cong thic "adjunction”

Dinh li 2.9

Cho Y la mot da tap con déng khong ki di véi doi chiéu v ctia mot da tap dai s6 X
khong ki di trén truong dong dai so6 k. Khi dé

wy Ewx & /\NY/X

Pham Khoa Bing Vi phan
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Cong thic "adjunction”

Dinh li 2.9

Cho Y la mot da tap con déng khong ki di véi doi chiéu v ctia mot da tap dai s6 X
khong ki di trén truong dong dai so6 k. Khi dé

wy Zwx /\NY/X

Chitng minh.

Theo dinh 1y 2.6 thi ta c6 day khép

0—I/I° = Qx/r ®ox Oy — Qyjp — 0
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Cong thic "adjunction”

Dinh li 2.9

Cho Y la mot da tap con déng khong ki di véi doi chiéu v ctia mot da tap dai s6 X
khong ki di trén truong dong dai so6 k. Khi dé

wy Zwx /\NY/X

| A

Chitng minh.
Theo dinh 1y 2.6 thi ta c6 day khép

0—I/I° = Qx/r ®ox Oy — Qyjp — 0
Ta 1ay day khép ctia phan thé dinh thic
0 — det(Z/7%) — det(Qﬁg/k ®oyx Oy) — det(Q§f/k) — 0

= det(Z/7%) Qwy = wx ® Oy
Lay d6i ngau va luu § Hom(Oy, Oy ) = Oy ta suy ra diéu phai chiing minh. N
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wx = O(—TL — 1)

Chitng minh.

Trude tien ta xem ham déan (clutching function) trén ting phan giao ctia cac tap md
chinh tac U; N U; 1 gi. Dé don gidn ta chi xét Uy N Uy v6i cac toa do affine
(3310,3320, ...,xn0> va (51301,$21, ...,mnl), tI‘ODg do Tij = CCZ/CIZJ Khi do

dx10 N\ dxog A ... N\ dxno

13 mot co sG trén Up.
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wx = O(—TL — 1)

Chitng minh.

Tru6c tién ta xem ham dan (clutching function) trén tiing phan giao ciia cac tap md
chinh tac U; N U; 1 gi. Dé don gidn ta chi xét Uy N Uy v6i cac toa do affine
(3210,3320, ...,xn0> va (51301,$21, ...,mnl), trong do Tij = CBZ/QBJ Khi do

dx10 N\ dxog A ... N\ dxno

la mot co sé trén Up.

dzio Ndx2o N ... Ndxno = d (L) ANd (%) A...Nd (@)
o1 o1 o1

dx ~ [ dxi 98
_ 201 A /\ ( 1 21 dacm)
i=2

Lo1 Zo1 Lo1

1
— —dem ANdxor A ...\ dxn
01
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wx = O(—TL — 1)

Chitng minh.

Tru6c tién ta xem ham dan (clutching function) trén tiing phan giao ciia cac tap md
chinh tac U; N U; 1 gi. Dé don gidn ta chi xét Uy N Uy v6i cac toa do affine
(3210,3320, ...,xn0> va (51301,$21, ...,mnl), trong do Tij = CBZ/QBJ Khi do

dx10 N\ dxog A ... N\ dxno

la mot co sé trén Up.

dzio Ndx2o N ... Ndxno = d (L) ANd (%) A...Nd (@)
o1 o1 o1

dx ~ [ dxi 98
_ 201 A /\ ( 1 21 dacm)
i=2

Lo1 Zo1 Lo1

1
— —dem ANdxor A ...\ dxn
01

dé ¥ rang wo1 = z0/x1 va O(n + 1)(U;) = 27T O(U;) nén day 201! /27" chinh 13
ham dan chung. O

v
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Dé6i ngau Serre

Dinh 1 2.10 (Serre duality for projective spaces)

Cho X = P} vdi k la mot truong (khong nhat thiét déng dai s6). Khi dé
(i) H"(X,wx) =k - dong thoi c6 dinh mot dang ciu nhu vay.
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Dé6i ngau Serre

Dinh Ii 2.10 (Serre duality for projective spaces)

Cho X = P} vdi k la mot truong (khong nhat thiét déng dai s6). Khi dé
(i) H"(X,wx) =k - dong thoi c6 dinh mot dang cdu nhu vay.
(ii) Vé&i moi b6 nhat qudan F trén X, phép ghép cap tu nhién

Hom(F,Ox) x H"(X,F) - H"(X,wx) =2k

la mot phép ghép khong suy bién (non-degenerate).
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Dé6i ngau Serre

Dinh Ii 2.10 (Serre duality for projective spaces)

Cho X = P} vdi k la mot truong (khong nhat thiét déng dai s6). Khi dé
(i) H"(X,wx) =k - dong thoi c6 dinh mot dang ciu nhu vay.
(ii) Vé&i moi b6 nhat qudan F trén X, phép ghép cap tu nhién

Hom(F,Ox) x H"(X,F) - H"(X,wx) =2k

la mot phép ghép khong suy bién (non-degenerate).

Dinh Ii 2.11 (Serre)

Cho X la mot da tap xa dnh tron (nonsingular projective variety) vdi chiéu n trén

truong k. Véi méi p = 0,n ki hieu QF = AP Qx /1 la b6 cac p-dang vi phan. Khi dé
vdi moi p,q = 0,n ta c6 mot ding cau tu nhién

HY(X,QF) 2 H" P(X,Q""7)"
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Dé6i ngau Serre

Dinh Ii 2.10 (Serre duality for projective spaces)

Cho X = P} vdi k la mot truong (khong nhat thiét déng dai s6). Khi dé
(i) H"(X,wx) =k - dong thoi ¢ dinh mot dang cdu nhu vay.
(ii) Vé&i moi b6 nhat qudan F trén X, phép ghép cap tu nhién

Hom(F,Ox) x H"(X,F) - H"(X,wx) 2k

la mot phép ghép khong suy bién (non-degenerate).

Dinh Ii 2.11 (Serre)

Cho X la mot da tap xa dnh tron (nonsingular projective variety) vdi chiéu n trén
truong k. Véi méi p = 0,n ki hieu QF = AP Qx/ la b6 cac p-dang vi phan. Khi do
vdi moi p,q = 0,n ta c6 mot ding cau tu nhién

HY(X,QF) 2 H" P(X,Q""7)"

Céc s6 h?? = dimp H(X, ) 1a cac s6 Hodge va la cac bat bién song hitu ty quan
trong. Dé thay h?¢ = p" PP,
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D6i ngau Serre va dinh 1y triét tieu Kodaira

Dinh li 2.12 (Kodaira-Nakano)

Cho X la mot da tap za dnh tron n chiéu trén C. Néu L la mot phan thé duong gidu
(ample) trén X thi

Pham Khoa Bing
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D6i ngau Serre va dinh 1y triét tieu Kodaira

Dinh li 2.12 (Kodaira-Nakano)

Cho X la mot da tap za dnh tron n chiéu trén C. Néu L la mot phan thé duong gidu
(ample) trén X thi

Chu thich. Dinh ly triét tiéu Kodaira-Nakako

@ Dén nam 1987 chi dugdc chitng minh bang cong cu ciia gidi tich phic thong qua
nguyeén ly GAGA.
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D6i ngau Serre va dinh 1y triét tieu Kodaira

Dinh li 2.12 (Kodaira-Nakano)

Cho X la mot da tap za dnh tron n chiéu trén C. Néu L la mot phan thé duong gidu
(ample) trén X thi

Chu thich. Dinh ly triét tiéu Kodaira-Nakako

@ Dén nam 1987 chi dugdc chitng minh bang cong cu ciia gidi tich phic thong qua
nguyeén ly GAGA.

@ C6 chitng minh thuan tuy dai s6 dau tién vao 1987 bdi Deligne va Illusie.
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D6i ngau Serre va dinh 1y triét tieu Kodaira

Dinh li 2.12 (Kodaira-Nakano)

Cho X la mot da tap za dnh tron n chiéu trén C. Néu L la mot phan thé duong gidu
(ample) trén X thi

Chu thich. Dinh ly triét tiéu Kodaira-Nakako

@ Dén nam 1987 chi dugdc chitng minh bang cong cu ciia gidi tich phic thong qua
nguyeén ly GAGA.

@ C6 chitng minh thuan tuy dai s6 dau tién vao 1987 bdi Deligne va Illusie.
@ Van ding cho trudng cé6 dic s6 0 nhung sai cho trudng dic s6 duong (Raynaud).
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Phan thé trén da tap phitc

Cho X la mot da tap phic.

Dinh nghia 3.1

Mot phan thé chinh hinh r chiéu tréen X 14 mot da tap phic E ciing véi mot anh
xa chinh hinh 7 : E — X thoéa man 7~ '(z) = E(x) 13 mot khong gian vector phiic 7
chiéu va ton tai mot pht mé X = |JU; sao cho ton tai cdc 4nh xa song chinh hinh
Vi : w1 (U;) — U; x C” giao hoan vé6i cac phép chiéu trén U; ma anh xa cam sinh

7 H(z) — {2} x C" 14 mot déng cau tuyén tinh.

Dat ij(x) = (i 0 ¢p; H)(2,0) : C" — C” Vo € U; N U;. Khi d6 mot phan thé chinh
hinh thudng dugc mo ta bang bo dit lieu (U;, 45 : U; NU; — GL(r, C)) théa man céac
diéu kién chu trinh (cocycle conditions)

(1) i =1 Vi.

(ii) wzjwjkwkzz =171 V’i,j, k thoa man U; N Uj N U 75 .

Cho E 1a mot phan thé khi d6 phan thé déi ngau E* clia né dudc mo ta véi cac chu
trinh (U;, () 1),
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Phan thdé trén dai Mobius

Hinh 1: Phan thé trén dai Mobius

Dinh nghia 3.3

Mot 14t cat tréen mot tap mé U C X chia phan thé (E, 7, X) 1a mot anh xa chinh
hinh p: U — X sao cho mop = idy.
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Mot s6 tuong duong

Bo6 dé 3.4

Cho (X, O) la mot da tap phic lién thong vdi bé cdc ham chinh hinh Ox . Khi dé co
mot tuong ung 1 — 1 gitta Idp cac phan thd chinh hinh va cac bo tu do dia phuong
hang hang hiu han (locally free sheaves of finite rank) Ox -module trén X.

Pham Khoa Bang Vi phan
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Mot s6 tuong duong

Bo6 dé 3.4

Cho (X, O) la mot da tap phic lién thong vdi bé cdc ham chinh hinh Ox . Khi dé co
mot tuong ung 1 — 1 gitta Idp cac phan thd chinh hinh va cac bo tu do dia phuong
hang hang hiu han (locally free sheaves of finite rank) Ox -module trén X.

Dinh 1i 3.5 (Serre-Swan)

Cho X la mot khong gian compact Hausdorff vdi vanh cac thuc lién tuc
C(X) =C(X,R). Khi dé pham tra cdic phan thd vector thuc la tuong duong vdi pham
tri. cdc module xa dnh hidu han sinh trén vanh C(X).
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Mot s6 tuong duong

Bo6 dé 3.4

Cho (X, O) la mot da tap phic lién thong vdi bé cdc ham chinh hinh Ox . Khi dé co
mot tuong ung 1 — 1 gitta Idp cac phan thd chinh hinh va cac bo tu do dia phuong
hang hang hiu han (locally free sheaves of finite rank) Ox -module trén X.

Dinh 1i 3.5 (Serre-Swan)

Cho X la mot khong gian compact Hausdorff vdi vanh cac thuc lién tuc
C(X) =C(X,R). Khi dé pham tra cdic phan thd vector thuc la tuong duong vdi pham
tri. cdc module xa dnh hidu han sinh trén vanh C(X).

Dinh 11 3.6 (Serre’s GAGA)

Pham tru cdc phan thd vector chinh hinh trén mot da tap xa dnh tron (rem nhu mot
da tap phic) la tuong duong véi pham tru cdac phan thé vector dai so trén X, néi
cach khac la cac bo tu do dia phuong hang httu han.
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Phan thé dinh thtc

Cho X 1a mot da tap phitc v6i mot ho ban do dia phuong
X =\ Ui, ¢ : Ui = ¢i(U;) CC"
ta c6 cach anh xa chuyén (transition functions)
ij = dio gy ¢;(UiNU;) = ¢i(Ui NU; ) Vi, j

cam sinh ra céc Jacobian J(¢:;)(¢i(2)) := (%(¢j (z))

k.l

Dinh nghia 3.7

Phan thé tiép xic chinh hinh 7x dugc dinh nghia la phan thé véi bo chu trinh
(Ui, ij = J(¢pij)(¢i)). Phan thé déi tiép xiic Qx := Tx va phan thé dinh thic
Kx = det(X) := AY™) Q.
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Day khép Euler va cong thic adjunction

Dinh 1i 3.8

Trén X = P" ton tai mot day khép tu nhién

n+1
O—>OX—>@OX(1)—>7im —0

=1

trong dé Ox (1) = Ox(—1)* va O(—=1) = P*,O(-1) = {(l,z) e P* x C"*' | z € [}.
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Day khép Euler va cong thic adjunction

Dinh 11 3.8

Trén X = P" ton tai mot day khép tu nhién

n+1
0—>OX—>@OX(1)—>7im —0

=1

trong dé Ox (1) = Ox(—1)* va O(—=1) = P*,O(-1) = {(l,z) e P* x C"*' | z € [}.

Cho Y la mot da tap con dong cua da tap phic X. Khi do phan thd dinh thic cua Y
ddng cdu chinh tdc vdi phan thd Kx|y ® det(Ny,x).
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Cac dang vi phan kiéu (p, q)

Cho U la mot tap mé trong C", khi dé6 ta dinh nghia cac dang vi phan kha vi v6i he
s6 phtc
QE(U) = Q(U) ® C
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Cac dang vi phan kiéu (p, q)

Cho U la mot tap mé trong C", khi dé6 ta dinh nghia cac dang vi phan kha vi v6i he
s6 phtc
QE(U) = Q(U) ® C

Mot dang vi phan € QE(U) kiéu (p, ¢) c6 biéu dién dia phuong
W=y gy ge@Ziy A Ndziy, NdZj A A dZg, € QRI(U)

trong d6 z; = x; + idy;, dz; = dz; + idy;, dz; = dz; + idy;
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Cac dang vi phan kiéu (p, q)

Cho U la mot tap mé trong C", khi dé6 ta dinh nghia cac dang vi phan kha vi v6i he
s6 phtc
QE(U) = Q(U) ® C

Mot dang vi phan € QE(U) kiéu (p, ¢) c6 biéu dién dia phuong
W=y gy ge@Ziy A Ndziy, NdZj A A dZg, € QRI(U)

trong d6 z; = x; + idy;, dz; = dz; + idy;, dz; = dz; + idy;

O(adziy A... Ndzi, NdZj, A ... NdZ;,) : Z o—dzk Ndziy A Adzi, NdZj A AdE,
2k

O(adziy A ... Ndzi, NdZj, A...\NdZj,) = Z o2k Adziy A Ndzi, AdZg A N dE,
k

Mot dang vi phan kiéu (p, ¢) dudc goi 1a chinh hinh néu 9(w) = 0.
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Cac dang vi phan kiéu (p, q)

V6i moi da tap phitc n chiéu X ta c6 mot xich phic cac bé

F) B B
QP0G opl & S apn

B6 OF := Ker(27° % 0P1) goi 1a b6 cac dang chinh hinh.
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Cac dang vi phan kiéu (p, q)

V6i moi da tap phitc n chiéu X ta c6 mot xich phic cac bé

F) B B
QP0G opl & S apn

B6 OF := Ker(27° % 0P1) goi 1a b6 cac dang chinh hinh.

B6 dé Poincare-Grothendieck néi rang phtc trén la mot giai thic ciia QP va

Dinh 1i 3.10 (Dolbeault)

Néu X la mot da tap phic khi dé ta c6 mot dc”zng cau

Ker(2P4 i) Qp’q"'l)

H(X,QP) = _
Im(Qra-1 -5 Qp.a)
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Cac dang vi phan kiéu (p, q)

V6i moi da tap phitc n chiéu X ta c6 mot xich phic cac bé

a0 % et &2 grn g
B6 O := Ker(27° % QP goi 1a bé cac dang chinh hinh.

B6 dé Poincare-Grothendieck néi rang phtc trén la mot giai thic ciia QP va

Dinh 1i 3.10 (Dolbeault)

Néu X la mot da tap phic khi dé ta c6 mot dc”zng cau

Ker(2P4 i) Qp’q"'l)

HY(X,QF) =~ _
Im(Qra—1 -2 Qr.a)

Tuong tu truong hgp dai s6 ta dinh nghia cac s6 Hodge h?”'? := dimc H4 (X, QPF).
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D6i ngau Serre va dinh 1y triét tieu Kodaira

Dinh 1i 3.11 (Serre-Kodaira)

Cho X la mot da tap phitc n chiéu va E — X la mot phan thd chinh hinh trén X.
Khi do ton tai mot d(fng cau lien hop phic

o: HY(X,OF(E)) = H" (X, Q" P(E"))

trong dé E* la phan thd doi ngau cia E.
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D6i ngau Serre va dinh 1y triet tieu Kodaira

Dinh Ii 3.11 (Serre-Kodaira)

Cho X la mot da tap phitc n chiéu va E — X la mot phan thd chinh hinh trén X.
Khi do ton tai mot dding cau lien hop phic

o: HY(X,OF(E)) = H" (X, Q" P(E"))

trong dé E* la phan thd doi ngau cia E.

Dinh Ii 3.12 (Kodaira)

Cho L la mot phan thé dudng duong (positive line bundle) trén mot da tap Kdhler
compact n chiéu X. Khi do

HI (X, LQ5%)=0Vp+qg>n

Pham Khoa Bang Vi phan Ngay 18 thang 6 nam 2020 30/ 32



Cam on moi nguoi da lang nghe!
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