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Notations

Suppose U C C is an open subset.

@ Denote by &(U) the C-algebra of all those functions f : U — C which
are infinitely differentiable (with respect to the real coordinates).

@ Denote by &/(U) the C-algebra of all holomorphic functions on U.
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N
Notations

Suppose U C C is an open subset.

@ Denote by &(U) the C-algebra of all those functions f : U — C which
are infinitely differentiable (with respect to the real coordinates).

@ Denote by &/(U) the C-algebra of all holomorphic functions on U.
Suppose X is a Riemann surface and Y C X is an open subset.

@ Denote by &(Y) the set of all functions f : Y — C such that for
every chart 2: U — V C Con X with U CY there exists a function
fe &) with flU = foz.

o Denote by 5(1)(1’) the vector space of differentiable 1-forms and by
Q(Y") the vector space of holomorphic 1-forms on Y.

e Denote by &) (Y) the vector space of differentiable 2-forms on Y.
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Differential 1-Forms

Suppose X is a Riemann surface and w € &M (X). We consider a
piece-wise continuously differentiable curve in X, i.e. a continuous

mapping
c:[0,1] - X

for which there exists a partition
O=t<t1i < ---<tp, =1

of the interval [0, 1] and charts (U, zx), 2 = % + iy, k = 1,...,n, such
that ¢([tx—1,tx]) C Uk and the functions

TpOC: [tkfl,tk] — R, Y OcC: [tkfl,tk] — R

have continuous first order derivatives.
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Differential 1-Forms

Definition of integration of 1-forms

On U we can write w = f dx + gi dyi, where the functions fi, g, are
differentiable. Set

/w a Z/t ( dxk((jt( ) +9k(c(t))dyk§;(t))> dt.
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Differential 1-Forms

Theorem 1

Suppose X is a Riemann surface, ¢: [0,1] — X is a piece-wise
continuously differentiable curve and F' € &(X). Then

/dF = F(c(1)) — F(c(0)).

C
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Differential 1-Forms

Definition of primitives

Definition

Suppose X is a Riemann surface and w € &M (X). A function F € &(X)
is called a primitive of w if dF = w.

Nguyén Khanh Hung The Integration of Differential Forms

Ngay 18 thang 6 nim 2020 8/35



Differential 1-Forms

Definition of primitives

Definition

Suppose X is a Riemann surface and w € &M (X). A function F € &(X)
is called a primitive of w if dF = w.

Some properties of primitives:
o A differential form which has a primitive is closed.

o If F'is a primitive of w and ¢ € C, then F' 4 c is also a primitive of w.
@ If dFF =0 then F is a constant.
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Differential 1-Forms

The Local Existence of Primitives

Consider U := {z € C: |z| < 7,7 > 0} and w € &M (U). The differential
form w may be written

w=fdx+gdy; f.gecé&U),

where x,y are the usual real coordinates on R? 22 C.
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Differential 1-Forms

The Local Existence of Primitives: Closed forms

Assume w is closed. We have

dw =df Ndx +dg Ndy = <gg—gf>dx/\dy,
T Yy

this is equivalent to dg/dx = df/Jy. We will prove that the following
integral is a primitive of w:

1
F(z,y) = /0 (f(tz, ty)x + g(tx, ty)y)dt, for (z,y) € U.
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Differential 1-Forms

We can see directly that F' is infinitely differentiable. We have to prove
that df = w, i.e. (0F/0x) = f and (OF/0y) = g. Differentiating we get

OF (z,y) (! of 99
0 /0 52 (tz, ty)tx + 5 (tx, ty)ty + f(tx, ty) | dt.

Since

99 _of

9 and & fta,ty) =

of af

tr =L
:E(ﬂs, y)T + 9y

one then has

(9Fg:,y) = /01 ( jtf(tm ty) + f(tz, ty)) dt

T »
:/0 dt(tf(tx ty))dt = f(z,y).

Similarly OF /0y = g. This proves that dF = w.
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Differential 1-Forms

The Local Existence of Primitives: Holomorphic forms

Assume that w is holomorphic, i.e.,

w= fdzwith f € O(U).

Let

o

flz) = Z cn 2"

n=0

be the Taylor series expansion of f. Then defining

oo

F(z):= Z ncj 1,2”“
n=0

gives us a function F' € €(U) such that dF = w.
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Differential 1-Forms

Theorem 2

Suppose X is a Riemann surface and w € é:(l)(X) is a closed differential
form. Then there exist a covering map p : X — X with X connected, and
a primitive F' € &(X) of the differential form p*w.
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Differential 1-Forms

Corollaries

@ Suppose X is a Riemann surface, 7 : X — X its universal covering
and w € &1 (X) a closed differential form. Then there exists a
primitive f € &(X) of m*w.

® On a simply connected Riemann surface X every closed differential
form w € &M (X) has a primitive F' € &(X).
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Differential 1-Forms

Theorem 3

Suppose X is a Riemann surface, 7 : X — X its universal covering.
Suppose w € &M (X) a closed differential form and F € &(X) is a
primitive of p*w. If ¢ : [0,1] — X is a piece-wise continuously
differentiable curve and ¢ : [0,1] — X is a lifting of ¢ then

= Flew) - Feo),
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Differential 1-Forms

Theorem 4

Suppose X is a Riemann surface and w € &M (X) is a closed differential
form.

® If a,b € X are two points and u,v : [0,1] — X are two homotopic

curves from a to b, then
/w:/m
u v

O If u,v:[0,1] — X are two closed curves which are free homotopic,

then
/w—/m
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Periods

Suppose X is a Riemann surface and w € &(1(X) is a closed differential
form. Then by theorem 4 one can define the integral

ay ::/w, oem(X).
(o

These integrals are called the periods of w. Clearly

/ w:/w—l—/wfora,Tem(X).

We get a homomorphism 71 (X) — C. This homomorphism is called the
period homomorphism associated to the closed differential form w.
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Differential 1-Forms

Example

Suppose X = C*; m1(C*) = Z. A generator of 71 (C*) is represented by
the curve u : [0,1] — C*, u(t) = €™, Let w := (dz/z), where z is the
canonical coordinate. Then

d
/w:/zzzm.
u uZ

Hence the period homomorphism of w is

Z — C, nw—2min.
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Differential 1-Forms

Summands of Automorphy

Suppose X is a Riemann surface and p : X — X is its universal covering.

We know that G := Deck(X/X) = m(X).

If c € Gand f: X >5Cisa function, then we can define o f : X >C by
of := foo~'. A function f: X — C is called additively automorphic

with constant summands of automorphy, if there exist constants

as € C,0 € G, such that

f—of =a, forevery o € G.

The constants a, are called the summands of automorphy of f. The
correspondence o — a, is a group homomorphism Deck(X /X) — C.
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Differential 1-Forms

Theorem 5

Suppose X is a Riemann surface and p : X — X is its universal covering.

O Ifwe &M (X) is a closed differential form and F € &(X) is a
primitive of p*w, then F is additively automorphic with constant
summands of automorphy. Its summands of automorphy
ag,0 € Deck(X/X), are exactly the periods of w with respect to the
isomorphism 71 (X ) = Deck(X /X).

® Conversely suppose F € &(X) is an additively automorphic function
with constant summands of automorphy. Then there exists precisely
one closed differential form w € &M (X) such that dF = p*w.
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Differential 1-Forms

Example

Suppose I' = Z~y + Zry, is a lattice in C. Let X := C/T.

The canonical quotient map 7 : C — X is also the universal covering map
and Deck(C/T") is the group of all translations by vectors v € T'.

Consider the identity map z : C — C. Then z is additively automorphic
under the action of Deck(C/X) with summands of automorphy

ay = 7,7 € I'. Hence dz is invariant under covering transformations. Thus
there exists a holomorphic differential form w € (X)) such that p*w = dz
and whose periods are exactly the elements of the lattice I'.
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Differential 1-Forms

Theorem

Suppose X is a Riemann surface. A closed differential form w € & (1)(X )
has a primitive f € &(X) iff all the periods of w are zero.

Corollary

Suppose X is a compact Riemann surface and wi,ws € Q(X) are two
holomorphic differential forms which define the same period
homomorphism w1 (X) — C. Then w; = wo.
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Differential 2-Forms

The integration of differential 2-forms on the complex
plane

Suppose U C C is open and w € &3)(U). Then w may be written
w= fdzAdy= %fdz/\dz, where f € &(U).

Assume that f vanishes outside of a compact subset of U. Then define

[[«=[[ 1pizay
U U

Suppose V is another open subset of C and ¢ : V' — U is a biholomorphic

mapping. Then
//w :/ P w.
U |4
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Differential 2-Forms

The integration of differential 2-forms on a Riemann
surface

Suppose X is a Riemann surface. The support of a differential form w on
X is defined as the closed set

Supp(w) = {a € X : w(a) # 0}.

The integration of differential forms is defined in two steps.

@ Suppose ¢ : U — V is a chart on X and w € &3 (X) is a differential
form whose support is compact and contained in U. We define

e
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Differential 2-Forms

@ Suppose w € &3 (X) is an arbitrary differential form with compact
support. There exists finitely many charts ¢y : Uy — Vi, k=1,...,n
such that

Supp(w U U

We can find functions fi € &(X) with the following properties
(partitions of unity):

@ Supp(fi) C Uy
@ > ._, fu(z) =1 for every z € Supp(w).

Then frw is a differential form whose support is compact and
contained in U and w =Y, frw. Define

[[e= 3 5

k=1"y
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Differential 2-Forms

Stokes' Theorem (Theorem 6-3, G.Springer, Introduction
to Riemann Surfaces)

Suppose S is a Riemann surface. Let G be a regular region on S and w be
a differential 1-form on G. Then

g
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Differential 2-Forms

Stokes' Theorem on the complex plane

Suppose U C C is open and A C U is a compact subset with smooth
boundary A. Then for every differential form w € &M (U)

oL
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Differential 2-Forms

Theorem 7

Suppose X is a Riemann surface and w € &M (X) is a differential form
with compact support. Then
/ dw = 0.

X
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Differential 2-Forms

Residue Theorem

Suppose X is a compact Riemann surface and a1, ..., a, are distinct

points in X. Let X' := X \ {a1,...,a,}. Then for every holomorphic
1-form w € Q(X’) we have

Z Resg,, (w) = 0.
k=1
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Proof

Choose disjoint coordinate neighborhoods (Uy, zj) of the aj. We assume
that zx(ar) = 0 and 2, (Ug) C C is a disk. For every k choose a function
fr with compact support Supp(fx) C Uy such that there exists an open
U C Uy of a with fi|U. =1.Set g:=1—(fi+---+ fx). Then

g|lU;], = 0. Thus gw € &1 (X). From Theorem 7

[ g =0
X
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Proof

Since w is holomorphic, dw =0 on X’. On U; N X" we have fyw = w and
thus d(frw) = 0. Hence d(frw) € &P (X) whose support is a compact
subset of Uy \ {ar}. Now d(gw) = — > d(frw) implies

3 [[ e =0

k=1"y

Hence we only have to show

[ e = —2rimes, @)
X
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Proof

Since the support of d(frw) is contained in Uy, we only integrate over Uy.

We may identify Uy, with the unit disk. There exists 0 < ¢ < R < 1 such
that

Supp(fx) C {|zx| < R} and fi|{|zx] <€} =1.
But then

/ d(frw) = // (frw) = /ZM:RJ%W—/|Zk|:6 Jrw

X €<|Z}€‘<R
= —/ w = —2mi Resgy, (w)
|2k =€

by the Residue Theorem in the complex plane.
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Differential 2-Forms

Corollary

Any non-constant meromorphic function f on a compact Riemann surface
X has, counting multiplicities, as many zeros as poles.
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Differential 2-Forms

Thank you for listening!
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