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Abstract

We propose a quantitative direct method to prove the local stability of a stationary solution
for a rough differential equation and its regular discretization scheme. Using Doss-Sussmann
technique and stopping time analysis, we provide stability criteria for a stationary solution of
the continuous system to be exponentially stable, provided the diffusion term is bounded and
its derivatives exhibit small growth. The same conclusions hold for the regular discretization
scheme with a sufficiently small step size, but one needs to apply the sewing lemma and stopping
times for the discrete time set. Our stability criteria are based on the linearization of the drift
and require only information about the bound and growth rates of the diffusion, making them
data-driven criteria.

Keywords: stochastic differential equations (SDE), rough path theory, rough differential equa-
tions, exponential stability.

1 Introduction

This paper deals with the local asymptotic stability criteria for rough differential equations on Rd

of the form
dy = f(y)dt+ g(y)dx. (1.1)

Equation (1.1) can be viewed as a controlled differential equation driven by rough path x ∈
Cν([0, T ],Rm) in the sense of Lyons [29], [30] or of Friz-Victoir [19]. It can also be interpreted
as a rough intergral equation for controlled rough paths in the sense of Gubinelli [24]. As such,
system (1.1) appears as a pathwise approach to solve a stochastic differential equation which is
driven by a certain Hölder noise Xt (e.g. fractional Brownian motions).

Under certain assumptions imposed on its coefficient functions, a rough differential equation
will have the property of the local existence, uniqueness and continuity of solution given initial
conditions, see e.g. [24] or [18] for a version without drift coefficient function, and [32], [10] for a full
version using variation or Hölder norms. Moreover, with a stronger assumption on the coefficient
functions a rough differential equation will have global solutions which exist throughout the time
interval [0,∞) (see e.g. [3] for non-explosion criteria of the solutions). This gives rise to the recent
interest in investigation of qualitative properties of rough differential equation with a view to the
parallel in the well developed and well known qualitative theory of ordinary differential equations.

The topic of random attractors and its upper semi-continuity has been studied for the random
dynamical system generated from (1.1) and its discretization, which applies Lyapunov methods in
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many works, see e.g. [21], [11], [10], [7] and the references therein. In particular, it is proved in
[11] that for strictly dissipative f : Rd → Rd and a sufficiently small g ∈ C3

b there exists a singleton
random attractor to which every trajectory converges in the pathwise sense and with an exponential
rate. Moreover for globally Lipschitz continuous f , there exists a numerical attractor of the Euler
discretization scheme of (1.1) which converges to the continuous attractor as the step size converges
to zero. However, the existence of a global attractor often does not guarantee the local stability of
any reference solution even if it stays inside the attractor.

This gives a motivation for studying the asymptotic stability for path-wise solution of (1.1).
The topic of stability for stochastic differential equation with Hölder noises dated back from our
previous work [15, 14] using both the semigroup method and the Lyapunov function method, with
an improved version in [12] for the stability of the trivial solution. More precisely, the semigroup
method in [21] is developed further in [15, 14, 12], to deal with fractional Brownian noise with small
intensity. The semigroup technique is also used to study local stability of the trivial solution in [23,
Theorem 18] on a small neighborhood B(0, r), using the cutoff technique and fractional calculus,
and under the assumption that g(x) is flat, i.e. g(0) = 0, Dg(0) = 0, D2g(0) = 0. Later, this
condition is improved in [12], where it applies the semigroup technique to derive a global stability
criterion that requires the linearized part Df(0) ∈ Rd×d to have eigenvalues of negative real parts
and the non-linear part F (y) = f(y) − Df(0)y to be globally Lipschitz w.r.t. Lipschitz constant
CF such that CF and ∥Dg∥∞ ∨ ∥D2g∥∞ ∨ ∥D3g∥∞ are sufficiently small. Recently, the semigroup
technique is also used in [33] to deal with the Lyapunov exponents and the related topics regarding
to the local dynamics in the vicinity of a stationary solution, such as exponential stability and
invariant manifolds.

However, we have a different vision in developing results on exponential stability. Since our
previous works [15], [12], our ideas have stemmed from the observation that the information on the
linearization of the whole system is not available in practice, as we often have only the drift f and
a trajectory of a reference stationary solution and not much information on the diffusion g. For
this reason, it is often too costly, if not impossible, to obtain the information on the linearization
along the stationary solution of the entire system (1.1) and to investigate its Lyapunov spectrum,
as suggested recently in [33]. Therefore in our studies we often consider and impose conditions on
only the linearization of the drift Df rather than of the entire system to meet the reality. On the
other hand, we would like to develop the Lyapunov function method in studying stability for rough
systems, as done in our previous result in [14] for nonautonomous Young equations.

In this paper we revisit the Lyapunov asymptotic stability of the rough differential equation (1.1)
near a stationary solution which can be, in many cases, time dependent, e.g. a singleton random
attractor. In that scenarios, one can test stability of a time dependent reference solution at of (1.1)
by checking the dynamics of the unperturbed deterministic system ẏ = f(y) along a neighborhood
of at, by considering e.g. the linearization ξ̇ = Df(at)ξ whose data is often available. Roughly
speaking, our main results, Theorem 4.5 and Theorem 5.5, for rough systems can be combined and
reformulated as below.

Theorem 1.1 (Main results) Assume conditions for the drift f ∈ C1, the diffusion g and the
driving noise X so that there exists pathwise solution for the equation (1.1) and the generated Wiener
shift is ergodic. Let a(·) be a stationary solution of (1.1) that is Lρ-integrable. If the linearization
of the unperturbed system ξ̇ = f(ξ) along a(·) (i.e. the system ξ̇ = Df(at)ξ) is exponentially stable,
then at is exponentially stable almost surely for the perturbed system (1.1), as long as Cg defined in
(2.3) is sufficiently small and satisfies a stability criterion. If f is globally Lipschitz continuous, the
same conclusion holds for the regular discretization scheme with sufficiently small Lg in (5.3) and
step size ∆.
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Note that the linearized system ξ̇ = Df(at)ξ is exponentially stable under the sufficient condition
Eℓ(f, a(·)) < 0 where ℓ(f, y) := sup

∥h∥=1
⟨h,Df(y)h⟩. This is due to an intuitive estimate

1
t

(
log ∥ξt∥ − log ∥ξ0∥

)
= 1
t

∫ t

0
⟨ ξs

∥ξs∥
, Df(a(θsω)) ξs

∥ξs∥
⟩ds ≤ 1

t

∫ t

0
ℓ(f, a(θsω))ds → Eℓ(f, a(·)).

Theorem 1.1 is applicable to the class of equations (1.1) with f globally Lipschitz continuous and
strictly dissipative and smooth g with Cg small enough, because one can prove the existence of a
singleton pullback attractor, which is integrable and converges to the unique fixed point a∗ (also
the global attractor) of the unperturbed system u̇ = f(u) as Cg tends to zero (see [11, Theorem
3.3]). In that case, condition Eℓ(f, a(·)) ≈ ℓ(f, a∗) < 0 is satisfied for sufficiently small Cg. For more
concrete examples, see Example 4.8, 4.9.
Our method employs the direct method of Lyapunov, which aims to estimate the norm growth
(or a Lyapunov-type function) of the solution in discrete time intervals. For the continuous time
set, this technique is feasible thanks to the so-called Doss-Sussmann technique to transform the
rough differential equation on each stopping time interval to an ordinary differential equation,
that can be seen as a non-autonomous perturbation of the unperturbed ODE. The tricky part is
proving stability, which means to control the norm difference between a solution and the reference
stationary solution to be less than a parameter ϵ on each stopping time interval. This can be
done in an indirect way by comparing the norm difference between the two images after the Doss-
Sussmann transformation, thanks to Proposition 2.1 and Proposition 2.2 which are the improved
results in [11] for Cg defined in (2.3). Exponential attractivity is then an indirect consequence of
the Birkhoff’s ergodic theorem (via the crucial Lemma 3.1), provided that the generated Wiener
shift is ergodic (this holds for fractional Brownian motions, see Lemma 6.1 in Appendix 6). The
results in Theorem 4.5 and Theorem 4.11, with stability criteria depending on the parameter Cg in
(2.3), are significantly stronger and more practical than the ones in [23, Theorem 18] or recently
in [33] for general stationary solutions. Moreover, no further information on the diffusion g or its
derivatives is required, hence many complicated tasks when working with the linearization of (1.1)
can be avoided.

The situation is rather complicated for the discretized system of (1.1), because the Doss-
Sussmann transformation fails to control the solution norm to be sufficiently small in the discrete
time set, and in fact the solution can exit the local regime of the trivial solution right after one
discrete time step. To overcome this difficulty, in Section 3 we develop further the stopping time
technique in our previous work [7] for discrete time sets, to estimate the norm growth of the solution
on each stopping time interval, see e.g. Proposition 5.2. Another important step is to prove Propo-
sition 5.3, where we apply the discrete sewing lemma [8], [26] to estimate the difference between the
solution starting at a stopping time τ∆

0 from an initial value yτ∆
0

inside a random neighborhood of
a(ω) and the reference solution a(θ·ω) at the next stopping time τ∆

1 . This crucial estimate and the
induction principle then help control the difference between two solutions to be sufficiently small,
and finally lead to exponential stability. The stability criteria in Theorem 5.5, Theorem 5.9 and
Theorem 5.11 are new, where the choice of the parameter Lg defined in (5.3) and the step size ∆
are independent and pathwise free.

When the assumption on ergodicity of the generated Wiener shift is relaxed, the ergodic Birkhoff
theorem is still applicable in estimating stopping times, but results in random variable limits. In
this case, all conclusions in the main theorems still hold almost surely, but all the stability criteria
and parameters would be path dependent. In addition, our method still works for a lower regularity
coefficient ν ≤ 1

3 , although the computations would be rather complicated. Moreover, it could also
be applied in case the diffusion part g is linear, or in case f also depends on time, i.e. f(y) is
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replaced by f(t, y).
We close the introduction part with the note that our stability criteria for stationary solutions

agree with the previous ones in [12] that Cg in (2.3) and Lg in (5.3) can be sufficiently small by
choosing ∥Dg∥∞ ∨ ∥D2g∥∞ ∨ ∥D3g∥∞ to be sufficiently small, thus in general ∥g∥∞ can be very
large. The following counter example shows that choosing large Cg and Lg might break stability.

Example 1.2 Consider the Itô stochastic differential equation

d
( y1
y2

)
=
( y1(µ− y2

1 − y2
2)

y2(µ− y2
1 − y2

2)
)
dt+

( 0 σ
−σ 0

)( y1
y2

)
dBt (1.2)

or in short dy = f(y)dt+g(y)dBt, where B is a scalar standard Brownian motion with all realization
in Cν for ν ∈ (1

3 ,
1
2); and µ, σ are real constants. We omit the issue of existence and uniqueness

of the solution of equation (1.2), noting that it can be solved either in the Itô sense using polar
coordinates y1 = r sinα, y2 = r cosα or in the pathwise sense as a rough differential equation (see
e.g. [11, Theorem 2.1] and [10, Theorem 5.1]). In particular, one can apply Itô formula to check
that

d∥y∥2 =
[
2⟨y, f(y)⟩ + ∥g(y)∥2

]
dt+ 2⟨y, g(y)⟩dBt =

(
2µ+ σ2 − 2∥y∥2

)
∥y∥2dt.

In other words, η = ∥y∥2 is the solution of the ordinary differential equation

d

dt
η = η(2µ+ σ2 − 2η). (1.3)

Clearly, zero is the trivial solution of (1.2). For σ = 0 and µ < 0, system (1.2) is an ordinary
differential equation, which admits zero as an globally asymptotically stable solution. However,
when σ > 0 large enough such that σ2 + 2µ > 0, then the zero solution of (1.3) becomes unstable.
In other words, the zero solution of (1.2) will break its stability when perturbed by the linear noise
for σ large enough.

The paper is organized as follows. In Section 2 we present assumptions for (1.1) and recall
Doss-Sussmann transformations used for the associate pure rough differential equation of (1.1).
Section 3 discusses the construction of stopping times for both continuous and discrete time sets.
In Section 4, we establish in Theorem 4.5 an exponential stability criterion of stationary solution
of (1.1). Section 5 is devoted to the study of discrete systems, where a similar stability criterion is
proved in Theorem 5.5. We present in the appendix some basic definitions on rough paths, rough
integrals and technical proofs for the auxiliary results.

2 Rough differential equations, Doss-Sussmann technique

Throughout the paper, we will assume the following global conditions on the equation (1.1).

(Hf ) f is locally Lipschitz continuous and of one-sided linear growth

∃C > 0 : ⟨y, f(y)⟩ ≤ C(1 + ∥y∥2), ∀y ∈ Rd; (2.1)

in addition f is of linear growth in the perpendicular direction, i.e. there exists Cf > 0 such that
∥∥∥f(y) − ⟨f(y), y⟩

∥y∥2 y
∥∥∥ ≤ Cf

(
1 + ∥y∥

)
, ∀y ̸= 0. (2.2)
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(Hg) g is in C3
b (Rd,L(Rm,Rd)) where we define

Cg := max
{

∥Dg∥∞,
√

∥Dg∥∞∥g∥∞,
√

∥D2g∥∞∥g∥∞,√
∥D3g∥∞∥g∥∞,

(
∥D2g∥∞∥g∥2

∞

) 1
3
,
(
∥D3g∥∞∥g∥2

∞

) 1
3
}
. (2.3)

(HX) for a given ν ∈ (1
3 ,

1
2 ], x ∈ Cν(R,Rm) - the space of all Hölder continuous paths such

that x is a realization of a stochastic process Xt(ω) with stationary increments and that x can be
lifted into a realized component x = (x,X) of a stochastic process (x·(ω),X·,·(ω)) with stationary
increments. Moreover the estimate

E
(
∥xs,t∥p + ∥Xs,t∥q

)
≤ CT,ν |t− s|pν , ∀s, t ∈ [0, T ], (2.4)

holds for any [0, T ] ⊂ [0,∞), with pν ≥ 1, q = p
2 and some constant CT,ν .

Concerning the assumption (HX), such a stochastic process, in particular, can be a fractional
Brownian motion BH with Hurst exponent H ∈ (1

3 , 1).
The existence and uniqueness theorem for system (1.1) is first proved in [32], where the solution

is understood in the sense of Friz &Victoir [19]. Using rough path integrals [24], we interpret the
rough differential equation (1.1) by writing it in the integral form

yt = ya +
∫ t

a
f(ys)ds+

∫ t

a
g(ys)dxs, ∀t ∈ [a, b], (2.5)

for any interval [a, b] and an initial value ya ∈ Rd. Then we search for a solution in the Gubinelli
sense, and solve for a path y which is controlled by x. We refer to [13] and Appendix 6 for definitions
of variation and Hölder norms, Gubinelli rough integrals for controlled rough paths. Assumptions
(Hf ), (Hg), (HX) are sufficient to prove the existence and uniqueness of the solution of (1.1) defined
for any initial value y0 ∈ Rd, as well as the continuity of the solution semi-flow and the generation
of a continuous random dynamical system, see e.g. [32, Theorem 4.3], [2], [11] and [10].

Note that from [13, Theorem 3.4], the global solution ϕ·(x, ϕa) of the pure rough differential
equation

dϕu = g(ϕu)dxu, u ∈ [a, b], ϕa ∈ Rd (2.6)

is C1 w.r.t. ϕa, and ∂ϕ
∂ϕa

(·,x, ϕa) is the solution of the linearized system

dξu = Dg(ϕu(x, ϕs))ξudxu, u ∈ [a, b], ξa = Id, (2.7)

where Id ∈ Rd×d denotes the identity matrix. The idea is then to prove the existence and uniqueness
of the global solution on each small interval [τk, τk+1] between two consecutive stopping times, and
then concatenate to obtain the conclusion on any interval. The Doss-Sussmann technique used in
[13, Theorem 3.7] and [32] ensures that, by a transformation yt = ϕt(x, zt) there is an one-to-one
correspondence between a solution yt of (1.1) on a certain interval [0, τ ] and a solution zt of the
associate ordinary differential equation

żt =
[∂ϕ
∂z

(t,x, zt)
]−1

f(ϕt(x, zt)), t ∈ [0, τ ], z0 = y0. (2.8)

The parameter τ > 0 can be chosen such that

8CpCg |||x|||p−var,[0,τ ] ≤ λ∗, for some λ∗ ∈ (0, 1),
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where |||x|||p−var,[a,b] is defined in (6.4), Cg is defined in (2.3), and Cp is defined in (6.10).
The following result is an improvement of [11, Proposition 1] and [10, Proposition 2.3], which

shows solution norm estimates for equation (2.6) (see the proofs in Appendix 6.6). Note that the
estimates are dependent on Cg from (2.3) and thus dependent on all the derivatives of g.

Proposition 2.1 Let ϕt be a solution of (2.6). Assume the condition (Hg). Suppose further that
λ := CpCg |||x|||p−var,[a,b] ≤ 1/8.

(i) The following inequalities hold

|||ϕ|||p−var,[a,b] ≤ 2(∥g∥∞ |||x|||p−var,[a,b] + λ2),
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
p−var,[a,b]

≤ 2λ2; (2.9)

and in case the condition g(0) = 0 is satisfied then

|||ϕ|||p−var,[a,b] ≤ 2λ∥ϕa∥,
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
p−var,[a,b]

≤ 2λ2∥ϕa∥. (2.10)

(ii) Furthermore, it holds for t ∈ [a, b] that∥∥∥ ∂ϕ
∂ϕa

(t,x, ϕa) − I
∥∥∥, ∥∥∥[ ∂ϕ

∂ϕa
(t,x, ϕa)

]−1
− I

∥∥∥ ≤ 4λ. (2.11)

We would also like to modify the result in [11, Proposition 4] as follows (see the proof in Appendix
6.6).

Proposition 2.2 Consider the Doss-Sussmann transformations yt = ϕt(x, zt) and ȳt = ϕt(x, z̄t).
Assign

ηt = yt − zt; η̄t = ȳt − z̄t; ψt =
[∂ϕ
∂z

(t,x, zt)
]−1

− Id; ψ̄t =
[∂ϕ
∂z

(t,x, z̄t)
]−1

− Id;

Given λ = CpCg |||x|||p−var,[a,b] ≤ 1
8 , the following estimates hold

∥η̄t − ηt∥ ≤ 4λ∥z̄t − zt∥; ∥ψ̄t − ψt∥ ≤ 256λ∥z̄t − zt∥, ∀t ∈ [a, b]. (2.12)

Note that all the above arguments might fail to be applied if we work directly with the local
solution for y0 ∈ B(0, ϵ0). This is because at stopping time interval [τk, τk+1] the Doss-Sussmann
transformation yt = ϕt(x, zt) that starts from yτk

∈ B(0, ϵ0) might exit B(0, ϵ0) soon before τk+1.
Hence, in general, it would be rather technical to estimate the exit time of the local solution from
B(0, ϵ0).

3 Stopping time analysis

3.1 Stopping times for the continuous time case

The construction of a greedy sequence of stopping times in [4] is now used in many recent results,
see e.g. [6, 15, 13, 11, 32]. Namely, for any fixed γ ∈ (0, 1) the sequence of stopping times
{τi(γ,x, [0,∞))}i∈N is defined by

τ0 = 0, τi+1 := inf
{
t > τi : |||x|||p−var,[τi,t] = γ

}
. (3.1)

For a fixed closed interval I ⊂ [0,∞), we define another sequence of stopping times {τ∗
i (γ,x, I)}i∈N

by
τ∗

0 = min I, τ∗
i+1 := inf

{
t > τ∗

i : |||x|||p−var,[τi,t] = γ
}

∧ max I. (3.2)
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Define N∗(γ,x, I) := sup{i ∈ N : τ∗
i < max I} + 1. It is easy to show a rough estimate

N∗(γ,x, I) ≤ 1 + 1
γp

|||x|||pp−var,I . (3.3)

In fact, it is proved in [4] that eN∗(γ,x,I) is integrable for Gaussian rough paths.
Denote θ the Wiener-type shift in the probability space Ω := C 0,α

0 (R, T 2
1 (Rm)) (see (6.5) in

Appendix 6.2). Throughout this paper, we will assume that θ is ergodic.
The following lemma is reformulated from [15, Theorem 14] for the stopping times defined in

the p-variation norm. To make the presentation self-contained, we are going to give a short and
direct proof here.

Lemma 3.1 Given the greedy sequence of stopping times (3.1), the followings estimates

lim inf
n→∞

τn

n
≥ 1

EN∗(γ,x, [0, 1]) (3.4)

holds almost surely.

Proof: For each j denote by N(γ,x, [a, b)) the number of stopping times τk = τk(γ,x, [0,∞))
in [a, b). Since the minimal stopping time τ in I is bigger than or equal min I = τ∗

0 (γ,x, I) and the
maximal stopping time τ in I is less than or equal max I = τ∗

N∗(γ,x,I)(γ,x, I), it follows that

N∗(γ,x, I) ≥ N(γ,x, [min I,max I)). (3.5)

Denote by ⌊τk⌋ the integer part of τk, then τk < ⌊τk⌋ + 1. As a result, the number of positive
stopping times in the interval [0, τk] (which is k) is less than or equal to the one in the interval
[0, ⌊τk⌋ + 1). As a result,

τk

k
≥ ⌊τk⌋
N (γ,x, [0, ⌊τk⌋ + 1)) .

On the other hand, by definition of N and N∗ and inequality (3.5),

N(γ,x, [0, ⌊τk⌋ + 1)) ≤
⌊τk⌋∑
j=0

N(γ,x, [j, j + 1))

≤
⌊τk⌋∑
j=0

N∗(γ,x, [j, j + 1]) =
⌊τk⌋∑
j=0

N∗(γ,x(θjω), [0, 1]),

where the last equality is due to (6.6). Hence,

τk

k
≥ ⌊τk⌋∑⌊τk⌋

j=0 N
∗(γ,x(θjω), [0, 1])

≥
⌊τk⌋

⌊τk⌋+1
1

⌊τk⌋+1
∑⌊τk⌋

j=0 N
∗(γ,x(θjω), [0, 1])

. (3.6)

By applying the Birkhoff ergodic theorem to the last right hand side of (3.6), where τk → ∞ as
k → ∞, the numerator tends to one while the denominator converges to EN∗(γ,x(·), [0, 1]). This
proves (3.4).

Lemma 3.2 For every a, b ∈ R, a ≤ b, the following estimate holds

γN∗(γ,x(·), [a, b]) ≥ |||x(·)|||p−var,[a,b] , ∀γ > 0. (3.7)

As a consequence,
γEN∗(γ,x(·), [a, b]) ≥ E |||x(·)|||p−var,[a,b] , ∀γ > 0. (3.8)
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Proof: Indeed, it follows from [6, Lemma 2.1] that

|||x|||pp−var,[a,b] = |||x|||pp−var,[τ∗
0 ,τ∗

N∗(γ,x,[a,b])]

≤
[
N∗(γ,x, [a, b])

]p−1
N∗(γ,x,[a,b])∑

j=1
|||x|||pp−var,[τ∗

j−1,τ∗
j ]

≤
[
N∗(γ,x, [a, b])

]p−1[
N∗(γ,x, [a, b])

]
γp

≤
[
N∗(γ,x, [a, b])

]p
γp

or equivalently
γN∗(γ,x, [a, b]) ≥ |||x|||p−var,[a,b] .

Taking the expectation to both sides of the above inequality, we obtain (3.8).

Lemma 3.3 The following estimate holds for any n ≥ 1 and any sequence t0 < t1 < . . . < tn

n−1∑
j=0

N∗(γ,x, [tj , tj+1]) ≤ N∗(γ,x, [t0, tn]) + n. (3.9)

Proof: By definition, on [tj , tj+1] there are at least N∗(γ,x, [tj , tj+1]) − 1 consecutive stopping
time intervals on which the p-variation norm of x is γ, each of which contains at least one stopping
time in the sequence constructed on [t0, tn]. As a result, on the interval [t0, tn] there are at least∑n−1

j=0

(
N∗(γ,x, [tj , tj+1]) − 1

)
disjoint stopping time intervals on which the p-variation norm of x

is γ. This proves (3.9).

Stopping times for a control sequence. Note that one can replace |||x|||p−var in (3.1), (3.2)
by a finite sequence of controls w·,· ∈ S associated with parameters βw ∈ (0, 1], to construct the
sequences τk(γ,S, [0,∞)) on [0,∞) and τ∗

k (γ,S, I) on a given closed interval I ⊂ [0,∞) in a similar
manner. Denote by N∗(γ,S, I) the number of τ∗

k (γ,S, I) on I. Similar to (3.3) we obtain (see for
instance [6, Lemma 2.6])

N∗(γ,S, I) < 1 + 1
γ

1
β

|S|
1
β

−1 ∑
w∈S

(wmin I,max I)
βw
β (3.10)

in which β = minw∈S βw. Furthermore, similar to Lemma 3.1, we have

lim inf
n→∞

τn(γ,S, [0,∞))
n

≥ 1
EN∗(γ,S, [0, 1]) (3.11)

almost surely.

3.2 Stopping times for discrete time sets

For investigation of discrete time systems arising from Euler scheme applied to the rough equation
(1.1) we modify the stopping time technique to the discrete framework. In the discrete time setting
we will use more complicated control than the control function |||x|||pp−var,[s,t] used in the continuous-
time setting above. More precisely, given a finite sequence of controls w·,· ∈ S associated with
parameters βw ∈ (0, 1], we would like to construct a version of greedy sequence of (discrete-time)
stopping times similar to that in [7].

For given ∆ > 0, consider the sequence tk = k∆, k ∈ N. Given a fixed γ > 0, assign the starting
time τ∆

0 (γ,S, [0,∞)) = 0. For each n ∈ N, assume τ∆
n (γ,S, [0,∞)) = tk is determined. Then one

can define τ∆
n+1(γ,S) by the following rule:
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• if
∑
w∈S

wβw
tk,tk+1

> γ then set τ∆
n+1(γ,S, [0,∞)) := tk+1;

• else set τ∆
n+1(γ,S, [0,∞)) := sup{tl > tk : ∑w∈S wβw

tk,tl
≤ γ}.

The following result show the relation between discrete and continuous stopping times.

Lemma 3.4 For given γ > 0 and set of controls S,

lim inf
n→∞

τ∆
n (γ,S, [0,∞))

n
≥ lim inf

n→∞
1
2
τn(γ,S, [0,∞))

n
. (3.12)

Proof: Observe that, between two consecutive stopping times τi(γ,S, [0,∞)), τi+1(γ,S, [0,∞))
there are at most two stopping times τ∆

n (γ,S, [0,∞)). As a result,

τ∆
2m(γ,S, [0,∞)), τ∆

2m+1(γ,S, [0,∞)) ≥ τm(γ,S, [0,∞)).

Therefore,

lim inf
n→∞

τ∆
n (γ,S, [0,∞))

n
≥ lim inf

n→∞
1
2
τn(γ,S, [0,∞))

n
.

Similar to the continuous case, we construct sequence τ̂n := τ∆
n (γ,S, I) on a given closed interval

I. The number of τ∆
n (γ,S, I) denoted by N̂ = N̂(γ,S, I) can be estimated by (see Subsection 2.4

in [7])
N̂ < 2 + 2

γ
1
β

|S|
1
β

−1 ∑
w∈S

(wmin I,max I)
βw
β (3.13)

in which β = minw∈S βw.
We emphasize here that Lemma 3.1 holds only almost surely w.r.t. ω ∈ Ω under the assumption

that the Wiener-shift θ in Subsection 6.2 is ergodic. From now on, we will only work with a
realization x ∈ Cν of the stochastic process Xt satisfying assumption (HX), such that x can be
lifted into a rough path x. For a little abuse of notation, we only mention the dependence of x in
the proof, without addressing that x = x(ω) = (x(ω),X(ω)) for almost surely ω ∈ Ω.

4 Lyapunov stability of rough differential equations

Given the probabilistic setting in Appendix 6.2, the RDE (1.1) generates a random dynamical
system φ over the Wiener space (Ω,F ,P) and the Wiener-type shift θt, thus we may use the tools
and results in the theory of random dynamical systems to get the similar ones for the RDE (1.1).
For a (possibly random) point y∗

0 ∈ Rd the solution of (1.1) starting from y∗
0 can be represented as

φ(t, ω)y∗
0. For the details on RDS setting for (1.1) see [2] and [11].

In [11] we prove that there exists a global random pullback attractor for the RDS (1.1) provided
the drift f is globally dissipative. If in addition the drift is globally strictly dissipative, then the
random attractor is a singleton. In this section we would like to generalize these results to a local
situation and for Cg, which is then automatically satisfied in the global picture. First we need to
recall the concept of dissipativity from the global and local sense.

Definition 4.1 (Dissipativity) A function f is called:

• globally dissipative, if there exist constants D1, D2 > 0 such that

⟨y, f(y)⟩ ≤ D1 −D2∥y∥2, ∀y ∈ Rd; (4.1)
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• globally strictly dissipative, if there exists a constant D > 0 such that

⟨y1 − y2, f(y1) − f(y2)⟩ ≤ −D∥y1 − y2∥2, ∀y1, y2 ∈ Rd; (4.2)

• locally strictly dissipative at ŷ ∈ Rd, if there exist a radius r > 0 and a constant D > 0 such
that

⟨y − ŷ, f(y) − f(ŷ)⟩ ≤ −D∥y − ŷ∥2, ∀∥y − ŷ∥ < r. (4.3)

In this paper we are interested in the stability of a stationary solution of (1.1) which stays inside
our global random attractor, thus we give here the definition of stationary solution.

Definition 4.2 (Stationary solution) A random point a(·) : Ω → Rd is called a stationary so-
lution of (1.1) if a(θtω), t ∈ R+, is the solution of (1.1) starting from a(ω) ∈ Rd at time 0, i.e.
φ(t, ω)a(ω) = a(θtω), for all t ∈ R+, ω ∈ Ω.

Since in this section we investigate the stability of nontrivial solutions it is natural to impose
global smooth and growth conditions (Hf ), (Hg) on the functions f, g. We may of course impose
smooth and growth conditions on the functions f and g only in a neighborhood of the stationary
solution a as well. But notice that a is a random point hence its neighborhood is a random open
set whereas the functions f, g are defined as nonrandom functions. In the special case that a(ω) is
essentially bounded, sup ∥a(ω)∥ < R for some non-random R > 0, we may then impose smooth and
growth condition on f and g only on the ball of radius R in Rd.

We give the definition on (Lyapunov) asymptotic/exponential stability of a solution (cf. [5] and
[31] for the ODE case, and [23, Definition 8] for the rough differential equation case).

Definition 4.3 (A) Stability: a solution y∗ of (1.1) is called (Lyapunov) stable if for any ε > 0
there exists a positive random variable r = r(ω) > 0 such that for any initial value y0 ∈ Rd satisfying
∥y0 − y∗

0∥ < r(ω) the solution yt of (1.1) starting from y0 exists on the whole half line t ∈ [0,∞)
and the following inequality holds

sup
t≥0

∥yt − y∗
t ∥ < ε.

(B) Attractivity: a solution y∗ is called attractive, if there exists a positive random variable r(ω) > 0
such that any solution yt of (1.1) with ∥y0 − y∗

0∥ < r(ω) exists on the whole half line t ∈ [0,∞) and
satisfies

lim
t→∞

∥yt − y∗
t ∥ = 0. (4.4)

(C) Asymptotic stability: a solution y∗ of equation (1.1) is called asymptotically stable, if it is stable
and attractive.
(D) Exponential stability: The stationary solution y∗ of equation (1.1) is called exponentially stable,
if it is stable and there exist two positive random variables r(ω) > 0 and α(ω) > 0 and a positive
constant µ > 0 such that for any initial value y0 satisfying ∥y0 −y∗

0∥ < r(ω) the solution of equation
(1.1) starting from y0 exists on the whole half line 0 ≤ t < ∞ and the following inequality

∥yt − y∗
t ∥ ≤ α(ω)e−µt

holds for all t ≥ 0.

It is easily seen that, like the case of ordinary differential equations, exponential stability implies
asymptotic stability, and the asymptotic stability implies stability; but the inverse direction is not
true.
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Because stability is a local property, we would like to find a local condition for the Lyapunov
exponential stability of an arbitrary stationary solution of the RDE (1.1). A closer look at (4.2)
motivates the following definition on the so-called locally one-sided Lipschitz constant: assign for
each fixed ŷ ∈ Rd the quantities

ℓ(f, ŷ, r) := sup
0<∥y−ŷ∥<r

⟨ y − ŷ

∥y − ŷ∥
,
f(y) − f(ŷ)

∥y − ŷ∥
⟩;

ℓ(f, ŷ) := lim
r→0

ℓ(f, ŷ, r). (4.5)

Notice that ℓ(f, ŷ, r) is well-defined and finite due to the locally Lipschitz continuity of f at ŷ. In
addition, ℓ(f, ŷ, r) is a non-decreasing function of r, thus the limit in the definition of ℓ(f, ŷ) exists,
i.e. ℓ(f, ŷ) is well-defined and finite for every ŷ ∈ Rd. In fact we can derive an explicit computation
for ℓ(f, ŷ) as follows.

Proposition 4.4 Under the assumption f ∈ C1,

ℓ(f, ŷ) = sup
∥h∥=1

⟨h,Df(ŷ)h⟩, ∀ŷ ∈ Rd. (4.6)

As a result, ℓ(f, ŷ) is continuous at ŷ.

Proof: The proof follows directly from the fact that for 0 < ∥y − ŷ∥ < r,∣∣∣⟨ y − ŷ

∥y − ŷ∥
,
f(y) − f(ŷ)

∥y − ŷ∥
⟩ − ⟨ y − ŷ

∥y − ŷ∥
, Df(ŷ) (y − ŷ)

∥y − ŷ∥
⟩
∣∣∣

≤
∫ 1

0
∥Df(ŷ + µ(y − ŷ)) −Df(ŷ)∥dµ

≤ sup
∥h∥≤r

∥Df(ŷ + h) −Df(ŷ)∥ =: osc(Df(ŷ))r, (4.7)

where it can be proved that osc(Df(ŷ))r in the right hand side of (4.7) is a continuous function of
ŷ and r, and that osc(Df(ŷ))r tends to zero as r → 0. As a result,

|ℓ(f, ŷ, r) − sup
∥h∥=1

⟨h,Df(ŷ)h⟩| ≤ osc(Df(ŷ))r. (4.8)

Moreover,
sup

∥h∥=1
⟨h,Df(ŷ)h⟩ = sup

∥h∥=1
⟨h, 1

2
[
Df(ŷ) +Df(ŷ)T

]
h⟩

which is the maximal eigenvalue of 1
2

[
Df(ŷ) + Df(ŷ)T

]
. This prove the continuity of ℓ(f, ŷ) at ŷ.

A direct consequence of (4.8) is that for any ∥y − ŷ∥ < r,

ℓ(f, ŷ, r) ≤ sup
∥h∥=1

⟨h,Df(ŷ)h⟩ + osc(Df(ŷ))r =: M(Df, ŷ, r) (4.9)

so that
⟨y − ŷ, f(y) − f(ŷ)⟩ ≤ M(Df, ŷ, r)∥y − ŷ∥2, ∀∥y − ŷ∥ < r. (4.10)

Since osc(Df(ŷ))r is continuous in ŷ and r, so is M(Df, ŷ, r). Moreover, the definition of M in
(4.9) yields

|M(Df, ŷ, r)| ≤ 3∥Df∥∞,B(y,r). (4.11)
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Because of (4.3), we are interested in the points ŷ that makes M(Df, ŷ, r) negative for certain r > 0,
i.e. f is locally strictly dissipative at ŷ. However for a random variable a(ω), it might happen that
M(Df, a(ω), r) > 0 for a positive probability.

Motivated by Proposition 4.4, we shall assume an additional condition for f that

(H+
f ) f ∈ C1 and there exist constants Cf > 0, ρ ≥ 1 such that

∥f(y)∥, ∥Df(y)∥ ≤ Cf (1 + ∥y∥ρ), ∀y ∈ Rd. (4.12)

Our first main result of this paper derives a local stability criterion for a stationary solution
a(ω). First we introduce the function

κ(λ, y, r) := M(Df, y, r) + 256λ∥f(y)∥ + 64λ∥Df∥∞,B(y,r), (4.13)

for all y ∈ Rd and λ, r ∈ R+. Since f ∈ C1, it is easy to check that κ is continuous in y, λ, r with

κ(λ, y, 0) = ℓ(f, y) + 256λ∥f(y)∥ + 64λ∥Df(y)∥, ∀y ∈ Rd, λ ∈ R+.

Theorem 4.5 Assume (Hf ), (H+
f ), (Hg),(HX). Assume further that a(ω) is a stationary solution

of the RDE (1.1) with ∥a(·)∥ρ ∈ L1, where ρ is defined in (4.12), and there exists a λ ∈ (0, 1
8) such

that
−E
[
ℓ(f, a) + 256λ∥f(a)∥ + 64λ∥Df(a)∥

]
> 4λEN∗( λ

CpCg
,x(·), [0, 1]). (4.14)

Then the solution a(θtω), for t ∈ R+, of (1.1) is almost surely exponentially stable.

Proof: First, observe that by definition of κ given in (4.13), (4.14) means

−Eκ(λ, a(·), 0) > 4λEN∗( λ

CpCg
,x(·), [0, 1]). (4.15)

Write in short at := a(θtω) = φ(t, ω)a(ω) to be the stationary solution of (1.1). First observe that
osc(Df(a(ω)))r → 0 as r → 0 almost surely, and that

osc(Df(a(·)))r ≤ 2∥Df(a(·) + ·)∥∞,B(0,r) ≤ 21+ρCf

(
1 + ∥a(·)∥ρ + rρ

)
∈ L1.

Thus by the dominated convergence theorem lim
r→0

E
[
osc(Df(a(·)))r

]
= 0. As a result,

lim
r→0

EM(Df, a(·), r) = Eℓ(f, a(·)).

Similarly, it follows from (4.12), ∥a(·)∥ρ ∈ L1 and the dominated convergence theorem that

∥f(a(·))∥, ∥Df∥B(a(·),r) ∈ L1 and lim
r→0

E∥Df∥B(a(·),r) = E∥Df(a(·))∥.

Hence lim
r→0

Eκ(λ, a(·), r) = Eκ(λ, a(·), 0). Due to (4.14), there exists r0 small enough such that

−Eκ(λ, a(·), r) > 4λEN∗( λ

CpCg
,x(·), [0, 1]), ∀r ≤ r0. (4.16)

We fix an arbitrary radius r ≤ r0 from now on. For given τ > 0 as in Section 2 such that
CpCg |||x|||p−var,[0,τ ] = λ ≤ 1

8 , let y0 ∈ Rd be close to a(ω) such that ∥y0 − a(ω)∥ ≤ r and consider the
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solution yt of (1.1) starting from y0. Let zt be a the solution of the associate ODE (2.8) starting at
y0

żt =
[∂ϕ
∂z

(t,x(ω), zt)
]−1

f(ϕt(x(ω), zt)), t ∈ [0, τ ], z0 = y0,

and similarly let z̄t be the solution of this ODE starting at z̄0 = a(ω) where at = ϕ(t,x(ω), z̄t) =
z̄t + η̄t. Consider the difference γt := zt − z̄t and

ηt = yt − zt; η̄t = at − z̄t; ψt =
[∂ϕ
∂z

(t,x(ω), zt)
]−1

− Id; ψ̄t =
[∂ϕ
∂z

(t,x(ω), z̄t)
]−1

− Id.

According to Proposition 2.2,

∥η̄t − ηt∥ ≤ 4λ∥z̄t − zt∥ ≤ 4λ∥γt∥; ∥ψ̄t − ψt∥ ≤ 256λ∥z̄t − zt∥ ≤ 256λ∥γt∥;
∥yt − at∥ ≤ ∥z̄t − zt∥ + ∥η̄t − ηt∥ ≤ (1 + 4λ)∥γt∥;
∥yt − at∥ ≥ ∥z̄t − zt∥ − ∥η̄t − ηt∥ ≥ (1 − 4λ)∥γt∥; ∀t ∈ [0, τ ].

Then γ evolves with its equation

γ̇t = żt − ˙̄zt

= (Id+ ψt)f(yt) − (Id+ ψ̄t)f(at)
= (Id+ ψt)f(zt + ηt) − (Id+ ψ̄t)f(z̄t + η̄t)
= [f(yt) − f(at)] + ψt[f(yt) − f(at)] + (ψt − ψ̄t)f(at).

It follows from Lagrange’s mean value theorem and (4.10) that for all t ∈ [0, τ ] and ∥yt − at∥ < r,

d

dt
∥γt∥2 = 2⟨zt − z̄t, żt − ˙̄zt⟩

≤ 2
〈
yt − at + (η̄t − ηt), f(yt) − f(at)

〉
+ 2∥γt∥∥ψt − ψ̄t∥∥f(at)∥

+2∥γt∥∥ψt∥∥f(yt) − f(at)∥
≤ 2M(Df, at, r)∥yt − at∥2 + 2∥γt∥∥ψt − ψ̄t∥∥f(at)∥

+2
(
∥ηt − η̄t∥ + ∥γt∥∥ψt∥

)
∥Df∥∞,B(at,r)∥yt − at∥.

One can estimate the first term on the right hand side of the last inequality as below

M(Df, at, r)∥yt − at∥2 ≤
{
M(Df, at, r)∥γt∥2(1 − 4λ)2 if M(Df, at, r) ≤ 0
M(Df, at, r)∥γt∥2(1 + 4λ)2 if M(Df, at, r) ≥ 0

≤
[
M(Df, at, r)(1 + 16λ2) + 8λ|M(Df, at, r)|

]
∥γt∥2.

As a result, since λ < 1/8, we have

d

dt
∥γt∥2 ≤ 2

[
M(Df, at, r)(1 + 16λ2) + 8λ|M(Df, at, r)|

]
∥γt∥2 + 2∥f(at)∥256λ∥γt∥2

+2(4λ+ 4λ)(1 + 4λ)∥Df∥∞,B(at,r)∥γt∥2

≤ 2κ(λ, at, r)∥γt∥2,

where we use (2.11) that ∥ψt∥ ≤ 4λ. Hence

∥γt∥ ≤ ∥γ0∥ exp
{∫ t

0
κ(λ, as, r)ds

}
,
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which yields

∥yt − at∥ ≤
(
1 + 4λ

)
exp

{∫ t

0
κ(λ, as, r)ds

}
∥y0 − a(ω)∥

≤ exp
{

4λ+
∫ t

0
κ(λ, as, r)ds

}
∥y0 − a(ω)∥, ∀t ∈ [0, τ ]. (4.17)

In other words, in order for (4.17) to hold for all t ∈ [0, τ ], it is important that

∥y0 − a(ω)∥ ≤ inf
t∈[0,τ ]

r exp
{

− 4λ−
∫ t

0
κ(λ, as, r)ds

}
, (4.18)

where the right hand side of (4.18) is positive due to the fact that the function under taking infimum
is also continuous and positive definite in time. Now constructing the sequence of stopping times
{τi( λ

CpCg
,x(ω), [0,∞))}, we can prove by induction that

∥yt − at∥ ≤
(
1 + 4λ

)
exp

{∫ t

τn

κ(λ, as, r)ds
}

∥yτn − aτn∥

≤ exp
{

4λ+
∫ t

τn

κ(λ, as, r)ds
}

∥yτn − aτn∥, ∀t ∈ [τn, τn+1]. (4.19)

provided that
∥yτn − aτn∥ ≤ inf

t∈[τn,τn+1]
r exp

{
− 4λ−

∫ t

τn

κ(λ, as, r)ds
}
. (4.20)

By induction,

∥yτn − aτn∥ ≤ exp
{

4λn+
∫ τn

0
κ(λ, as, r)ds

}
∥y0 − a(ω)∥, ∀n ≥ 0. (4.21)

Thus in order for yτn to satisfy (4.20), it suffices to choose y0 such that

∥y0 − a(ω)∥ ≤ exp
{

− 4λn−
∫ τn

0
κ(λ, as, r)ds

}
inf

t∈[τn,τn+1]
r exp

{
− 4λ−

∫ t

τn

κ(λ, as, r)ds
}
, ∀n ≥ 0,

or ∥y0 − a(ω)∥ ≤ R(ω) where

R(ω) := r inf
n≥0

[
exp

{
− 4λn−

∫ τn

0
κ(λ, as, r)ds

}
inf

t∈[τn,τn+1]
exp

{
− 4λ−

∫ t

τn

κ(λ, as, r)ds
}]

= r inf
n≥0

[
inf

t∈[τn,τn+1]
exp

{
− 4λ(n+ 1) −

∫ t

0
κ(λ, as, r)ds

}]
. (4.22)

Because of the stationarity, κ(λ, as, r) = κ(λ, a(θsω), r). Assign

−µ := Eκ(λ, a(·), r) + ϵ+ 4λEN∗( λ

CpCg
,x(·), [0, 1]).

Due to (4.16), Eκ(λ, a(·), r) + ϵ < −µ < 0 for sufficiently small ϵ > 0. With such ϵ, it follows from
Birkhorff’s ergodic theorem and (3.4) that for n ≥ n(ω) large enough,

re−4λ inf
n≥n(ω)

[
inf

t∈[τn,τn+1]
exp

{
− 4λn+ t

(1
t

∫ t

0
−κ(λ, a(θsω), r)ds

)}]
≥ re−4λ inf

n≥n(ω)

[
inf

t∈[τn,τn+1]
exp

{
− 4λn+ tE

(
− κ(λ, a(·), r)

)
− ϵ
}]
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≥ re−4λ inf
n≥n(ω)

exp
{
τn

[
E
(

− κ(λ, a(·), r)
)

− ϵ− 4λ n
τn

]}
≥ re−4λ inf

n≥n(ω)
exp

{
τn

[
E
(

− κ(λ, a(·), r)
)

− ϵ− 4λEN∗( λ

CpCg
,x(·), [0, 1])

]}
≥ re−4λ inf

n≥n(ω)
exp

{
− µτn

}
≥ re−4λ.

Thus
R(ω) ≥ re−4λ inf

n≤n(ω)

[
inf

t∈[τn,τn+1]
exp

{
− 4λn−

∫ t

0
κ(λ, a(θsω), r)ds

}]
which is positive. All in all, there exists a random neighborhood B(a(ω), R(ω)) of a such that
whenever ∥y0 − a(ω)∥ ≤ R(ω) then (4.20) and (4.21) hold for all n ∈ N, thus ∥yt − at∥ ≤ r for all
t ≥ 0 due to (4.19). Since the conclusion holds for any fixed r ≤ r0, this proves stability. Moreover,
it follows from (4.19) and (4.21) that for t ≥ τn(ω),

∥yt − at∥ ≤ ∥y0 − a(ω)∥ exp
{

4λ(n+ 1) +
∫ t

0
κ(λ, a(θsω), r)ds

}
≤ R(ω)e4λ exp

{[1
t

∫ t

0
κ(λ, a(θsω), r)ds

]
t+ 4λn

}
≤ R(ω)e4λ exp

{[
Eκ(λ, a(·), r) + ϵ

]
t+ 4λn

}
≤ R(ω)e4λ exp

{[
Eκ(λ, a(·), r) + ϵ

]
τn + 4λn

}
exp

{[
Eκ(λ, a(·), r) + ϵ

]
(t− τn)

}
≤ R(ω)e4λ exp

{
τn

[
Eκ(λ, a(·), r) + ϵ+ 4λ n

τn

]}
exp

{[
Eκ(λ, a(·), r) + ϵ

]
(t− τn)

}
≤ R(ω)e4λ exp

{
τn

[
Eκ(λ, a(·), r) + ϵ+ 4λEN∗( λ

CpCg
,x(·), [0, 1])

]}
×

× exp
{[

Eκ(λ, a(·), r) + ϵ
]
(t− τn)

}
.

As a result, for all t ∈ [τn, τn+1] and n ≥ n(ω),

∥yt − at∥ ≤ R(ω)e4λe
[
Eκ(λ,a(·),r)+ϵ

]
(t−τn)e−µτn ≤ R(ω)e4λe−µ(t−τn)e−µτn ≤ R(ω)e4λe−µt.

Since ∥yt − at∥ ≤ r for all t ≥ 0 whenever ∥y0 − a(ω)∥ ≤ R(ω), we obtain

∥yt − at∥ ≤ α(ω) exp(−µt) for all t ≥ 0,

where
α(ω) := max

{
r exp{µτn(ω)}, R(ω)e4λ

}
> 0

is a positive random variable. This proves the exponential stability of the stationary solution a(·)
of (1.1). The proof is complete.

Remark 4.6 1. It follows from (3.8) that the necessary condition for the criterion (4.14) to
occur is

−Eℓ(f, a(·)) > 4CpCgE |||x(·)|||p−var,[0,1] . (4.23)

Conditions (4.14) and (4.23) are independent of g in the sense that only Cg is needed, provided
that the information about the unperturbed drift f and its derivative Df is given. This is
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consistent with classical stochastic stability criteria w.r.t. the white noises; see e.g. in [25]
or [14] and the references therein. The result in Theorem 4.5 is therefore more advantageous
in practice, as it often appears that only the information on the trajectories of the particular
stationary solution is provided together with the information of the unperturbed autonomous
drift f , and very little if any can be guessed from the diffusion part g. In these scenarios,
the expectations on the left-hand sides of (4.14) and (4.23) are explicitly computable in the
pathwise sense as the time averages of functions κ and ℓ of stationary trajectories a. In
contrast, other approaches might need more information on the linearized system along the
stationary solution in an attempt to compute Lyapunov exponents, thereby requiring an
unrealistic assumption that the diffusion part is known.

2. In most cases, we can choose λ in (4.16) to be Cg ∈ (0, 1
8), so that the criterion (4.14) or (4.15)

becomes
−Eκ(Cg, a(·), 0) > 4CgEN∗( 1

Cp
,x(·), [0, 1]). (4.24)

From (4.15), −Eκ(λ, a(·), 0) is a continuous function of λ, hence if E∥a(·)∥ρ = E∥a(Cg, ·)∥ρ

depends continuously on Cg then the left-hand side of (4.24) is also a continuous function of
Cg which is equal to −Eℓ(f, a(0, ·), 0) > 0 at Cg = 0, i.e. Df(a(0, ·)) is negative definite in the
expectation. In these scenarios, there exists a C0 <

1
8 small enough such that (4.24) holds for

all Cg < C0. We will apply such a choice λ := Cg in Corollary 4.7 and in treating the case of
trivial solution at the end of this section.

3. It is important to note that the criterion (4.14) can only be checked once the stationary
solution a(ω) is given. This solution exists in the case where f is globally dissipative and
g ∈ C3

b as proved in [11, Theorem 3.3], because there exists a global random attractor A in
these scenarios and one can take any stationary solution a ∈ A to check the condition (4.14).
We will see from Example 4.8 below that not all stationary solutions pass the test (4.14), thus
having a global attractor does not guarantee the local dynamics and stability.

As a special case, we show below that if f satisfies the globally strict dissipativity condition, then
there exists a unique singleton attractor that is also exponentially stable.

Corollary 4.7 Assume (Hf ),(Hg),(HX) and further that f is globally strictly dissipative in the
sense of (4.2). Then there exists a positive constant C0 > 0 such that if Cg ≤ C0 then the RDE
(1.1) has a stationary solution a(ω) such that
(i) {a(ω)} is a singleton attractor of the RDS φ, which is both forward and pullback attractor.
(ii) The solution a(θtω), t ∈ R of the RDE (1.1) is Lyapunov exponentially stable for arbitrarily
large radius r(ω), for almost all ω ∈ Ω.
(iii) ∥a(·)∥ ∈ Lρ(Ω) for any ρ ≥ 1.

Proof: Part (i) and (iii) is a direct consequence of [11, Theorem 3.3, Theorem 3.1]. To prove
part (ii), observe from (4.2) and (4.6) that −ℓ(f, y, 0) ≥ D > 0 for all y ∈ Rd. We then follows
Remark 4.6 (2) and choose λ := Cg < C0 for sufficiently small C0.

Example 4.8 Consider the pitchfork bifurcation system of the form

dy = (αy − y3)dt+ σydBH , (4.25)
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where BH is a fractional Brownian motion with the Hurst index H ∈ (1
3 ,

1
2 ]. In that scenarios, it is

easy to check that

⟨y, f(y)⟩ = y2(α− y2) ≤ α2 − |α|y2;

⟨y − ŷ, f(y) − f(ŷ)⟩ = (y − ŷ)2
[
α− y2 − yŷ − (ŷ)2

]
;

(4.26)

hence the drift f is globally dissipative. As a result, it follows from [10, Theorem 5.1] that there
exists for σ small enough a global attractor for the stochastic system (4.25). Our interest is to
consider the local stability of points in the global attractor.

Similar to the situation with stochastic Stratonovich noise from [1, Subsection 9.3.2, pp. 480],
one can solve the stochastic differential equation (4.25) explicitly in the pathwise sense for almost
all realizations BH

t (ω) ∈ CH− with ω ∈ Ω as a rough differential equation, by using the rough path
technique to solve the pure rough equation and then applying the Doss-Sussmann transformation.
The rough solution then has the form

φ(t, ω)y = yeαt+σBH
t (ω)

(
1 + 2y2

∫ t

0
e2(αs+σBH

s (ω))ds
)− 1

2
, ∀t ≥ 0.

When α < 0, f becomes globally strictly dissipative, thus it follows from [11, Theorem 3.3] that
the trivial solution is the unique global attractor of system (4.25) and thus is exponentially stable.
When α > 0, it follows from (4.26) that f is no longer globally strictly dissipative, but only locally
strictly dissipative around the vicinity

D := {ŷ ∈ R : α < 3(ŷ)2}.

The origin then changes its stability as α turns positive, and there appear two more stationary
solutions which can be computed explicitly as

±c(ω) = ±
(
2
∫ 0

−∞
exp{2αt+ 2σBH

t (ω)}dt
)− 1

2
.

and it is easy to check that Ec2 = α. Indeed, since Df(y) = α− 3y2 and f ∈ C2, Df(±c(ω)) might
go and leave the negative region D at any time due to its randomness. However, one can check
condition (4.14) as

Eℓ(f,±c(·)) = EDf(±c(·)) = α− 3Ec(·)2 = −2α < 0.

Thus the two stationary solutions ±c(ω) become locally exponentially stable by choosing sufficiently
small σ. One can actually proves that the global attractor of system (4.25) is A(ω) = [−c(ω), c(ω)].

Example 4.9 For a subtle example, by following [9, Section 2.2], we consider Fitzhugh-Nagumo
system perturbed by any bounded diffusion part g satisfying (Hg) with a fractional Brownian noise

dy = f(y)dt+ g(y)dBH
t ; f(y) =

(
vt − v3

t
3 − wt + I

ε(vt − µwt + J)

)
, y = (v, w)T. (4.27)

For positive parameter ε, µ, I, J > 0, such that there exists a unique fixed point which is also the
global attractor A0 = {a∗ = (v∗, w∗)} of the unperturbed system u̇ = f(u) (for instance we can
follow [34, p. 513] to choose I = 0.265, µ = 0.75, J = 0.7, ε = 0.08). Moreover, it is easy to
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check that a∗ is locally exponentially stable, thus ℓ(f, a∗) < 0. As proved in [9, Theorem 7], the
Fitzhugh-Nagumo drift admits a so-called strong Lyapunov function of the form

V (y) :=
(
1 + v4 + 6

εµ
w2
) 1

4
.

Hence it follows from [9, Theorem 14, Theorem 16] that system (4.27) admits a global random
pullback attractor A g(ω) ∈ Lρ for any ρ ≥ 1 (which might contain more than a random point),
such that

lim
Cg→0

dH(A g(ω)|a∗) = 0 a.s.; lim
Cg→0

EdH(A g(·)|a∗) = 0. (4.28)

This implies [dH(A g(·)|a∗)]ρ → 0 a.s. and also bounded by an integrable function (see the proof
in [9, Theorem 16]), thus E[dH(A g(·)|a∗)]ρ → 0 as Cg → 0 by Lebesgue dominated convergence
theorem. Now for any stationary solution ag(ω) = (vg, wg) ∈ A g(ω), it is easy to check that ag → a∗

both in the almost sure sense and in the Lρ sense. In fact, a direct computation shows that

|Eℓ(f, ag) − ℓ(f, a∗)| ≤ E|ℓ(f, ag) − ℓ(f, a∗)| ≤ E∥Df(ag) −Df(a∗)∥
≤ E|(vg)2 − (v∗)2|

≤ E
[
∥ag − a∗∥(∥ag − a∗∥ + 2∥a∗∥)

]
≤ E∥ag − a∗∥2 + 2∥a∗∥ E∥ag − a∗∥

≤ E
[
dH(A g(·)|a∗)

]2
+ 2∥a∗∥ E

[
dH(A g(·)|a∗)

]
→ 0 as Cg → 0.

Therefore, there exists C0 ∈ (0, 1
8) such that for all 0 < Cg < C0 we have Eℓ(f, ag) < 1

2ℓ(f, a∗) < 0,
and criterion (4.14) in Theorem 4.5 is satisfied by choosing λ := Cg, leading to local exponential
stability for ag. Note from [34] that the noise might trigger a spike, and the trajectory {ag(θtω)}t∈R+

might experience a tour out of the vicinity of the fixed point a∗ into a larger regime before coming
back close to a∗. Although (4.28) implies that this phenomenon is seldom as Cg decreases to zero, the
spiking part of the trajectory when happening could make the computation of Lyapunov exponents
more complex than just for the linearization around a∗, due to the uncertainty of g in practice.

This example can be generalized to any drift f which is locally Lipschitz continuous and admits
a singleton global attractor, such that there exists a strong Lyapunov function.

Special case: the trivial solution

Of particular interest is the stability for the trivial solution, for this we need to assume f(0) =
0, g(0) = 0 so that system (1.1) admits the trivial solution to be an equilibrium. Since the stability
is a local property of the equation, it is natural to restrict our investigation and impose conditions
on the equation only in a neighborhood of the origin. In this subsection, instead of the global
conditions (Hf )-(Hg) we will assume that there exist a positive constant ϵ0 > 0 such that in the
ball B(0, ϵ0) := {y ∈ Rd : ∥y∥ ≤ ϵ0} ⊂ Rd the following (local) conditions are satisfied.

(Hε
f ) in the ball B(0, ϵ0) the coefficient function f : Rd → Rd of (1.1) continuously differentiable

and the matrix Df(0) ∈ Rd×d is negative definite, i.e.

∃λf > 0 : ⟨y,Df(0)y⟩ ≤ −λf ∥y∥2, ∀y ∈ Rd. (4.29)

(Hε
g) in the ball B(0, ϵ0) the coefficient function g : B(0, ϵ0) → L(Rm,Rd) of the equation (1.1)

18



belongs to C3(B(0, ϵ0),L(Rm,Rd)); we denote

C∗
g (ϵ0) := max

{
∥Dg∥∞,B(0,ϵ0),

√
∥g∥∞,B(0,ϵ0) · ∥Dg∥∞,B(0,ϵ0),√

∥g∥∞,B(0,ϵ0) · ∥D2g∥∞,B(0,ϵ0),
√

∥g∥∞,B(0,ϵ0) · ∥D3g∥∞,B(0,ϵ0),(
∥D2g∥∞,B(0,ϵ0)∥g∥2

∞,B(0,ϵ0)

) 1
3
,
(
∥D3g∥∞,B(0,ϵ0)∥g∥2

∞,B(0,ϵ0)

) 1
3

}
. (4.30)

Note that hypothesis (Hε
f ) can also cover the case in which Df(0) admits all eigenvalues of

negative real parts, by upto a linear transformation (see e.g. [14, Remark 3.6 (iii)]).
Our aim is to obtain the stability of the system (1.1) in the neighborhood of the origin (an

equilibrium). For this we need to show that the solutions starting near to 0 are not exploded, i.e.
it can be extended to all the time t > 0, and the requirement of the stability are met.

The solution of (1.1) with the initial value y0 ∈ B(0, ϵ0) is understood in the pathwise sense,
under the assumptions (Hε

f )-(Hε
g). To apply the arguments in [13], we provide an indirect argument

to first extend the local domain B(0, ϵ0) to the whole Rd, and then to apply available results for
global solutions. To do that, we first need to recall a result on extension of differentiable functions
on Rd. Namely, we have the following lemma which is a direct corollary of a theorem by C.
Fefferman [17, Theorem 1].

Lemma 4.10 There exists a positive constant c∗
i ≥ 1, i ∈ N, depending only on the dimensions m

and d (independent from ϵ0) such that any function g : B(0, ϵ0) → L(Rm,Rd) which is in the class
Ci

b(B(0, ϵ0)) can be extended to a function g∗ : Rd → L(Rm,Rd) of the class Ci
b(Rd) with bounded

derivatives up to order i, and the following inequality holds

∥g∗∥Ci
b
(Rd) ≤ c∗

i ∥g∥Ci
b
(B(0,ϵ0)).

Put
c∗ := max{c∗

1, c
∗
3} ≥ 1, (4.31)

to be the universal constant that can serve for estimations of smooth extensions above. Hence,
there are new functions

f∗ : Rd → Rd, g∗ : Rd → L(Rm,Rd),
such that f∗, g∗ are the extensions of f, g from B(0, ϵ0) to Rd provided by Lemma 4.10, i.e. f∗, g∗

coincide with f, g in B(0, ϵ0) respectively. Hence, we have

∥Dg∥∞,B(0,ϵ0) ≤ C∗
g (ϵ0) ≤ Cg∗ ≤ c∗C∗

g (ϵ0), ∥f∗∥C1(Rd) ≤ c∗∥f∥C1(B(0,ϵ0)). (4.32)

Consider the equation
dyt = f∗(yt)dt+ g∗(yt)dxt, (4.33)

It is easily seen that the functions f∗, g∗ satisfy the strong global assumptions (Hf∗)-(Hg∗) due to
(4.32), as well as the original local assumptions (Hε

f )-(Hε
g). Therefore, there exists a unique global

solution for equation (4.33) due to the choice of f∗, g∗. In particular, for any given solution yt(x, y0)
with y0 ∈ B(0, ϵ0) there exists a time

τ(x, y0) := sup{t > 0 : ys(x, y0) ∈ B(0, ϵ0) ∀s ∈ [0, t]} > 0, (4.34)

such that all solution norm estimates can be computed via f, g (instead of f∗, g∗) during the time
interval [0, τ(x, y0)).

As a direct consequence of Theorem 4.5, the following result is significantly stronger than [23,
Theorem 17].
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Theorem 4.11 Assume that f(0) = 0 and g(0) = 0 so that zero is the trivial solution of (1.1), and
the conditions (Hε

f ), (Hε
g), (HX) hold. Then there exists C0 > 0 depending only on f such that if

0 < ∥Dg(0)∥ < C0 the trivial solution of (1.1) is exponentially stable almost surely.

Proof: Given the equation (1.1) on B(0, ϵ0), we follow the extension process provided by
Lemma 4.10 to extend f, g on B(0, ϵ0) to f∗, g∗ on Rd. Then consider equation (4.33)

dyt = f∗(yt)dt+ g∗(yt)dxt,

It is easily seen that the functions f∗, g∗ satisfy the strong assumptions (Hf∗)-(Hg∗) with (4.32),
thus the solutions of the equation (1.1) exist on the whole half line 0 ≤ t < ∞, hence (1.1) generate a
global random dynamical system, see e.g. [32, Theorem 4.3], [11] and [10]. Note that (4.32) implies
(4.12), condition (4.14) can be verified by using (4.29), and the trivial solution is a stationary
solution of (1.1). Thus the assumptions of Theorem 4.5 are satisfied. Since both g ∈ C3

b and
g(0) = 0, the fact that Cg∗ is sufficiently small is equivalent to choosing C∗

g (ϵ0) in (4.30) to be as
small as possible by considering a smaller ball B(0, ϵ) ⊂ B(0, ϵ0) if necessary to make ∥g∥∞,B(0,ϵ)
as small as possible, and then requiring ∥Dg(0)∥ to be sufficiently small so that ∥Dg∥∞,B(0,ϵ) is
controlled to be as small as possible. In other words, if ∥Dg(0)∥ < C0 for sufficiently small C0
then the trivial solution of the extended system (4.33) on a sufficiently small ball B(0, ϵ) ⊂ B(0, ϵ0)
is locally exponentially stable under the additional assumptions (Hf )-(Hg)-(4.12). That is, there
exist two positive random variables ϵ0 > ϵ ≥ R∗(ω) > 0, α∗(ω) > 0 and a positive constant µ such
that if ∥y0∥ ≤ R∗(ω) then the solution yt of (4.33), starting from y0, satisfies ∥yt∥ ≤ ϵ < ϵ0 and

∥yt∥ ≤ α∗(ω) exp(−µt), ∀t ≥ 0. (4.35)

We notice here that since f∗ = f and g∗ = g on B(0, ϵ0) the quantities ∥Df(0)∥, C∗
g defined for the

equation (1.1) coincide with their counterparts defined for (4.33).
For any initial value ∥y0∥ ≤ R∗(ω) ≤ ϵ < ϵ0 the solution yt of (4.33), starting from y0, satisfies

∥yt∥ ≤ ϵ for all t ≥ 0, hence it is the solution of (1.1) starting from y0 because (1.1) coincides with
(4.33) for all those solutions. Therefore, for any initial value y0 satisfying ∥y0∥ ≤ R∗(ω) the solution
yt of (1.1) starting from y0 satisfies ∥yt∥ ≤ ϵ and (4.35) for all t ≥ 0. This implies that the trivial
solution of equation (1.1) is exponential stable.

5 Lyapunov stability of discrete systems

In this section, we study the local dynamics of a discrete system of the form

y∆
0 ∈ Rd,

y∆
tk+1 = y∆

tk
+ f(y∆

tk
)∆ + g(y∆

tk
)xtk,tk+1 +Dg(y∆

tk
)g(y∆

tk
)Xtk,tk+1 , k ∈ N.

(5.1)

under the regular grid Π = {tk := k∆}k∈N, 0 < ∆ ≤ 1. Note that numerical approaches to study
rough differential equations go back to [28], [8], [20] (see also [26], [27] for further details). The
global dynamics of the discrete system (5.1) has been studied recently in [10], [7], which show that
there is a similarity in asymptotic behavior of the continuous system (1.1) and its discretization
(5.1) in the sense that the existing random attractor of the discrete system (5.1) converges to the
random attractor of the continuous system (1.1) as the step size ∆ tends to zero. A difficulty in
dealing with the discrete system is that we can not apply the Doss-Sussmann technique, simply
because it is difficult to control the solution growth in a smooth way for the discrete time set. One
way to overcome this challenge is to couple the discrete system (5.1) with its unperturbed discrete
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system and control the difference of the two trajectories by applying the discrete sewing lemma.
For this, an additional condition of global Lipschitz continuity of f is required.

Throughout this section, we will assume (Hf ), (Hg), (HX) and further more:

Lf := ∥Df∥∞ < ∞. (5.2)

In particular, denote by Lg the quantity

Lg := max
{

∥Dg∥∞, ∥D2g∥∞,
[
∥g∥∞(∥Dg∥∞ ∨ ∥D2g∥∞ ∨ ∥D3g∥∞)

] 1
2 ,
(
∥g∥2

∞∥D3g∥∞
) 1

3

}
. (5.3)

which is somehow similar to Cg in (2.3).

We now state definition of stationary solution to discrete- time systems (5.1) analogous to that
for continuous time systems.

Definition 5.1 A random point a∆(·) : Ω → Rd is called a stationary solution of (5.1) if a∆(θtω), t ∈
Π, is the solution of (5.1) starting from a∆(ω) ∈ Rd at time 0.

The concept of stability for the stationary solution is defined in a similar way to Definition 4.3
except the continuous time set R+ is replaced by the discrete time set Π.

Following Section 4, we assume that a∆ is a stationary solution to (5.1). Recall from Section 4
that

⟨y − a∆(ω), f(y) − f(a∆(ω))⟩ ≤ M(Df, a∆(ω), r)∥y − a∆(ω)∥2, ∀∥y − a∆(ω)∥ < r, ∀ω ∈ Ω (5.4)

where it follows from (4.11) and (5.2) that

|M(Df, a∆(ω), r)| = |ℓ(f, a∆(ω)) + osc(Df(a∆(ω)))r| ≤ 3Lf .

From now on, we write M(a∆(ω)) in short for simplicity. We would like to study the local stability
of a stationary solution a∆(ω) of (5.1). We write a∆

t = a∆(θtω) in short. To obtain local stability,
we estimate the difference between an arbitrary solution y∆ of (5.1) and a∆. Assign ht := y∆

t − a∆
t

and
Ps,t := [g(y∆

s )xs,t +Dg(y∆
s )g(y∆

s )Xs,t] − [g(a∆
s )xs,t +Dg(a∆

s )g(a∆
s )Xs,t].

Then
htk+1 = htk

+ [f(y∆
tk

) − f(a∆
tk

)]∆ + Ptk,tk+1 . (5.5)

and it is easy to check that

∥Ps,t∥ ≤
[
∥Dg∥∞∥xs,t∥ + (∥g∥∞∥D2g∥∞ + ∥Dg∥2

∞)∥Xs,t∥
]
.∥hs∥. (5.6)

Proposition 5.2 If 4CpLg |||x|||p−var,Π[a,b] ≤ λ <
1
2 , the following estimate holds

∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]
≤
[
Lf (b−a)+2λ∥f(a∆)∥∞,[a,b](b−a)+(4Cp+1)Lg |||x|||p−var,Π[a,b]

]
∥h,Rh∥p−var,Π[a,b].

Proof: See proof in the Appendix.
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This motivates us to construct a discrete sequence of stopping times τ∆
n (λ,S, [0,∞)) as presented

in Subsection 3.2 based on a fixed λ <
1
2 and

S = {w(1),w(2),w(3),w(4)},

in which

w(1)
s,t = Lf (t− s), β1 = 1; w(2)

s,t = (4Cp + 1)pLp
g |||x|||pp−var,Π[s,t] , β2 = 1

p
;

w(3)
s,t = (4Cp + 1)pLp

g |||X|||qq−var,Π[s,t] , β3 = 1
q

; w(4)
s,t = 2λ∥f(a∆)∥∞,Π[s,t](t− s), β4 = 1.

Note that w(4)
s,t , a ≤ s ≤ t ≤ b is a control since it is continuous, superadditive and zero on the

diagonal.
Throughout this section, we will write τ∆

n = τ∆
n (λ,S, [0,∞)) for abbreviation without indicating

S. Observe that whenever ∥y∆
tk

− a∆
tk

∥ < r,

∥htk+1∥2 = ∥htk
∥2 + ∥f(y∆

tk
) − f(a∆

tk
)∥2∆2 + ∥Ptk,tk+1∥2

+2⟨y∆
tk

− a∆
tk
, f(y∆

tk
) − f(a∆

tk
)⟩∆ + 2⟨htk

, Ptk,tk+1⟩ + 2⟨f(y∆
tk

) − f(a∆
tk

), Ptk,tk+1⟩∆

≤ ∥htk
∥2
[
1 + 2M(a∆

tk
)∆ + L2

f ∆2
]

+ 2⟨f(y∆
tk

) − f(a∆
tk

), Ptk,tk+1⟩∆

+2⟨htk
, Ptk,tk+1⟩ + ∥Ptk,tk+1∥2. (5.7)

Consider the first interval [τ∆
0 , τ

∆
1 ] where τ∆

0 = 0. There are two possibilities. The trivial case is
when [

Lf (τ∆
1 − τ∆

0 ) + 2λ∥f(a∆)∥∞,Π[τ∆
0 ,τ∆

1 ](τ
∆
1 − τ∆

0 ) + (4Cp + 1)Lg |||x|||p−var,Π[τ∆
0 ,τ∆

1 ]

]
> λ,

then τ∆
0 , τ

∆
1 are consecutive in Π, i.e. τ∆

1 − τ∆
0 = ∆. Then (5.6) and (5.7) yield

∥hτ∆
1

∥2 ≤
[
1 + 2M(a∆

τ∆
0

)∆ + L2
f ∆2 + 2(1 + Lf ∆)(Lg∥xτ∆

0 ,τ∆
1

∥ + L2
g∥xτ∆

0 ,τ∆
1

∥2)

+ (Lg∥xτ∆
0 ,τ∆

1
∥ + L2

g∥xτ∆
0 ,τ∆

1
∥2)2

]
∥hτ∆

0
∥2

≤ exp
{[

2M(a∆
τ∆

0
+ L2

f ∆
]
(τ∆

1 − τ∆
0 ) + 3e6Lf ∆Lg |||x|||p−var,[τ∆

0 ,τ∆
1 ]

}
∥hτ∆

0
∥2

as ∥hτ∆
0

∥ ≤ r by assumption, where the last inequality comes from the Taylor expansion of the
exponential function. The other case is non-trivial and needs to be proved as follows.

Proposition 5.3 Assume ∥hτ∆
0

∥ ≤ r
16(1+Cp) . If

[
Lf (τ∆

1 − τ∆
0 ) + 2λ∥f(a∆)∥∞,Π[τ∆

0 ,τ∆
1 ](τ

∆
1 − τ∆

0 ) + (4Cp + 1)Lg |||x|||p−var,Π[τ∆
0 ,τ∆

1 ]

]
≤ λ

then

∥hτ∆
1

∥2 ≤ exp
{[

2M̄0 + L2
f ∆
]
(τ∆

1 − τ∆
0 ) + 6(1 + λ)(1 + 2Cp)2e12λ+2λ2

Lg |||x|||p−var,Π[τ∆
0 ,τ∆

1 ]

}
∥hτ∆

0
∥2.

(5.8)
where M̄0 denotes the average of M(a∆

tk
), tk ∈ [τ∆

0 , τ
∆
1 ).
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The proof of Proposition 5.3 is provided in the Appendix. Hence in both cases, we have have just
proved that

∥hτ∆
1

∥ ≤ exp
{[
M̄0 + 1

2L
2
f ∆
]
(τ∆

1 − τ∆
0 ) +KLg |||x|||p−var,[τ∆

0 ,τ∆
1 ]

}
∥hτ∆

0
∥

≤ exp
{[
M̄0 + 1

2L
2
f ∆
]
(τ∆

1 − τ∆
0 ) +KLgγ

∗N∗(γ∗,x, [τ∆
0 , τ

∆
1 ])

}
∥hτ∆

0
∥

for
K := 5(1 + λ)(1 + 2Cp)2e12λ+2λ2 ∨ 3

2e
6Lf ∆ (5.9)

and arbitrary γ∗ ∈ (0, 1), where the last estimate follows from Lemma 3.2. By induction, we
therefore can prove that.

Proposition 5.4 If ∥hτ∆
n

∥ ≤ r
16(1+Cp) then

∥hτ∆
n+1

∥ ≤ exp
{[
M̄n + 1

2L
2
f ∆
]
(τ∆

n+1 − τ∆
n ) +KLgγ

∗N∗(γ∗,x, [τ∆
n , τ

∆
n+1])

}
∥hτ∆

n
∥ (5.10)

where M̄n denotes the average of M(a∆
tk

), tk ∈ [τ∆
n , τ

∆
n+1) and γ∗ ∈ (0, 1).

Note that (3.10) yields the estimate for the number of the continuous stopping time τn(λ,S, [s, t])
w.r.t. the set of control S as

N∗(λ,S, [s, t]) < 1 + 4p−1

λp

[
Lp

f (t− s)p + (4Cp + 1)pLp
g |||x|||pp−var,Π[s,t] + (4Cp + 1)pLp

g |||X|||qq−var,Π[s,t]

+2pλp∥f(a∆)∥p
∞,Π[s,t](t− s)

]
.

< 1 + 4p−1

λp

[
Lp

f (t− s)p + (4Cp + 1)pLp
g |||x|||pp−var,Π[s,t] + 2pλp∥f(a∆)∥p

∞,Π[s,t](t− s)p
]
.

(5.11)

Now we state the main result of this section.

Theorem 5.5 Assume (H+
f ) with (5.2), (Hg), (HX). Assume further that ∥a∆(·)∥ ∈ Lp and

−η := Eℓ(f, a∆(·)) + 1
2L

2
f ∆ < 0. (5.12)

If there exist λ ∈ (0, 1
2), γ∗ ∈ (0, 1) such that

η > KLgγ
∗
[
EN∗(γ∗,x(·), [0, 1]) + 2EN∗(λ,S, [0, 1])

]
, (5.13)

where K is given in (5.9) and numbers N∗s are estimated by (3.3), (5.11). Then the stationary
solution a∆(·) of (5.1) is exponentially stable almost surely.

Proof: First, choose 0 < r < r0 small enough so that

η − E[osc(Df(a∆(·)))r] > KLgγ
∗
[
EN∗(γ∗,x(·), [0, 1]) + 2EN∗(λ,S, [0, 1])

]
.

Then (5.4) is satisfied in which

−
[
EM(Df, a∆(·), r) + 1

2L
2
f ∆
]
> KLgγ

∗
[
EN∗(γ∗,x(·), [0, 1]) + 2EN∗(λ,S, [0, 1])

]
.
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Using Proposition 5.4 and the definition of M̄m for 0 ≤ m ≤ n, we obtain by induction

∥hτ∆
n

∥ ≤ ∥h0∥ exp


∑ τ∆

n
∆ −1

i=0

[
M(a∆

ti
) + 1

2L
2
f ∆
]

τ∆
n /∆

τ∆
n +KLgγ

∗
n−1∑
j=0

N∗(γ∗,x, [τ∆
j , τ

∆
j+1])

 (5.14)

provided that ∥h∆
τ∆

m
∥ ≤ r

16(1 + Cp) . By applying (3.9) in Lemma 3.3 to (5.14), we obtain

∥hτ∆
n

∥ ≤ ∥h0∥ exp


∑ τ∆

n
∆ −1

i=0 αi

τ∆
n /∆

τ∆
n +KLgγ

∗N∗(γ∗,x, [0, τ∆
n ]) +KLgγ

∗n

 , (5.15)

where we write αi = M(a∆
ti

) + 1
2L

2
f ∆ in short. Hence, to make sure that ∥hτ∆

n
∥ ≤ r

16(1+Cp) for any
n ∈ N it suffices to chooses y∆

0 such that

∥y∆
0 − a∆(ω)∥ ≤ R∆(ω)

:= r

16(1 + Cp) inf
n≥1

[
exp

{
−
∑ τ∆

n
∆ −1

i=0 αi

τ∆
n /∆

τ∆
n −KLgγ

∗N∗(γ∗,x(ω), [0, τ∆
n ]) −KLgγ

∗n
}]

= r

16(1 + Cp) inf
n≥1

exp
{

− τ∆
n

(∑ τ∆
n
∆ −1

i=0 αi

τ∆
n /∆

−KLgγ
∗N

∗(γ∗,x(ω), [0, τ∆
n ])

τ∆
n

−KLgγ
∗ n

τ∆
n

)} .
(5.16)

We show that R > 0 a.s. under conditions (5.12) and (5.13). Indeed, denote τk(γ∗,x(ω), [0,∞))
the maximal stopping time that is less than τ∆

n = τ∆
n (λ,S), then N∗(γ∗,x(ω), [0, τ∆

n ]) ≤ k + 1. By
(3.4) in Lemma 3.1

lim sup
n→∞

N∗(γ∗,x(ω), [0, τ∆
n ])

τ∆
n

≤ lim sup
k→∞

k + 1
τk(γ∗,x(ω), [0,∞)) ≤ EN∗(γ∗,x(·), [0, 1]). (5.17)

Mean while, applying (3.12) and (3.11) for γ := λ yields

lim sup
n→∞

n

τ∆
n (λ,S, [0,∞)) ≤ 1

lim inf
n→∞

τn(λ,S,[0,∞))
2n

≤ 2EN∗(λ,S, [0, 1]) a.s.

Thus for a given path x(ω) and a fixed parameter

ε < −
[
EM(Df, a∆(·), r) + 1

2L
2
f ∆
]

−KLgγ
∗EN∗(γ∗,x(·), [0, 1]) − 2KLgγ

∗EN∗(λ,S, [0, 1])

there exists n(ω) > 0 large enough such that

r

16(1 + Cp) inf
n≥n(ω)

exp
{
τ∆

n

(∑ τ∆
n
∆ −1

i=0 αi

τ∆
n /∆

−KLgγ
∗N

∗(γ∗,x, [0, τ∆
n ])

τ∆
n

−KLgγ
∗ n

τ∆
n

)} .
≥ r

16(1 + Cp) inf
n≥n(ω)

eετ∆
n > 0. (5.18)
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This implies that R(ω) > 0 a.s. These arguments together with similar arguments to the continuous
case presented in the proof of Theorem 4.5 prove that there exist µ > 0, and positive random variable
α(ω) such that if ∥y0 − a∆(ω)∥ ≤ R(ω) then

∥y∆
τ∆

n
− a∆

τ∆
n

∥ ≤ α(ω) exp(−µτ∆
n ) for all n ≥ 0,

Finally, for any τ∆
n < tk < τ∆

n+1 for some n, (6.21) implies

∥y∆
tk

− a∆
tk

∥ ≤ 2α(ω) exp(−µτ∆
n ) ≤ 2α(ω)eµ(tk−τ∆

n )) exp(−µtk) ≤ 2α(ω)eµ λ
Lf exp(−µtk).

This proves the exponential stability of a∆(ω).

Remark 5.6 1. We expect that condition (5.2) is negligible provided (H+
f ), as we only consider

the local dynamics in the vicinity of the discrete stationary solution a∆. The only difference
in computation is the estimate

∥f(y∆
s ) − f(a∆

s )∥ ≤
∥∥∥∥∫ 1

0
Df(a∆

s + χhs)dχ
∥∥∥∥ ∥hs∥ ≤ Cf

[
1 + (∥a∆

s ∥ + 1)ρ
]
∥hs∥ =: C(f, a∆

s )∥hs∥

as long as ∥hs∥ ≤ 1, where C(f, a∆) is an integrable coefficient. In this case the simple term
Lf (t − s) should be replaced by

∫ t
s C(f, a∆

u )du, thus the formulae and the stability criterion
might be more complex in the end.

2. Observe from the proof of Proposition 5.2 that in case a∆ is a non-random fixed point then∣∣∣∣∣∣∣∣∣a∆, Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]
= 0. The definition of Lg can then be reduced to

Lg = max{∥Dg∥∞, (∥g∥∞∥D2g∥∞)
1
2 }.

3. Criterion (5.13) for discrete systems is similar to criterion (4.14) or (4.15) for continuous sys-
tems, with κ in the left hand side of (4.15) is reduced to ℓ; the only difference is N∗(λ,S, [0, 1])
in the right hand side of (5.13). In particular, all the controls in S depend only on x and
∥f(a∆)∥∞ that are computable in practice, hence no further information on g than Lg is
needed.

4. In general it is difficult to check (5.13), because the number N∗(λ,S, [0, 1]) in the right hand
side of (5.13) might also depend on Lg (as seen in the estimate (5.11)). A careful look at (5.13)
and (5.11) shows that if there exists an Lp- random variable which bounds E

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

∞,Π[0,1]
,

then the right hand side of (5.13) does not depend on a∆. This observation suggests us to
consider two special cases for the dissipative drift as below.

In the following, we assume f is global dissipative in the sense of (4.1), i.e. there exist constants
D1, D2 > 0 so that

⟨y, f(y)⟩ ≤ D1 −D2∥y∥2, ∀y ∈ Rd.

We modify the proof in [7, Theorem 3.3 & 4.2] to prove that
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Proposition 5.7 Assume (H+
f ) with (5.2), (Hg), (HX). Assume more (4.1). There exists ∆∗ so

that if ∆ < ∆∗, there exists a pullback random attractor A∆(ω) to (5.1) which lies inside the ball
B(0,R1/p(ω)), where

R = R(ω) = Γ + Γ
∞∑

k=0
e

−D2
8 k

(
1 + |||θ−kx(ω)|||p(p+2)

p−var,[−1,2]

)
(5.19)

in which Γ = Γ(Lf , ∥f(0)∥, D1, D2, ∥g∥C3
b
) is a constant dependent increasingly on ∥g∥C3

b
.

Proof: The proof follows that in [7, Theorem 3.3 & 4.2] and [16, Theorem 3.11] with a slight
modification to make use assumption boundedness of g. For the benefit of the reader, we sketch
the proof in the appendix.

Corollary 5.8 Under the assumptions of Proposition 5.7, it holds that

EN∗(γ∗,x(·), [0, 1]) + 2EN∗(λ,S, [0, 1]) ≤ Γ̄
[
1 + E(|||x(·)|||p(p+2)

p−var,[0,1])
]

for a certain constant Γ̄ = Γ̄(Lf , ∥f(0)∥, D1, D2, ∥g∥C3
b
, λ, γ∗) > 0 dependent increasingly on ∥g∥C3

b
.

Proof: Since stationary solution a∆ belongs to A∆, Proposition 5.7 implies

∥a∆∥p ≤ R.

Moreover, from (6.26) and (6.29)

∥a∆∥∞,[0,T ] ≤ 2∥a∆∥ + Λ(x, [0, 1]))

where Λ(x, [0, 1]) = Γ(1 + |||x|||(p+2)
p−var,[0,1]). By convex inequality, it follows that

∥f(a∆)∥p
∞,Π[0,1] ≤ ΓR.

From (3.3) and (5.11), there exists generic constant Γ̄ = Γ̄(Lf , ∥f(0)∥, D1, D2, ∥g∥C3
b
, λ, γ∗) > 0

such that

N∗(γ∗,x(·), [0, 1]) + 2N∗(λ,S, [0, 1])

< 2 + 1
(γ∗)p

|||x(·)|||pp−var,[0,1] + 4p−1

λp

[
Lp

f + (4Cp + 1)pLp
g |||x(·)|||pp−var,Π[0,1] + 2pλp∥f(a∆(·))∥p

∞,Π[s,t]

]
.

< Γ̄R.

By (5.19), it is easy to check that

E(R) ≤ Γ

1 +
E(|||x|||p(p+2)

p−var,[0,1])

1 − e
−D2

8

 .
The proof is finished.

As a consequence, we now derive a simpler stability criterion for the case of global dissipativity.

26



Theorem 5.9 Assume (H+
f ) with (5.2) and (4.1), (Hg), (HX) such that (5.12) holds. If

η > KΓ̄Lg

[
1 + E(|||x|||p(p+2)

p−var,[0,1])
]

; (5.20)

where K is given in (5.9) and Γ̄ is given in Corollary 5.8, then the stationary solution a∆(·) of
(5.1) is exponentially stable almost surely.

Criterion (5.20) is easier to check by fixing λ, γ∗ so that only Γ̄Lg in the right hand side depends
increasingly on Lg. In the case of strict dissipativity, the following result concludes the stability for
the singleton attractor. Note that the singleton attractor of the discrete system (5.1) converges to
that of the continuous system as ∆ → 0, as proved in [7].

Corollary 5.10 Assume (H+
f ) with (5.2), (Hg), (HX) and further that f is strictly dissipative in

the sense (4.2). There exist ∆∗ > 0 and C∗ > 0, such that for any ∆ < ∆∗, any Lg < C∗, there
exists a unique stationary solution to (5.1) which is also the singleton attractor. Moreover, the
stationary solution is exponentially stable almost surely.

Proof: The existence of of the random pullback attractor is given in Proposition 5.19 given
that ∆ small enough. The fact that the attractor is one point under sufficient small Lg is proved
in a similar way to the continuous case in [11] and [16] where we make use of Proposition 5.4 for
h being defined as the difference of two stationary solutions. Thus, one may choose ∆∗ depending
on f , C∗ depending on f, g, E(|||x|||p(p+2)

p−var,[0,1]) so that (5.12), (5.13) are satisfied. The exponential
stability is then a direct consequence of Theorem 5.5.

Special case: the trivial solution

We close this section by considering the special case in which a∆ is the trivial solution of the discrete
system under assumptions (Hε

f ), (Hε
g) as stated at the end of Section 4. First define

L∗
f (ε0) = ∥Df∥∞,B(0,ε0)

and, by Remark 5.6 (1), also define

L∗
g(ε0) = max{∥Dg∥∞,B(0,ε), ∥g∥∞,B(0,ε)∥D2g∥∞,B(0,ε)}.

We consider the discrete scheme associate with (4.33)

y∆
0 ∈ Rd,

y∆
tk+1 = y∆

tk
+ f∗(y∆

tk
)∆ + g∗(y∆

tk
)xtk,tk+1 +Dg∗(y∆

tk
)g∗(y∆

tk
)Xtk,tk+1 , k ∈ N.

(5.21)

The following result is similar to Theorem 4.11.

Theorem 5.11 Assume (HX), (Hε
f ) and (Hε

g) hold with f(0) = 0, g(0) = 0. Then there exists
∆0 > 0, C0 > 0 depending only on f such that for any 0 < ∆ < ∆0, ∥Dg(0)∥ < C0, the trivial
solution of (5.1) is exponentially stable almost surely.

Proof: Firstly consider (5.21) with the note that c∗L∗
f (ε0), c∗L∗

g(ε0) play the role of Lf , Lg in
(5.12), (5.13), where c∗ is determined in Lemma 4.10.

We fix ∆0 <
2λf

(c∗Lf (ε0))2 , γ∗ = 1
2 , λ = 1

3 and choose C0 < 1 satisfy

η = λf − (c∗Lf (ε))2∆0
2 >

1
2Kc

∗C0
[
EN∗(1

2 ,x, [0, 1]) + 2EN∗(1
3 ,S, [0, 1])

]
.
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This is possible, because we can estimate the two expectations due to (3.3) and (3.10)

EN∗(1
2 ,x(·), [0, 1]) ≤ 1 + 2pE |||x(·)|||pp−var,[0,1] =: C1;

EN∗(1
3 ,S, [0, 1]) ≤ 1 + 3p(c∗Lf (ε0))p + (12Cpc

∗)pE |||x(·)|||pp−var,[0,1] =: C2

by the quantities which are independent of g. We then determine C0 as follows

C0 := min
{

1, 2η
c∗K(C1 + 2C2)

}
.

If ∥Dg(0)∥ < C0 there exists ε1 < ε0 so that ∥Dg∥∞,B(0,ε1) < C0. Choose

ϵ2 ≤ min{ C0
1 + ∥D2g∥∞,B(0,ϵ0)

, ϵ1}. (5.22)

Then B(0, ϵ2) ⊂ B(0, ϵ0) and we have

∥Dig∥∞,B(0,ϵ2) ≤ ∥Dig∥∞,B(0,ϵ0) for i = 0, 1, 2, 3.

Since ∥Dg∥∞,B(0,ϵ2) ≤ C0 and g(0) = 0 we have ∥g∥∞,B(0,ϵ2) ≤ C0ϵ2. Hence

∥g∥∞,B(0,ϵ2)∥D2g∥∞,B(0,ϵ2) ≤ C0ϵ2∥D2g∥∞,B(0,ϵ2) < C2
0 ; (5.23)

which implies L∗
g(ε2) < C0. It is easily seen that with such choice of ∆0 and C0 if 0 < ∆ ≤ ∆0

and 0 < ∥Dg(0)∥ < C0, the criterion (5.13) is satisfied. hence Theorem 5.5 is applicable to (5.21)
to conclude the exponential stability of the trivial solution. Moreover, one may replace r in (5.16)
by ε2 so that any solution y∆ of (5.16) starts inside B(0, R∆(ω)) where R∆(ω) given in (5.16) does
not exit from the ball. Therefore, y∆ is also the solution of (5.1). This completes the proof.
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6 Appendix

6.1 Rough paths

Let us briefly present the concept of rough paths in the simplest form, following [18] and [29]. For
any finite dimensional vector space W , denote by C([a, b],W ) the space of all continuous paths
y : [a, b] → W equipped with the sup norm ∥ · ∥∞,[a,b] given by ∥y∥∞,[a,b] = supt∈[a,b] ∥yt∥, where
∥ · ∥ is the norm in W . We write ys,t := yt − ys. For p ≥ 1, denote by Cp−var([a, b],W ) ⊂
C([a, b],W ) the space of all continuous paths y : [a, b] → W of finite p-variation |||y|||p−var,[a,b] :=(
supP([a,b])

∑n
i=1 ∥yti,ti+1∥p

)1/p
< ∞, where the supremum is taken over the whole class of finite

partitions of [a, b].
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Also for each 0 < α < 1, we denote by Cα([a, b],W ) the space of Hölder continuous functions
with exponent α on [a, b] equipped with the norm

∥y∥α,[a,b] := ∥ya∥ + |||y|||α,[a,b] , where |||y|||α,[a,b] := sup
s,t∈[a,b], s<t

∥ys,t∥
(t− s)α

< ∞. (6.1)

For α ∈ (1
3 ,

1
2), a couple x = (x,X) ∈ Rm ⊕ (Rm ⊗ Rm), where x ∈ Cα([a, b],Rm) and

X ∈ C2α([a, b]2,Rm ⊗ Rm) :=
{
X ∈ C([a, b]2,Rm ⊗ Rm) : sup

s,t∈[a,b], s<t

∥Xs,t∥
|t− s|2α

< ∞
}
,

is called a rough path if it satisfies Chen’s relation

Xs,t − Xs,u − Xu,t = xs,u ⊗ xu,t, ∀a ≤ s ≤ u ≤ t ≤ b. (6.2)

We introduce the rough path semi-norm

|||x|||α,[a,b] := |||x|||α,[a,b] + |||X|||
1
2
2α,[a,b]2 , (6.3)

where |||X|||2α,[a,b]2 := sup
s,t∈[a,b];s<t

∥Xs,t∥
|t− s|2α

< ∞.

Throughout this paper, we will fix parameters 1
3 < α < ν ≤ 1

2 and p = 1
α so that Cα([a, b],W ) ⊂

Cp−var([a, b],W ). We also set q = p
2 and consider the p−var semi-norm

|||x|||p−var,[a,b] :=
(

|||x|||pp−var,[a,b] + |||X|||qq−var,[a,b]2
) 1

p
,

|||X|||q−var,[a,b]2 :=
(

sup
P([a,b])

n∑
i=1

∥Xti,ti+1∥q

)1/q

,

(6.4)

where the supremum is taken over the whole class of finite partitions P([a, b]) of [a, b]. The reader
is also referred to [18, Chapter 10] for a detailed construction of X of a multi-dimensional Gaussian
process X = (Xi)m

i=1 with mutually independent components.

6.2 Probabilistic settings

Following [10], denote by T 2
1 (Rm) = 1 ⊕ Rm ⊕ (Rm ⊗ Rm) the set with the tensor product

(1, g1, g2) ⊗ (1, h1, h2) = (1, g1 + h1, g1 ⊗ h1 + g2 + h2),

for all g = (1, g1, g2),h = (1, h1, h2) ∈ T 2
1 (Rm). Then (T 2

1 (Rm),⊗) is a topological group with unit
element 1 = (1, 0, 0) and g−1 = (1,−g1, g1 ⊗ g1 − g2).

Given α ∈ (1
3 , ν), denote by C 0,α(I, T 2

1 (Rm)) the closure of C ∞(I, T 2
1 (Rm)) in the Hölder space

C α(I, T 2
1 (Rm)), and by C 0,α

0 (R, T 2
1 (Rm)) the space of all paths g : R → T 2

1 (Rm)) such that g|I ∈
C 0,α(I, T 2

1 (Rm)) for each compact interval I ⊂ R containing 0. Then C 0,α
0 (R, T 2

1 (Rm)) is equipped
with the compact open topology given by the α-Hölder norm (6.1), i.e the topology generated by
the metric

dα(g,h) :=
∑
k≥1

1
2k

(∥g − h∥α,[−k,k] ∧ 1).

Let us consider a stochastic process X̄ defined on a probability space (Ω̄, F̄ , P̄) with real-
izations in (C 0,α

0 (R, T 2
1 (Rm)),F). Assume further that X̄ has stationary increments. Assign

29



Ω := C 0,α
0 (R, T 2

1 (Rm)) and equip it with the Borel σ-algebra F and let P be the law of X̄. Denote
by θ the Wiener-type shift

(θtω)· = ω−1
t ⊗ ωt+·,∀t ∈ R, ω ∈ C 0,α

0 (R, T 2
1 (Rm)), (6.5)

and define the so-called diagonal process X : R×Ω → T 2
1 (Rm),Xt(ω) = ωt for all t ∈ R, ω ∈ Ω. Due

to the stationarity of X̄, it can be proved that θ is invariant under P, then forming a continuous
(and thus measurable) dynamical system on (Ω,F ,P) [2, Theorem 5].

As pointed out in [11, Remark 1] and due to [2, Corollary 9], the above construction is possible
for Xt to be a continuous, centered Gaussian process with stationary increments and independent
components, satisfying: there exists for any T > 0 a constant CT such that for all p ≥ 1

ν̄ , E∥Xt −
Xs∥p ≤ CT |t − s|pν for all s, t ∈ [0, T ]. Then X can be chosen to be the natural lift of X in the
sense of Friz-Victoir [19, Chapter 15] with sample paths in the space C0,α

0 (R, T 2
1 (Rm)), for a certain

α ∈ (0, ν). In particular, the Wiener shift (6.5) implies that

|||x(θhω)|||p−var,[s,t] = |||x(ω)|||p−var,[s+h,t+h] ;
N[s,t](x(θhω)) = N[s+h,t+h](x(ω)).

(6.6)

As said above, in this paper, we need an assumption on ergodicity of θ. It is known (see [22,
Lemma 3]) that if X is a m-dimensional fractional Brownian motion with mutual independent
components, we have the ergodicity of θ.

Lemma 6.1 Assume that X = BH , then θ is ergodic.

Proof: We sketch out a short proof here. For H = 1
2 , the canonical process w.r.t. the Wiener

measure P 1
2

and Wiener shift θ∗
tω· = ωt+· − ω· on Ω∗ = C0

0 (R,R) is ergodic. By [22], the Wiener
shift ηtx· = xt+· − xt is ergodic on Ω′ = C0,α(R,Rm) w.r.t. PH = BHP 1

2
. Because of [18, Theorem

10.4], there exists a full measure subset Ω1 ⊂ Ω′ such that ω = (1, x,X) ∈ Ω for any x ∈ Ω1.
Moreover, by [19, Theorem 15.42, 15.45], one can choose this full measure subset Ω1 such that it
satisfies the piece-wise linear approximations (mollifier approximation). Then consider the natural
lift S on smooth paths

S(x)s,t = (1, xs,t,

∫ t

s
xs,rdxr), (6.7)

which can be extended to Ω1 such that S : Ω1 → Ω. One can now apply the arguments in [2] to
conclude that there exists a metric dynamical system (Ω̂, F̂ , P̂, θ̂) such that Ω̂ ⊂ Ω and P̂ = PH ◦S−1.
Furthermore,

θtS(x) = lim
n→∞

θ̂tS(x(n)) = lim
n→∞

S(ηtx
(n)) = S(ηtx). (6.8)

Since η is ergodic, it follows from [22, Lemma 3] that θ is also ergodic.

6.3 Gubinelli’s rough path integrals

Following Gubinelli [24], a rough path integral can be defined for a continuous path y ∈ Cα([a, b],W )
which is controlled by x ∈ Cα([a, b],Rm) in the sense that, there exists a couple (y′, Ry) with
y′ ∈ Cα([a, b],L(Rm,W )), Ry ∈ C2α([a, b]2,W ) such that

ys,t = y′
sxs,t +Ry

s,t, ∀a ≤ s ≤ t ≤ b. (6.9)

y′ is called the Gubinelli derivative of y.
Denote by D2α

x ([a, b]) the space of all the couples (y, y′) controlled by x. Then for a fixed rough
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path x = (x,X) and any controlled rough path (y, y′) ∈ D2α
x ([a, b]), the integral

∫ t
s yudxu can be

defined as the limit of the Darboux sum∫ t

s
yudxu := lim

|Π|→0

∑
[u,v]∈Π

(
yu ⊗ xu,v + y′

uXu,v

)
where the limit is taken on all finite partitions Π of [a, b] with |Π| := max

[u,v]∈Π
|v−u|. Moreover, there

exists a constant Cp > 1 independent of x and (y, y′) such that∥∥∥ ∫ t

s
yudxu − ys ⊗ xs,t − y′

sXs,t

∥∥∥ ≤ Cp

(
|||x|||p−var,[s,t] |||Ry|||q−var,[s,t]2 +

∣∣∣∣∣∣y′∣∣∣∣∣∣
p−var,[s,t] |||X|||q−var,[s,t]2

)
.

(6.10)

6.4 Stochastic integrals as rough integrals

In general, a Gubinell rough integral
∫
ydx is defined in the pathwise sense with respect to a driving

path x, yet we can compare it to classical stochastic integrals in some special cases. Namely, let B
be a m-dimensional Brownian motion which is enhanced to an Itô rough path (B(ω),BItô(ω)) ∈ C α

for any α ∈ (1
3 ,

1
2) a.s. Assume (y(ω), y′(ω)) ∈ D2α

B(ω) a.s. Then the rough integral∫
I
yrdB

Itô
r = lim

|Π|→0

∑
[u,v]∈Π

(
yuBu,v + y′

uBItô
u,v

)

exists a.s. If y, y′ are adapted, then
∫

I yrd
Itô
r =

∫
I yrdBr a.s. where the latter is the Itô integral. The

same conclusions also hold for (B,BStrat) and the corresponding Stratonovich integral (see [18]).

6.5 Discrete rough paths

Firstly, we recall some notation from [7]. For a given function y defined on finite set Π[a, b] :=
Π ∩ [a, b], where a, b ∈ Π, we define Ry

s,t := ys,t − g(ys)xs,t, s < t ∈ Π and introduce the following
quantities

∥y∥∞,Π[a,b] := sup
ti∈Π[a,b]

∥yti∥; ∥Ry∥∞,Π[a,b] := sup
s<t∈Π[a,b]

∥Ry
s,t∥;

|||y|||p−var,Π[a,b] := sup
t∗
i ∈Π[a,b], 0≤i≤r, t∗

0<t∗
1...<t∗

r , r≤n

(
r−1∑
i=0

∥yt∗
i

− yt∗
i+1

∥p

)1/p

;

|||Ry|||q−var,Π[a,b] := sup
t∗
i ∈Π[a,b], 0≤i≤r, t∗

0<t∗
1...<t∗

r , r≤n

(
r−1∑
i=0

|Ry
t∗
i ,t∗

i+1
|p
)1/p

,

and

|||y,Ry|||p−var,Π[a,b] := |||y|||p−var,Π[a,b] ∨ |||Ry|||q−var,Π[a,b] ;
∥y,Ry∥p−var,Π[a,b] = ∥ya∥ + |||y,Ry|||p−var,Π[a,b] .

(6.11)

6.6 Proofs

Proof: [Proposition 2.1] We follow the proofs in [11, Proposition 2.1] and [10, Proposition
2.3] with a small modification regarding to parameters. In this proof we omit notation [a, b] in
superemum and p−var norms.
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(i), First observe that [g(ϕ)]′ = Dg(ϕ)g(ϕ) so that

∥[g(ϕ)]′∥∞ ≤ ∥Dg∥∞∥g∥∞ and
∣∣∣∣∣∣[g(ϕ)]′

∣∣∣∣∣∣
p−var ≤ (∥D2g∥∞∥g∥∞ + ∥Dg∥2

∞) |||ϕ|||p−var .

By the definition of Gubinelli derivative (6.9), since ϕ′
s = g(ϕs) we have

R
g(ϕ)
s,t = g(ϕ)s,t −Dg(ϕs)g(ϕs)xs,t =

∫ 1

0
Dg(θϕt + (1 − θ)ϕs)ϕs,tdθ −Dg(ϕs)g(ϕs)xs,t

=
∫ 1

0
Dg(θϕt + (1 − θ)ϕs)(ϕ′

sxs,t +Rϕ
s,t)dθ −Dg(ϕs)g(ϕs)xs,t

=
∫ 1

0
Dg(θϕt + (1 − θ)ϕs)Rϕ

s,tdθ +
∫ 1

0

[
Dg(θϕt + (1 − θ)ϕs) −Dg(ϕs)

]
g(ϕs)xs,tdθ

=
∫ 1

0
Dg(θϕt + (1 − θ)ϕs)Rϕ

s,tdθ +
∫ 1

0

[ ∫ 1

0
D2g(ηθϕt + (1 − ηθ)ϕs)θϕs,tdη

]
g(ϕs)xs,tdθ.

This implies
∥Rg(ϕ)

s,t ∥ ≤ ∥Dg∥∞∥Rϕ
s,t∥ + 1

2∥D2g∥∞∥g∥∞∥ϕs,t∥∥xs,t∥.

Consequently, by Minkowski and Cauchy-Schwarz inequalities we have∣∣∣∣∣∣∣∣∣Rg(ϕ)
∣∣∣∣∣∣∣∣∣

q−var
≤ ∥Dg∥∞

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
+ 1

2∥D2g∥∞∥g∥∞ |||x|||p−var |||ϕ|||p−var .

As a result, it follows from ϕs,t =
∫ t

s g(ϕu)dxu that

|||ϕ|||p−var ≤ ∥g∥∞ |||x|||p−var + ∥Dg∥∞∥g∥∞ |||X|||q−var

+ Cp

{
|||x|||p−var

∣∣∣∣∣∣∣∣∣Rg(ϕ)
∣∣∣∣∣∣∣∣∣

q−var
+ |||X|||q−var

∣∣∣∣∣∣[g(ϕ)]′
∣∣∣∣∣∣

p−var

}
≤ ∥g∥∞ |||x|||p−var + ∥Dg∥∞∥g∥∞ |||X|||q−var + Cp∥Dg∥∞ |||x|||p−var

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
(6.12)

+ Cp

[
(∥D2g∥∞∥g∥∞ + ∥Dg∥2

∞) |||X|||q−var + 1
2∥D2g∥∞∥g∥∞ |||x|||2p−var

]
|||ϕ|||p−var ;

and similarly, since Rϕ
s,t = ϕs,t − ϕ′

sxs,t =
∫ t

s g(ϕu)dxu − g(ϕs)xs,t we have∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
≤ ∥Dg∥∞∥g∥∞ |||X|||q−var + Cp∥Dg∥∞ |||x|||p−var

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
(6.13)

+ Cp

[
(∥D2g∥∞∥g∥∞ + ∥Dg∥2

∞) |||X|||q−var + 1
2∥D2g∥∞∥g∥∞ |||x|||2p−var

]
|||ϕ|||p−var .

Then it follows from (6.12) and (6.13) that

|||ϕ|||p−var ∨
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
q−var

≤ ∥g∥∞ |||x|||p−var + ∥Dg∥∞∥g∥∞ |||X|||q−var

+Cp

[
∥Dg∥∞ |||x|||p−var + (∥D2g∥∞∥g∥∞ + ∥Dg∥2

∞) |||X|||q−var + 1
2∥D2g∥∞∥g∥∞ |||x|||2p−var

]
×

×
(

|||ϕ|||p−var ∨
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
q−var

)
≤ ∥g∥∞ |||x|||p−var + ∥Dg∥∞∥g∥∞ |||X|||q−var + (λ+ 5

2λ
2)(|||ϕ|||p−var ∨

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
) (6.14)
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Taking into account the fact that λ = CpCg |||x|||p−var ≤ 1/8, we have

|||ϕ|||p−var ∨
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
q−var

≤ 1

1 − λ− 5
2λ

2
(∥g∥∞ |||x|||p−var + ∥Dg∥∞∥g∥∞ |||X|||q−var)

≤ 2(∥g∥∞ |||x|||p−var + C2
g |||X|||q−var)

≤ 2(∥g∥∞ |||x|||p−var + λ2). (6.15)

Replacing the above estimate into (6.13) yields∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
≤ λ2 + λ

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
+ Cp

[
(∥D2g∥∞∥g∥∞ + ∥Dg∥2

∞) |||X|||q−var

+1
2∥D2g∥∞∥g∥∞ |||x|||2p−var

]
2(∥g∥∞ |||x|||p−var + λ2)

≤ λ2 + λ
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
q−var

+ (5
2λ

2)2(λ+ λ2)

which reduces to ∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
≤ 1

1 − λ

[
λ2 + 5λ2(λ+ λ2)

]
≤ 2λ2.

Hence we obtain (2.9).

In case g(0) = 0, one rewrites

∥g(ϕ)∥∞,[s,t] ≤ ∥g(0)∥ + ∥Dg∥∞∥ϕ∥∞,[s,t] ≤ ∥Dg∥∞(∥ϕs∥ + |||ϕ|||p−var,[s,t]).

Then (6.14) can be rewritten as

|||ϕ|||p−var ∨
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
q−var

≤ (Cg |||x|||p−var + C2
g |||X|||q−var)∥ϕa∥ + (2λ+ 7

2λ
2)(|||ϕ|||q−var ∨

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
).

This deduces to

|||ϕ|||p−var ≤ |||ϕ|||p−var ∨
∣∣∣∣∣∣∣∣∣Rϕ

∣∣∣∣∣∣∣∣∣
q−var

≤ λ+ λ2

1 − 2λ− 7
2λ

2 ∥ϕa∥ ≤ 2λ∥ϕa∥

and to ∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
≤ 1

1 − λ

[
λ2∥ϕa∥ + 7

2λ
2 λ+ λ2

1 − λ− 7
2λ

2 ∥ϕa∥)
]

≤ 2λ2∥ϕa∥.

Thus (2.10) is proved.

(ii), Next, observe that [g(ϕ̄) − g(ϕ)]′ = Dg(ϕ̄)g(ϕ̄) −Dg(ϕ)g(ϕ). Applying estimates in (i) for
ϕ, ϕ̄, Rϕ, Rϕ̄ we have

∥[g(ϕ̄) − g(ϕ)]′∥∞ ≤ (∥D2g∥∞∥g∥∞ + ∥Dg∥2
∞)∥ϕ̄− ϕ∥∞;∣∣∣∣∣∣∣∣∣[g(ϕ̄) − g(ϕ)]′

∣∣∣∣∣∣∣∣∣
p−var

≤ (∥D2g∥∞∥g∥∞ + ∥Dg∥2
∞)
∣∣∣∣∣∣∣∣∣ϕ̄− ϕ

∣∣∣∣∣∣∣∣∣
p−var

+ (∥D3g∥∞∥g∥∞ + 3∥D2g∥∞∥Dg∥∞)1
2(
∣∣∣∣∣∣∣∣∣ϕ̄∣∣∣∣∣∣∣∣∣

p−var
+ |||ϕ|||p−var)∥ϕ̄− ϕ∥∞

≤ 2C2
g

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
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+2(∥D3g∥∞∥g∥∞ + 3∥D2g∥∞∥Dg∥∞)(∥g∥∞ |||x|||p−var + ∥Dg∥∞∥g∥∞ |||X|||q−var)∥ϕ̄− ϕ∥∞

≤ 2C2
g

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
+ 8(C3

g |||x|||p−var + C4
g |||X|||q−var)∥ϕ̄− ϕ∥∞

≤ 2C2
g

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
+ 8[C3

g |||x|||p−var + C4
g |||x|||2p−var]∥ϕ̄− ϕ∥∞;∣∣∣∣∣∣∣∣∣Rg(ϕ̄)−g(ϕ)

∣∣∣∣∣∣∣∣∣
q−var

≤ ∥Dg∥∞
∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ

∣∣∣∣∣∣∣∣∣
q−var

+ ∥D2g∥∞∥g∥∞ |||x|||p−var

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var

+
[
∥D2g∥∞

∣∣∣∣∣∣∣∣∣Rϕ
∣∣∣∣∣∣∣∣∣

q−var
+ ∥D2g∥∞∥Dg∥∞ |||x|||p−var

∣∣∣∣∣∣∣∣∣ϕ̄∣∣∣∣∣∣∣∣∣
p−var

+ ∥D3g∥∞∥g∥∞ |||x|||p−var (
∣∣∣∣∣∣∣∣∣ϕ̄∣∣∣∣∣∣∣∣∣

p−var
+ |||ϕ|||p−var)

]
∥ϕ̄− ϕ∥∞

≤ Cg

∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ
∣∣∣∣∣∣∣∣∣

q−var
+ C2

g |||x|||p−var

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var

+
(
Cg + 3C2

g |||x|||p−var

)
2
[
∥g∥∞ |||x|||p−var + C2

g |||X|||p−var

]
∥ϕ̄− ϕ∥∞

≤ Cg

∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ
∣∣∣∣∣∣∣∣∣

q−var
+ C2

g |||x|||p−var

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var

+2[C2
g |||x|||p−var + 4C3

g |||x|||2p−var + 3C4
g |||x|||3p−var]∥ϕ̄− ϕ∥∞.

As a result, it follows from ϕ̄s,t − ϕs,t =
∫ t

s [g(ϕ̄u) − g(ϕu)]dxu that∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
≤ ∥Dg∥∞ |||x|||p−var ∥ϕ̄− ϕ∥∞ + (∥D2g∥∞∥g∥∞ + ∥Dg∥2

∞) |||X|||q−var ∥ϕ̄− ϕ∥∞

+ Cp

[
|||x|||p−var

∣∣∣∣∣∣∣∣∣Rg(ϕ̄)−g(ϕ)
∣∣∣∣∣∣∣∣∣

q−var
+ |||X|||q−var

∣∣∣∣∣∣∣∣∣[g(ϕ̄) − g(ϕ)]′
∣∣∣∣∣∣∣∣∣

p−var

]
≤

[
Cg |||x|||p−var + 2C2

g |||x|||2p−var

]
∥ϕ̄− ϕ∥∞

+CpCg |||x|||p−var

[ ∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ
∣∣∣∣∣∣∣∣∣

q−var
+ Cg |||x|||p−var

∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
+

+ 2
(
Cg |||x|||p−var + 4C2

g |||x|||2p−var + 3C3
g |||x|||3p−var

)
∥ϕ̄− ϕ∥∞

]
+2CpC

2
g |||x|||2p−var

[ ∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
+
(
4Cg |||x|||p−var + 4C2

g |||x|||2p−var

)
∥ϕ̄− ϕ∥∞

]
≤ (λ+ 4λ2 + 16λ3 + 14λ4)∥ϕ̄− ϕ∥∞ + (λ+ 3λ2)

( ∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
∨
∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ

∣∣∣∣∣∣∣∣∣
q−var

)
≤ λ(1 + 4λ+ 16λ2 + 14λ3)∥ϕ̄a − ϕa∥

+(2λ+ 7λ2 + 16λ3 + 14λ4)(
∣∣∣∣∣∣∣∣∣ϕ̄− ϕ

∣∣∣∣∣∣∣∣∣
p−var

∨
∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ

∣∣∣∣∣∣∣∣∣
q−var

). (6.16)

It is easily seen that
∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ

∣∣∣∣∣∣∣∣∣
q−var

furnishes the same estimate. Consequently,

( ∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
∨
∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ

∣∣∣∣∣∣∣∣∣
q−var

)
≤ λ(1 + 4λ+ 16λ2 + 14λ3)

1 − (2λ+ 7λ2 + 16λ3 + 14λ4)∥ϕ̄a − ϕa∥ ≤ 4λ∥ϕ̄a − ϕa∥∣∣∣∣∣∣∣∣∣ϕ̄− ϕ
∣∣∣∣∣∣∣∣∣

p−var
≤ 4λ∥ϕ̄a − ϕa∥ and

∣∣∣∣∣∣∣∣∣Rϕ̄−ϕ
∣∣∣∣∣∣∣∣∣

q−var
≤ 4λ∥ϕ̄a − ϕa∥. (6.17)

One then uses the similar arguments to [11, Proposition 2.1] to prove (2.11).

Proof: [Proposition 2.2] i, The proof for the first estimate is simple, since one can write
η̄t − ηt in the form

η̄t − ηt =
∫ t

0
[g(ϕ̄u(x, z̄t)) − g(ϕu(x, zt))]dxu. (6.18)
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The first estimate in (6.18) is then a direct consequence of (6.17).
ii, The proof simply goes line by line with [11, Proposition 4] but using the estimates in the proof

of Proposition 2.1. By a direct computation, one can choose K(λ) := 256λ. Due to its similarity
and length, it will be omitted here.

Proof: [Proof of Proposition 5.2] First, by repeating the computations in [7, Section 3,
Proposition 5.1] we obtain

∥(δP )s,u,t∥ := ∥Ps,t − Ps,u − Pu,t∥

≤
∥∥∥∥∫ 1

0

[
Dg(y∆

s + ηy∆
s,u)Ry∆

s,u −Dg(a∆
s + ηa∆

s,u)Ra∆
s,u

]
dη

∥∥∥∥ ∥xu,t∥

+
∥∥∥∥∫ 1

0

[
Dg(y∆

s + ηy∆
s,u)g(y∆

s ) −Dg(y∆
s )g(y∆

s ) +Dg(a∆
s + ηa∆

s,u)g(a∆
s ) −Dg(a∆

s )g(a∆
s )
]
dη

∥∥∥∥×

×∥xs,u ⊗ xu,t∥

+
∥∥∥Dg(y∆

s )g(y∆
s ) −Dg(y∆

u )g(y∆
u ) −Dg(a∆

s )g(a∆
s ) +Dg(a∆

u )g(a∆
u )
∥∥∥ ∥Xu,t∥

=: A∥xu,t∥ +B∥xs,u ⊗ xu,t∥ + C∥Xu,t∥,

in which A,B,C in the right hand side can be estimated as follows by using the Mean value theorem.
Namely, put

L∗
g = max

{
∥Dg∥∞∥D2g∥∞, ∥g∥∞∥D3g∥∞)

} 1
2

,

we obtain the estimates

A =
∥∥∥∥∫ 1

0

[
Dg(y∆

s + ηy∆
s,u)Ry∆−a∆

s,u −
(
Dg(y∆

s + ηy∆
s,u) −Dg(a∆

s + ηa∆
s,u)

)
Ra∆

s,u

]
dη

∥∥∥∥
≤ ∥Dg∥∞R

y∆−a∆
s,u + ∥D2g∥∞∥Ra∆

s,u∥∥h∥∞,[s,u]

≤ ∥Dg∥∞
∣∣∣∣∣∣∣∣∣Ry∆−a∆

∣∣∣∣∣∣∣∣∣
q−var,Π[s,u]

+ ∥D2g∥∞
∣∣∣∣∣∣∣∣∣Ra∆

∣∣∣∣∣∣∣∣∣
q−var,Π[s,u]

∥h∥∞,[s,u]

≤ ∥Dg∥∞
∣∣∣∣∣∣∣∣∣Rh

∣∣∣∣∣∣∣∣∣
q−var,Π[s,u]

+ ∥D2g∥∞∥h∥∞,[s,u]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

q−var,Π[s,u]
;

B =
∥∥∥∥∫ 1

0
η

[∫ 1

0
D2g(y∆

s + ξηy∆
s,u)y∆

s,ug(y∆
s )dξ −

∫ 1

0
D2g(a∆

s + ξηa∆
s,u)a∆

s,ug(a∆
s )dξ

]
dη

∥∥∥∥
=

∥∥∥∥∫ 1

0
η

[∫ 1

0
D2g(y∆

s + ξηy∆
s,u)(y∆

s,u − a∆
s,u)g(y∆

s )dξ

+
∫ 1

0
D2g(y∆

s + ξηy∆
s,u)a∆

s,u

(
g(y∆

s ) − g(a∆
s )
)
dξ

+
∫ 1

0

(
D2g(y∆

s + ξηy∆
s,u) −D2g(a∆

s + ξηa∆
s,u)

)
a∆

s,ug(a∆
s )dξ

]
dη

∥∥∥∥
≤ 1

2∥g∥∞.∥D2g∥∞ |||h|||p−var,Π[s,u] + 1
2(∥D2g∥∞.∥Dg∥∞ + ∥D3g∥∞.∥g∥∞)∥h∥∞,Π[s,u]

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[s,u]

≤ 1
2L

2
g |||h|||p−var,Π[s,u] + (L∗

g)2∥h∥∞,Π[s,u]

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[s,u]
;

and finally, by assigning Q(·) := Dg(·)g(·),

C =
∥∥∥∥∫ 1

0
DQ(y∆

s + ηy∆
s,u)y∆

s,udη −
∫ 1

0
DQ(a∆

s + ηa∆
s,u)a∆

s,udη

∥∥∥∥
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=
∥∥∥∥∫ 1

0
DQ(y∆

s + ηy∆
s,u)(y∆

s,u − a∆
s,u)dη +

∫ 1

0

[
DQ(y∆

s + ηy∆
s,u) −DQ(a∆

s + ηa∆
s,u)

]
a∆

s,udη

∥∥∥∥
≤ (∥D2g∥∞∥g∥∞.+ ∥Dg∥2

∞) |||h|||p−var,Π[s,u] + ∥D2Q∥∞∥h∥∞,[Π[s,u]]

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[s,u]

≤ (∥D2g∥∞∥g∥∞.+ ∥Dg∥2
∞) |||h|||p−var,Π[s,u]

+(3∥Dg∥∞.∥D2g∥∞ + ∥g∥∞.∥D3g∥∞)∥h∥∞,Π[s,u]

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[s,u]

≤ 2L2
g |||h|||p−var,Π[s,u] + 4(L∗

g)2∥h∥∞,Π[s,u]

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[s,u]
.

These estimates lead to

∥(δP )s,u,t∥ (6.19)

≤ Lg |||x|||p−var,Π[s,t]

∣∣∣∣∣∣∣∣∣Rh
∣∣∣∣∣∣∣∣∣

q−var,Π[s,t]
+ L2

g

(1
2 |||x|||2p−var,Π[s,t] + 2 |||X|||q−var,Π[s,t]

)
|||h|||p−var,Π[s,t]

+
[
∥D2

g∥∞ |||x|||p−var,Π[s,t]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

q−var,Π[s,t]

+(L∗
g)2
(

|||x|||2p−var,Π[s,t] + 4 |||X|||q−var,Π[s,t]

) ∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[s,t]

]
∥h∥∞,Π[s,t] =: Ws,t(δP ).

Thus, [7, Corollary 2.4] implies

|||h− P |||p−var,Π[a,b] ≤ Lf ∥h∥∞,Π[a,b](b− a) + CpWa,b(δP );

and by (5.6)

|||h|||p−var,Π[a,b] ≤ |||P |||p−var,Π[a,b] + Lf ∥h∥∞,Π[a,b](b− a) + CpWa,b(δP )

≤
[
Lf (b− a) + Lg |||x|||p−var,Π[a,b] + 2L2

g |||x|||2p−var,Π[a,b]

]
∥h∥∞,Π[a,b] + CpWa,b(δP )

≤
[
Lf (b− a) + Lg |||x|||p−var,Π[a,b] + 2L2

g |||x|||2p−var,Π[a,b]

]
∥h∥∞,Π[a,b]

+Cp

[
Lg |||x|||p−var,Π[a,b] + L2

g

(1
2 |||x|||2p−var,Π[a,b] + 2 |||X|||q−var,Π[a,b]

)] ∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

+Cp

[
∥D2

g∥∞ |||x|||p−var,Π[a,b]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]
+

+ (L∗
g)2
(

|||x|||2p−var,Π[a,b] + 4 |||X|||q−var,Π[a,b]

) ∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

]
∥h∥∞,Π[a,b]

≤
[
Lf (b− a) + 4CpLg |||x|||p−var,Π[a,b] + Cp∥D2

g∥∞ |||x|||p−var,Π[a,b]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

+Cp(L∗
g)2(|||x|||2p−var,Π[a,b] + 4 |||X|||p−var,Π[a,b])

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

]
× ∥h,Rh∥p−var,Π[a,b].

The same estimate applies for Rh. Therefore,∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

≤
[
Lf (b− a) + 4CpLg |||x|||p−var,Π[a,b] + Cp∥D2

g∥∞ |||x|||p−var,Π[a,b]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

+Cp(L∗
g)2(|||x|||2p−var,Π[a,b] + 4 |||X|||p−var,Π[a,b])

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

]
× ∥h,Rh∥p−var,Π[a,b].

Now we modify the estimate in formula (3.7) in [7, Theorem 3.3]) to have∣∣∣∣∣∣∣∣∣a∆, Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]
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≤ ∥f(a∆)∥∞,Π[a,b](b− a) + ∥g∥∞ |||x|||p−var,Π[a,b] + ∥g∥∞∥Dg∥∞ |||X|||q−var,Π[a,b]

+Cp

∣∣∣∣∣∣∣∣∣a∆, Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

[
∥Dg∥∞ |||x|||p−var,Π[a,b] + ∥D2g∥∞∥g∥∞ |||x|||2p−var,Π[a,b]

+(∥D2g∥∞∥g∥∞ + ∥Dg∥2
∞) |||X|||q−var,Π[a,b]

]
≤ ∥f(a∆)∥∞,Π[a,b](b− a) + ∥g∥∞ |||x|||p−var,Π[a,b] + ∥g∥∞∥Dg∥∞ |||X|||q−var,Π[a,b]

+4CpLg |||x|||p−var,Π[a,b]

∣∣∣∣∣∣∣∣∣a∆, Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]
,

which implies∣∣∣∣∣∣∣∣∣a∆, Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

≤ 1
1 − λ

[
∥f(a∆)∥∞,Π[a,b](b− a) + ∥g∥∞ |||x|||p−var,Π[a,b] + ∥Dg∥∞∥g∥∞ |||X|||q−var,Π[a,b]

]
Thus,

Cp∥D2g∥∞ |||x|||p−var,Π[a,b]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

+Cp(L∗
g)2(|||x|||2p−var,Π[a,b] + 4 |||X|||p−var,Π[a,b])

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

≤ Cp

1 − λ

[
∥f(a∆)∥∞,Π[a,b](b− a) + ∥g∥∞ |||x|||p−var,Π[a,b] + ∥Dg∥∞∥g∥∞ |||X|||q−var,Π[a,b]

]
×

×
[
∥D2g∥∞ |||x|||p−var,Π[a,b] + (L∗

g)2(|||x|||2p−var,Π[a,b] + 4 |||X|||p−var,Π[a,b])
]

≤ Cp

1 − λ

[
∥f(a∆)∥∞,Π[a,b](b− a) + Lg |||x|||p−var,Π[a,b]

]
4Lg |||x|||p−var,Π[a,b] (6.20)

and hence∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

≤
[
Lf (b− a) + 4CpLg |||x|||p−var,Π[a,b] + 2λ∥f(a∆)∥∞,Π[a,b](b− a)

+ λ

1 − λ
Lg |||x|||p−var,Π[a,b]

]
∥h,Rh∥p−var,Π[a,b]

≤
[
Lf (b− a) + 2λ∥f(a∆)∥∞,Π[a,b](b− a) + (4Cp + 1)Lg |||x|||p−var,Π[a,b]

]
∥h,Rh∥p−var,Π[a,b].

The proved is completed.

Proof: [Proof of Proposition 5.3] Firstly, by assumption[
Lf (τ∆

1 − τ∆
0 ) + 2λ∥f(a∆)∥∞,Π[τ∆

0 ,τ∆
1 ](τ

∆
1 − τ∆

0 ) + (4Cp + 1)Lg |||x|||p−var,Π[τ∆
0 ,τ∆

1 ]

]
≤ λ

we apply Proposition 5.2 to obtain∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[τ∆
0 ,τ∆

1 ]
≤ λ

1 − λ
∥hτ∆

0
∥, ∥h,Rh∥p−var,Π[τ∆

0 ,τ∆
1 ] ≤ 1

1 − λ
∥hτ∆

0
∥ ≤ 2∥hτ∆

0
∥. (6.21)

and by 6.20

Cp∥D2g∥∞ |||x|||p−var,Π[a,b]

∣∣∣∣∣∣∣∣∣Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

+Cp(L∗
g)2(|||x|||2p−var,Π[a,b] + 4 |||X|||p−var,Π[a,b])

∣∣∣∣∣∣∣∣∣a∆
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

≤ 8CpLg |||x|||p−var,Π[a,b] (6.22)

37



Assign Gs,t := 2⟨hs, Ps,t⟩ + ∥Ps,t∥2. Since M(·) is bounded by 3Lf , (5.7) implies that whenever
∥ht∆

k
∥ < r,

∥htk+1∥2 ≤ ∥htk
∥2 exp{2∆M(a∆

tk
) + L2

f ∆2} + 2Lf ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ]∆ +Gtk,tk+1 .

Now by induction and using the assumption that Lf (τ∆
1 − τ∆

0 ) < λ we obtain for tn ∈ [τ∆
0 , τ

∆
1 ) the

estimates

∥htn∥2 ≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2 +
n−1∑
k=0

exp

∆
n−1∑

j=k+1

[
2M(a∆

tj
) + L2

f ∆
]Gtk,tk+1

+
n−1∑
k=0

exp

∆
n−1∑

j=k+1

[
2M(a∆

tj
) + L2

f ∆
] 2Lf ∆∥h∥∞,Π[τ∆

0 ,τ∆
1 ]∥P∥∞,Π[τ∆

0 ,τ∆
1 ]

≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2 +
n−1∑
k=0

exp

∆
n−1∑

j=k+1

[
2M(a∆

tj
) + L2

f ∆
]Gtk,tk+1

+2Lfn∆∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] exp{(6Lf ∆ + L2
f ∆2)n}

≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2 +
n−1∑
k=0

exp

∆
n−1∑

j=k+1

[
2M(a∆

tj
) + L2

f ∆
]Gtk,tk+1

+2λ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] exp{(6Lf ∆ + L2
f ∆2)n} (6.23)

provided that ∥ht∆
k

∥ < r, 0 ≤ k < n. Write in short βj := 2M(a∆
tj

)∆ + L2
f ∆2 and define Fs,t =

exp{
∑n

j= s
∆ +1 βj}Gs,t for every s < t ∈ Π[τ∆

0 , τ
∆
1 ]. Repeating the calculations in [7, Theorem 4.2 ],

for s ≤ u ≤ t yields

∥(δG)s,u,t∥ ≤ 2Lf (t−s)∥P∥∞,[s,t]∥h∥∞,Π[s,t]+(3+2Cp)Ws,t(δP )
(
∥P∥∞,[s,t] + ∥h∥∞,Π[s,t]

)
=: Ws,t(δG),

in which W (δP ) is given in (6.19), and

∥(δF )s,u,t∥ =

∥∥∥∥∥∥exp{
n∑

j= s
∆ +1

βj}Gs,t − exp{
n∑

j= s
∆ +1

βj}Gs,u − exp{
n∑

j= u
∆ +1

βj}Gu,t

∥∥∥∥∥∥
=

∥∥∥∥∥∥exp{
n∑

j= s
∆ +1

βj}δGs,u,t + exp{
n∑

j= s
∆ +1

βj}Gu,t − exp{
n∑

j= u
∆ +1

βj}Gu,t

∥∥∥∥∥∥
≤ exp{

n∑
j= s

∆ +1
βj}∥δGs,u,t∥ + exp{

n∑
j= u

∆ +1
βj}

(
exp{

u
∆∑

j= s
∆ +1

βj} − 1
)
∥Gu,t∥

≤ exp{
n∑

j= s
∆ +1

βj}∥δGs,u,t∥ + exp{
n∑

j= u
∆ +1

βj}
( u

∆∑
j= s

∆ +1
βj

)
exp{

u
∆∑

j= s
∆ +1

βj}∥Gu,t∥

≤ exp{
n∑

j= s
∆ +1

βj}
[
Ws,t(δG) + ∥G∥∞,Π[s,t]

u
∆∑

j= s
∆ +1

βj

]

≤ exp{
n∑

j= s
∆ +1

βj}
[
∥δGs,u,t∥ + ∥G∥∞,Π[s,t](6Lf + L2

f ∆)(u− s)
]
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≤ e6λ+λ2[
Ws,t(δG) + ∥G∥∞,Π[s,t](6Lf + L2

f ∆)(t− s)
]

=: e6λ+λ2
Ws,t(δF ),

where Ws,t(δF ) in the last line is a control. We can now apply the discrete sewing lemma [8], [7,
Lemma 2.2] to (6.23) to obtain

∥htn∥2 ≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 [2λ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] + ∥Gτ∆
0 ,τ∆

1
∥ + CpWτ∆

0 ,τ∆
1

(δF )
]

≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 [2λ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] + ∥Gτ∆
0 ,τ∆

1
∥

+Cp

(
Wτ∆

0 ,τ∆
1

(δG) + (6λ+ λ2)∥G∥∞,[τ∆
0 ,τ∆

1 ]

)]
≤ exp

{
∆

n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 [2λ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ]

+∥G∥∞,[τ∆
0 ,τ∆

1 ] + CpWτ∆
0 ,τ∆

1
(δG) + Cp∥G∥∞,[τ∆

0 ,τ∆
1 ]

]
≤ exp

{
∆

n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 [2λ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] + (1 + Cp)∥G∥∞,[τ∆
0 ,τ∆

1 ]

]
+e6λ+λ2

Cp

[
2Lf (τ∆

1 − τ∆
0 )∥P∥∞,Π[τ∆

0 ,τ∆
1 ]∥h∥∞,Π[τ∆

0 ,τ∆
1 ]+

+(3 + 2Cp)Wτ∆
0 ,τ∆

1
(δP )

(
∥P∥∞,Π[τ∆

0 ,τ∆
1 ] + ∥h∥∞,Π[τ∆

0 ,τ∆
1 ]

)]
≤ exp

{
∆

n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 [2λ∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] + (1 + Cp)∥G∥∞,[τ∆
0 ,τ∆

1 ]

]
+e6λ+λ2

Cp

[
2λ∥P∥∞,Π[τ∆

0 ,τ∆
1 ]∥h∥∞,Π[τ∆

0 ,τ∆
1 ]+

+(3 + 2Cp)Wτ∆
0 ,τ∆

1
(δP )

(
∥P∥∞,Π[τ∆

0 ,τ∆
1 ] + ∥h∥∞,Π[τ∆

0 ,τ∆
1 ]

)]
≤ exp

{
∆

n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 [2λ(1 + Cp)∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] + (1 + Cp)∥G∥∞,[τ∆
0 ,τ∆

1 ]

]
+e6λ+λ2

Cp(3 + 2Cp)Wτ∆
0 ,τ∆

1
(δP )

(
∥P∥∞,Π[τ∆

0 ,τ∆
1 ] + ∥h∥∞,Π[τ∆

0 ,τ∆
1 ]

)
.

Because of (5.6),

∥P∥∞,Π[τ∆
0 ,τ∆

1 ] ≤ 5
4Lg |||x|||p−var,[τ∆

0 ,τ∆
1 ] ∥h∥∞,Π[τ∆

0 ,τ∆
1 ]

∥G∥∞,[τ∆
0 ,τ∆

1 ] ≤ 2∥h∥∞,Π[τ∆
0 ,τ∆

1 ]∥P∥∞,Π[τ∆
0 ,τ∆

1 ] + ∥P∥2
∞,Π[τ∆

0 ,τ∆
1 ]

≤ 3Lg |||x|||p−var,[τ∆
0 ,τ∆

1 ] ∥h∥2
∞,Π[τ∆

0 ,τ∆
1 ];
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and of (6.19) we have

Wτ∆
0 ,τ∆

1
(δP ) ≤ 2L∗

g |||x|||p−var,Π[τ∆
0 ,τ∆

1 ]

∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[τ∆
0 ,τ∆

1 ]

+4L∗
g |||x|||p−var,Π[τ∆

0 ,τ∆
1 ]

∣∣∣∣∣∣∣∣∣a∆, Ra∆
∣∣∣∣∣∣∣∣∣

p−var,Π[τ∆
0 ,τ∆

1 ]
∥h∥∞,Π[τ∆

0 ,τ∆
1 ]

≤ 10Lg |||x|||p−var,τ∆
0 ,τ∆

1
∥h∥p−var,Π[τ∆

0 ,τ∆
1 ].

due to (6.22). Combining with (6.19), we obtain

∥htn∥2 ≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 (1 + Cp)
[5

2λLg |||x|||p−var,[τ∆
0 ,τ∆

1 ] + 3Lg |||x|||p−var,[τ∆
0 ,τ∆

1 ]

]
∥h∥2

∞,Π[τ∆
0 ,τ∆

1 ]

+e6λ+λ2
Cp(3 + 2Cp)

[
10Lg |||x|||p−var,[τ∆

0 ,τ∆
1 ] (1 + 5

4Lg |||x|||p−var,[τ∆
0 ,τ∆

1 ])
]

∥h∥p−var,Π[τ∆
0 ,τ∆

1 ]

≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2 (1 + Cp) (3 + 3λ)Lg |||x|||p−var,[τ∆
0 ,τ∆

1 ] ∥h∥2
p−var,Π[τ∆

0 ,τ∆
1 ]

+e6λ+λ2
Cp (3 + 2Cp) (1 + λ)12Lg |||x|||p−var,[τ∆

0 ,τ∆
1 ] ∥h∥2

p−var,Π[τ∆
0 ,τ∆

1 ]

≤ exp
{

∆
n−1∑
k=0

[
2M(a∆

tk
) + L2

f ∆
]}

∥hτ∆
0

∥2

+e6λ+λ2[3(1 + λ)(1 + Cp) + 12(1 + λ)(3C2
p + 3Cp)

]
Lg |||x|||p−var,[τ∆

0 ,τ∆
1 ] ∥h∥2

p−var,Π[τ∆
0 ,τ∆

1 ]

≤ exp
{

∆
n−1∑
k=0

[
2M(a∆(θtk

ω)) + L2
f ∆
]}

∥hτ∆
0

∥2

+10(1 + λ)e6λ+λ2 (1 + 2Cp)2 Lg |||x|||p−var,[τ∆
0 ,τ∆

1 ] ∥hτ∆
0

∥2. (6.24)

where we employ (6.21) to the last inequality. Hence (6.24) yields

∥htn∥2 ≤ e6λ+λ2 [1 + 10(1 + λ)(1 + 2Cp)2Lg |||x|||p−var,[τ∆
0 ,τ∆

1 ]

]
∥hτ∆

0
∥2 ≤ 256(1 + Cp)2∥hτ∆

0
∥2,

which, due to assumption ∥hτ∆
0

∥ ≤ r
16(1+Cp) , ensures ∥htn∥ ≤ r and (5.7) for all tn ∈ [τ∆

0 , τ
∆
1 ]. Take

tn = τ∆
1 in (6.24), we obtain

∥hτ∆
1

∥2 ≤ exp
{

(2M̄0 + L2
f ∆)(τ∆

1 − τ∆
0 ) + 10(1 + λ)(1 + 2Cp)2e12λ+2λ2

Lg |||x|||p−var,Π[τ∆
0 ,τ∆

1 ]

}
∥hτ∆

0
∥2.

which completes the proof.

Proof: [Proof of Proposition 5.7] We use the coupling technique here. First, assume

0 < ∆ <
1
4 ∧ d

2L2
f

∧ 1
2d =: ∆∗;

and fix T > 0 with an n > 0 such that 1
2 < T := n∆ ≤ 1 < (n+ 1)∆. Then on [0, T ], we define

µ0 = y∆
0 , µtk+1 = µtk

+ f(µtk
)(tk+1 − tk), tk ∈ Π[0, T ]. (6.25)
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Then

µ2
tk+1 ≤ µ2

tk
+ [D1 −D2µ

2
tk

]∆ + 2[L2
fµ

2
tk

+ ∥f(0)∥2]∆2 ≤ e− D2∆
2 µ2

tk
+ C(f)

with C(f) is a generic constant depending on f . Therefore,

∥µT ∥ ≤ e− D2T

2 ∥µ0∥ + C(f), ∥µ∥∞,[0,T ] ≤ ∥µ0∥ + C(f). (6.26)

Moreover,
|||µ|||1−var,Π[0,T ] ≤ C(f)(∥µ0∥ + 1). (6.27)

Assign
htk

:= y∆
tk

− µtk
, tk ∈ Π[0, T ]

then

htk+1 = htk
+ [g(ytk

)xtk,tk+1 + ∂g(y∆
tk

)g(y∆
tk

)X(tk, tk+1)] + [f(y∆
tk

) − f(µtk
)](tk+1 − tk)

=: htk
+ Ftk,tk+1 + [f(y∆

tk
) − f(µtk

)](tk+1 − tk)

in which Fs,t := g(y∆
s )xs,t +Dg(y∆

s )g(y∆
s )Xs,t.

We define an auxiliary quantity Rh
s,t := hs,t − g(ys)xs,t = Ry∆

s,t − µs,t. Then

∥Ry∆

s,t ∥ ≤ ∥Rh
s,t∥ + ∥µs,t∥.

Observe that ∥(δF )s,u,t∥ := ∥Fs,t − Fs,u − Fu,t∥ satisfies

∥(δF )s,u,t∥ ≤ D(g)
(
|||x|||p−var,Π[s,t] + |||X|||q−var,Π[s,t]

)
, s ≤ u ≤ t

in which D(g) is a generic constant depending on ∥g∥C3
b
. We modify formula (3.2) in [7] to obtain

for s ≤ u ≤ t; s, u, t ∈ Π, (see more in [16, Corollary 2.10])

∥(δF )s,u,t∥ ≤ D(g)
[(∣∣∣∣∣∣∣∣∣Rh

∣∣∣∣∣∣∣∣∣
q−var,Π[s,t]

+ |||µ|||2/p
1−var,Π[s,t]

)
|||x|||p−var,Π[s,t]

+(|||h|||p−var,Π[s,t] + |||µ|||1/p
1−var,Π[s,t]) |||X|||q−var,Π[s,t]

]
=: W (δF )s,t

which is a control. Applying [7, Corollary 2.4] we have

∥hs,t − g(ys)xs,t −Dg(ys)g(ys)Xs,t∥ ≤ Lf ∥h∥∞,Π[s,t](t− s) + CpW (δF )s,t.

Then similar to the proof in Proposition 5.2,∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]
≤ Lf ∥ha∥(b− a) +D(g)(|||x|||p−var,Π[a,b] + |||X|||q−var,Π[a,b])

+
[
Lf (b− a) + CpD(g) |||x|||p−var,Π[a,b] + CpD(g) |||X|||q−var,Π[a,b])

] ∣∣∣∣∣∣∣∣∣h,Rh
∣∣∣∣∣∣∣∣∣

p−var,Π[a,b]

+CpD(g)
[
|||µ|||2/p

1−var,Π[a,b] |||x|||p−var,Π[a,b] + |||µ|||1/p
1−var,Π[a,b] |||X|||q−var,Π[a,b]

]
. (6.28)

Now we repeat arguments in [7, Theorem 3.3], to construct the same sequence of stopping times
{τ̂i} on [0, T ] as presented at the end of Subsection 3.4, base on γ < 1

2 , and set of controls S =
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{w(1),w(2),w(3)} where w(1)
s,t = Lf (t − s), β1 = 1, w(2)

s,t = Cp
pD(g)p |||x|||pp−var,Π[s,t] , β2 = 1

p , w(3)
s,t =

Cp
pD(g)p |||X|||qq−var,Π[s,t] , β3 = 1

q . By (3.13), the number of {τ̂i} can be estimated as

N̂ ≤ 2 + 2
γp

4p−1
[
Lp

fT
p + Cp

pD(g)p |||x|||pp−var,Π[a,b] + Cp
pD(g)p |||X|||qq−var,Π[a,b]

]
.

Hence

∥h∥∞,Π[0,T ] ≤ ∥h0∥e4Lf T +D(g)(|||x|||p−var,Π[a,b] + |||X|||q−var,Π[a,b])N̂

+CpD(g)
[
|||µ|||2/p

1−var,Π[a,b] |||x|||q−var,Π[a,b] + |||µ|||1/p
1−var,Π[a,b] |||X|||q−var,Π[a,b]

]
≤ D(g)(|||x|||p−var,Π[a,b] + |||X|||q−var,Π[a,b])N̂

+CpD(g)
[
|||µ|||2/p

1−var,Π[a,b] |||x|||p−var,Π[a,b] + |||µ|||1/p
1−var,Π[a,b] |||X|||q−var,Π[a,b]

]
in which we use the sub-additivity of control

CpD(g)
[
|||µ|||2/p

1−var,Π[a,b] |||x|||p−var,Π[a,b] + |||µ|||1/p
1−var,Π[a,b] |||X|||q−var,Π[a,b]

]
.

Using (6.27) and Young inequality, we obtain

∥h∥∞,Π[0,T ] ≤ (e− D2
8 − e

D2
4 )∥µ0∥ + Γ(1 + |||x|||p+2

p−var,[0,T ]) (6.29)

for some generic constant Γ depends on Lf , ∥f(0)∥, D1, D2, ∥g∥C3
b
; moreover Γ is an increasing

function with respect to ∥g∥C3
b
. Next, we apply the convex inequality to conclude that

∥y∆
T ∥ ≤ ∥hT ∥ + ∥µT ∥

≤ (e− D2
8 − e− D2

4 )∥y∆
0 ∥ + Γ(1 + |||x|||p+2

p−var,[0,T ]) + e− D2T

2 ∥µ0∥ + C(f)

≤ e− D2
8 ∥y0∥ + Γ(1 + |||x|||p+2

p−var,[0,T ])

∥yT ∥p ≤ e− D2
8 ∥y0∥p + Γ(1 + |||x|||(p+2)p

p−var,[0,T ]).

Similar estimate holds for norm of y∆ on arbitrary [kT, (k + 1)T ]. The remaining part follows
Theorem 4.2 and Proposition 5.2 in [7] step by step.
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