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Abstract

We propose a quantitative direct method to prove the local stability of a stationary solution
for a rough differential equation and its regular discretization scheme. Using Doss-Sussmann
technique and stopping time analysis, we provide stability criteria for a stationary solution of
the continuous system to be exponentially stable, provided the diffusion term is bounded and
its derivatives exhibit small growth. The same conclusions hold for the regular discretization
scheme with a sufficiently small step size, but one needs to apply the sewing lemma and stopping
times for the discrete time set. Our stability criteria are based on the linearization of the drift
and require only information about the bound and growth rates of the diffusion, making them
data-driven criteria.

Keywords: stochastic differential equations (SDE), rough path theory, rough differential equa-
tions, exponential stability.

1 Introduction

This paper deals with the local asymptotic stability criteria for rough differential equations on R?
of the form

dy = f(y)dt + g(y)d. (1.1)

Equation (1.1) can be viewed as a controlled differential equation driven by rough path z €
C¥([0,T],R™) in the sense of Lyons [29], [30] or of Friz-Victoir [19]. It can also be interpreted
as a rough intergral equation for controlled rough paths in the sense of Gubinelli [24]. As such,
system (1.1) appears as a pathwise approach to solve a stochastic differential equation which is
driven by a certain Holder noise X; (e.g. fractional Brownian motions).

Under certain assumptions imposed on its coefficient functions, a rough differential equation
will have the property of the local existence, uniqueness and continuity of solution given initial
conditions, see e.g. [24] or [18] for a version without drift coefficient function, and [32], [10] for a full
version using variation or Holder norms. Moreover, with a stronger assumption on the coefficient
functions a rough differential equation will have global solutions which exist throughout the time
interval [0, 00) (see e.g. [3] for non-explosion criteria of the solutions). This gives rise to the recent
interest in investigation of qualitative properties of rough differential equation with a view to the
parallel in the well developed and well known qualitative theory of ordinary differential equations.

The topic of random attractors and its upper semi-continuity has been studied for the random
dynamical system generated from (1.1) and its discretization, which applies Lyapunov methods in
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many works, see e.g. [21], [11], [10], [7] and the references therein. In particular, it is proved in
[11] that for strictly dissipative f : R? — R? and a sufficiently small g € C} there exists a singleton
random attractor to which every trajectory converges in the pathwise sense and with an exponential
rate. Moreover for globally Lipschitz continuous f, there exists a numerical attractor of the Euler
discretization scheme of (1.1) which converges to the continuous attractor as the step size converges
to zero. However, the existence of a global attractor often does not guarantee the local stability of
any reference solution even if it stays inside the attractor.

This gives a motivation for studying the asymptotic stability for path-wise solution of (1.1).
The topic of stability for stochastic differential equation with Hoélder noises dated back from our
previous work [15, 14] using both the semigroup method and the Lyapunov function method, with
an improved version in [12] for the stability of the trivial solution. More precisely, the semigroup
method in [21] is developed further in [15, 14, 12], to deal with fractional Brownian noise with small
intensity. The semigroup technique is also used to study local stability of the trivial solution in [23,
Theorem 18] on a small neighborhood B(0, ), using the cutoff technique and fractional calculus,
and under the assumption that g(z) is flat, i.e. g(0) = 0, Dg(0) = 0, D?g(0) = 0. Later, this
condition is improved in [12], where it applies the semigroup technique to derive a global stability
criterion that requires the linearized part Df(0) € R%*9 to have eigenvalues of negative real parts
and the non-linear part F(y) = f(y) — Df(0)y to be globally Lipschitz w.r.t. Lipschitz constant
Cr such that Cr and [|Dgllso V [|D?gllee V || D?g]|s0 are sufficiently small. Recently, the semigroup
technique is also used in [33] to deal with the Lyapunov exponents and the related topics regarding
to the local dynamics in the vicinity of a stationary solution, such as exponential stability and
invariant manifolds.

However, we have a different vision in developing results on exponential stability. Since our
previous works [15], [12], our ideas have stemmed from the observation that the information on the
linearization of the whole system is not available in practice, as we often have only the drift f and
a trajectory of a reference stationary solution and not much information on the diffusion g. For
this reason, it is often too costly, if not impossible, to obtain the information on the linearization
along the stationary solution of the entire system (1.1) and to investigate its Lyapunov spectrum,
as suggested recently in [33]. Therefore in our studies we often consider and impose conditions on
only the linearization of the drift D f rather than of the entire system to meet the reality. On the
other hand, we would like to develop the Lyapunov function method in studying stability for rough
systems, as done in our previous result in [14] for nonautonomous Young equations.

In this paper we revisit the Lyapunov asymptotic stability of the rough differential equation (1.1)
near a stationary solution which can be, in many cases, time dependent, e.g. a singleton random
attractor. In that scenarios, one can test stability of a time dependent reference solution a; of (1.1)
by checking the dynamics of the unperturbed deterministic system y = f(y) along a neighborhood
of a;, by considering e.g. the linearization £ = Df(a,)¢ whose data is often available. Roughly
speaking, our main results, Theorem 4.5 and Theorem 5.5, for rough systems can be combined and
reformulated as below.

Theorem 1.1 (Main results) Assume conditions for the drift f € C*, the diffusion g and the
driving noise X so that there exists pathwise solution for the equation (1.1) and the generated Wiener
shift is ergodic. Let a(-) be a stationary solution of (1.1) that is LP-integrable. If the linearization
of the unperturbed system & = f(£) along a(-) (i.e. the system &€ = Df(a,)¢) is exponentially stable,
then a; is exponentially stable almost surely for the perturbed system (1.1), as long as Cy defined in
(2.3) is sufficiently small and satisfies a stability criterion. If f is globally Lipschitz continuous, the
same conclusion holds for the reqular discretization scheme with sufficiently small Ly in (5.3) and
step size A.



Note that the linearized system & = D f (a;)¢€ is exponentially stable under the sufficient condition
El(f,a(-)) < 0 where ¢(f,y) := sup (h, Df(y)h). This is due to an intuitive estimate
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Theorem 1.1 is applicable to the class of equations (1.1) with f globally Lipschitz continuous and
strictly dissipative and smooth g with C; small enough, because one can prove the existence of a
singleton pullback attractor, which is integrable and converges to the unique fixed point a* (also
the global attractor) of the unperturbed system @ = f(u) as Cy tends to zero (see [11, Theorem
3.3]). In that case, condition E£(f, a(-)) = ¢(f,a*) < 0 is satisfied for sufficiently small C,. For more
concrete examples, see Example 4.8, 4.9.

Our method employs the direct method of Lyapunov, which aims to estimate the norm growth
(or a Lyapunov-type function) of the solution in discrete time intervals. For the continuous time
set, this technique is feasible thanks to the so-called Doss-Sussmann technique to transform the
rough differential equation on each stopping time interval to an ordinary differential equation,
that can be seen as a non-autonomous perturbation of the unperturbed ODE. The tricky part is
proving stability, which means to control the norm difference between a solution and the reference
stationary solution to be less than a parameter ¢ on each stopping time interval. This can be
done in an indirect way by comparing the norm difference between the two images after the Doss-
Sussmann transformation, thanks to Proposition 2.1 and Proposition 2.2 which are the improved
results in [11] for Cy defined in (2.3). Exponential attractivity is then an indirect consequence of
the Birkhoff’s ergodic theorem (via the crucial Lemma 3.1), provided that the generated Wiener
shift is ergodic (this holds for fractional Brownian motions, see Lemma 6.1 in Appendix 6). The
results in Theorem 4.5 and Theorem 4.11, with stability criteria depending on the parameter C; in
(2.3), are significantly stronger and more practical than the ones in [23, Theorem 18] or recently
in [33] for general stationary solutions. Moreover, no further information on the diffusion g or its
derivatives is required, hence many complicated tasks when working with the linearization of (1.1)
can be avoided.

The situation is rather complicated for the discretized system of (1.1), because the Doss-
Sussmann transformation fails to control the solution norm to be sufficiently small in the discrete
time set, and in fact the solution can exit the local regime of the trivial solution right after one
discrete time step. To overcome this difficulty, in Section 3 we develop further the stopping time
technique in our previous work [7] for discrete time sets, to estimate the norm growth of the solution
on each stopping time interval, see e.g. Proposition 5.2. Another important step is to prove Propo-
sition 5.3, where we apply the discrete sewing lemma [8], [26] to estimate the difference between the
solution starting at a stopping time TOA from an initial value Yra inside a random neighborhood of

+(toglled —1ogllol) = 7 [ (20 D(a(Ou) s < 1 [ o0 a(0.0))ds - B a).

a(w) and the reference solution a(f.w) at the next stopping time 7{*. This crucial estimate and the
induction principle then help control the difference between two solutions to be sufficiently small,
and finally lead to exponential stability. The stability criteria in Theorem 5.5, Theorem 5.9 and
Theorem 5.11 are new, where the choice of the parameter L, defined in (5.3) and the step size A
are independent and pathwise free.

When the assumption on ergodicity of the generated Wiener shift is relaxed, the ergodic Birkhoff
theorem is still applicable in estimating stopping times, but results in random variable limits. In
this case, all conclusions in the main theorems still hold almost surely, but all the stability criteria
and parameters would be path dependent. In addition, our method still works for a lower regularity
coefficient v < %, although the computations would be rather complicated. Moreover, it could also
be applied in case the diffusion part g is linear, or in case f also depends on time, i.e. f(y) is



replaced by f(¢,y).

We close the introduction part with the note that our stability criteria for stationary solutions
agree with the previous ones in [12] that Cj in (2.3) and Ly in (5.3) can be sufficiently small by
choosing || Dg|lso V [|[D%glloo V | D3|l to be sufficiently small, thus in general ||g||o can be very
large. The following counter example shows that choosing large Cy and L, might break stability.

Example 1.2 Consider the It stochastic differential equation

2
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or in short dy = f (y)dt+g(y)dB:, where B is a scalar standard Brownian motion with all realization
in C% for v € (% 3 2)' and p,o are real constants. We omit the issue of existence and uniqueness
of the solution of equation (1.2), noting that it can be solved either in the It6 sense using polar
coordinates y; = rsina,ys = rcosa or in the pathwise sense as a rough differential equation (see
e.g. [11, Theorem 2.1] and [10, Theorem 5.1]). In particular, one can apply Ité formula to check
that

dlyl* = [2(, ) + l9@)[1?]dt + 20y, 9(w))dBs = (21 + 02 = 2[[y|*) Iy 2t.

In other words, n = ||y||? is the solution of the ordinary differential equation

L= o+ o” — ). (1.3)
Clearly, zero is the trivial solution of (1.2). For ¢ = 0 and p < 0, system (1.2) is an ordinary
differential equation, which admits zero as an globally asymptotically stable solution. However,
when o > 0 large enough such that o + 2u > 0, then the zero solution of (1.3) becomes unstable.
In other words, the zero solution of (1.2) will break its stability when perturbed by the linear noise
for o large enough.

The paper is organized as follows. In Section 2 we present assumptions for (1.1) and recall
Doss-Sussmann transformations used for the associate pure rough differential equation of (1.1).
Section 3 discusses the construction of stopping times for both continuous and discrete time sets.
In Section 4, we establish in Theorem 4.5 an exponential stability criterion of stationary solution
of (1.1). Section 5 is devoted to the study of discrete systems, where a similar stability criterion is
proved in Theorem 5.5. We present in the appendix some basic definitions on rough paths, rough
integrals and technical proofs for the auxiliary results.

2 Rough differential equations, Doss-Sussmann technique

Throughout the paper, we will assume the following global conditions on the equation (1.1).

(Hy) f is locally Lipschitz continuous and of one-sided linear growth
30> 0: {y, f(y)) <CA+|yl*), VyeRY (2.1)
in addition f is of linear growth in the perpendicular direction, i.e. there exists Cy > 0 such that

{(f(y)

OB

YOI < oot i), w0 (2:2)



(H,) g is in C3(R%, L(R™,R?)) where we define

Cy = max {[Dglloe, /1 Dgllscllglloc: y/[1D29lloo 19l e

1 1
VID3glcllglloes (1D%glloollgl%) s (1D glloclgl%) " }- (23)
(Hy) for a given v € (3,1

3,35, ¢ € CY(R,R™) - the space of all Hélder continuous paths such
that z is a realization of a stochastic process X;(w) with stationary increments and that x can be
lifted into a realized component x = (z,X) of a stochastic process (z.(w),X..(w)) with stationary
increments. Moreover the estimate

E(llzsell” + 1Xs4ll7) < Crolt = s, ¥s,t € [0,7], (2.4)
holds for any [0,7] C [0,00), with pv > 1,q = & and some constant C7,.

Concerning the assumption (Hx ), such a stochastic process, in particular, can be a fractional
Brownian motion B¥ with Hurst exponent H € (%, 1).

The existence and uniqueness theorem for system (1.1) is first proved in [32], where the solution
is understood in the sense of Friz &Victoir [19]. Using rough path integrals [24], we interpret the
rough differential equation (1.1) by writing it in the integral form

t t
Yo =ya+ / f(ys)ds + / g(ys)dzs, Yt € [a,0], (2.5)

for any interval [a,b] and an initial value y, € R%. Then we search for a solution in the Gubinelli
sense, and solve for a path y which is controlled by x. We refer to [13] and Appendix 6 for definitions
of variation and Hoélder norms, Gubinelli rough integrals for controlled rough paths. Assumptions
(Hy), (Hy), (Hx) are sufficient to prove the existence and uniqueness of the solution of (1.1) defined
for any initial value 39 € R?, as well as the continuity of the solution semi-flow and the generation
of a continuous random dynamical system, see e.g. [32, Theorem 4.3], [2], [11] and [10].

Note that from [13, Theorem 3.4], the global solution ¢.(x, ¢,) of the pure rough differential
equation

dpy = g(¢u)day, u € [a,b],¢q € R? (2.6)

is C! w.r.t. ¢q, and %(, X, ¢q) is the solution of the linearized system

d&u = Dg(du(x, ¢s))Eudry, u € [a,b],&, = Id, (2.7)

where Id € R%*? denotes the identity matrix. The idea is then to prove the existence and uniqueness
of the global solution on each small interval |7, Tx11] between two consecutive stopping times, and
then concatenate to obtain the conclusion on any interval. The Doss-Sussmann technique used in
[13, Theorem 3.7] and [32] ensures that, by a transformation y; = ¢¢(x, ;) there is an one-to-one
correspondence between a solution y; of (1.1) on a certain interval [0, 7] and a solution z; of the
associate ordinary differential equation

. 0
2t = [£(t,X7 Zt):| f(¢t(X, Zt)), t e [0, 7']’ 20 = 1o. (28)
The parameter 7 > 0 can be chosen such that

8C,Cy [1x|| < \*, for some \*€(0,1),

p—var,[0,7] =



where [|x[|,_ (0,5 18 defined in (6.4), Cy is defined in (2.3), and C, is defined in (6.10).

The following result is an improvement of [11, Proposition 1] and [10, Proposition 2.3], which
shows solution norm estimates for equation (2.6) (see the proofs in Appendix 6.6). Note that the
estimates are dependent on C, from (2.3) and thus dependent on all the derivatives of g.

Proposition 2.1 Let d)t be a solution of (2.6). Assume the condition (Hy). Suppose further that
A= CyCy Il gy < 1/8:
(i) The followmg inequalities hold

6y asy < 200900 el vy + 3 RO <20 (2.9)

and in case the condition g(0) = 0 is satisfied then

160l var sy < 200l [|BZ] <2206l (2.10)
(it) Furthermore, it holds for t € [a,b] that
Ha% X, o) — [c‘ii (t,x %)}_1 — 1] <4 (2.11)

We would also like to modify the result in [11, Proposition 4] as follows (see the proof in Appendix
6.6).

Proposition 2.2 Consider the Doss-Sussmann transformations y; = ¢i(X, z¢) and yr = ¢i(X, 2t).
Assign

L 0 -1 - d _ 1t
Ne=Ye—2t; M=t — 2t; Y= [ (b(t X Zt)} —1Id; = [g(t,X,zt)} — Id;
z
Given A = CpCly 1%l var fap) < 1, the following estimates hold
17 = nell < 4MZe = zell; e — el < 256X]12 — 2], V€ [a,0]. (2.12)

Note that all the above arguments might fail to be applied if we work directly with the local
solution for yy € B(0,¢p). This is because at stopping time interval [7j, 7x11] the Doss-Sussmann
transformation y = ¢¢(x, 2¢) that starts from y,, € B(0, ) might exit B(0,¢p) soon before 7j41.
Hence, in general, it would be rather technical to estimate the exit time of the local solution from
B(O, 60).

3 Stopping time analysis

3.1 Stopping times for the continuous time case

The construction of a greedy sequence of stopping times in [4] is now used in many recent results,
see e.g. [6, 15, 13, 11, 32]. Namely, for any fixed v € (0,1) the sequence of stopping times
{Ti (77 X, [07 OO))}iEN is defined by

70 =0, Tigr = inf {t > 7 %, g =) (3.1)

For a fixed closed interval I C [0, 00), we define another sequence of stopping times {7, (v, %, I) }ien
by
To =minl, 77, :=inf {t > 7 1%l —var iy = 7} A max I. (3.2)

6



Define N*(y,x,I) :=sup{i € N: 7" <max I} + 1. It is easy to show a rough estimate

N*(7,x,1) < 1+ \HXIII (3.3)

p—var,[ *
In fact, it is proved in [4] that e’ (vx.1) ig integrable for Gaussian rough paths.
Denote 6 the Wiener-type shift in the probability space Q := ‘5(? YR, TE(R™)) (see (6.5) in
Appendix 6.2). Throughout this paper, we will assume that 6 is ergodic.
The following lemma is reformulated from [15, Theorem 14] for the stopping times defined in
the p-variation norm. To make the presentation self-contained, we are going to give a short and
direct proof here.

Lemma 3.1 Given the greedy sequence of stopping times (3.1), the followings estimates

1
lim inf 3.4
2 ENT(yx, 0, 1]) (3.4)

holds almost surely.

Proof: For each j denote by N(~,x,[a,b)) the number of stopping times 7, = 7% (7, %, [0, 00))
in [a,b). Since the minimal stopping time 7 in I is bigger than or equal min I = 7§(v,x, I) and the
maximal stopping time 7 in [ is less than or equal max [ = 7';{,*(7 1) (v,x, 1), it follows that

N*(v,x,I) > N(~,%,[min I,max I)). (3.5)

Denote by |74 | the integer part of 7y, then 7, < |7| + 1. As a result, the number of positive
stopping times in the interval [0, 7] (which is k) is less than or equal to the one in the interval
[0, | 7] +1). As a result,

Tk L 7%
k™ N(vx, [0 (7] +1))
On the other hand, by definition of N and N* and inequality (3.5),

L7
N(v,x,[0, 7] +1)) < ZN% 4,5 +1))

LTkJ [ 7% ]
< ZN* (v, x, [, 5+ 1)) = > N*(v,x(0;w), [0,1]),

where the last equality is due to (6.6). Hence,

Tk | 7% | [ ]+1
= > > . 3.6
kS N (r,x(80), [0,1)) S5 N (. x(0w), [0,1)) o

Tk +1

By applying the Birkhoff ergodic theorem to the last right hand side of (3.6), where 7, — oo as
k — oo, the numerator tends to one while the denominator converges to EN*(v,x(-),[0,1]). This
proves (3.4). O

Lemma 3.2 For every a,b € R, a < b, the following estimate holds

YN* (7, %(), [0, 0]) 2 IXC)lp—var fagy > V7 > 0- (3.7)

As a consequence,

VEN™(v,x(-), [a, b]) = E|x(-) Vv > 0. (3.8)

”|p—var,[a,b] )



Proof: Indeed, it follows from [6, Lemma 2.1] that

p _
|||X”|p_var’[a’b} - ||| |||p var [7‘0, N* (% [a, b])]
b1 N*(v,x,[a,b])
< [N*(y,x,[a,b])] DI L A
j=1
* *1 *
< [N"(7,x[a,0])]" " [N*(v,x, [a,0])]+"
< [N*(y.x,[a,0])]4”
or equivalently
’)/N*(’)/,X, [ ]) > ”|me var,[a,b] *
Taking the expectation to both sides of the above inequality, we obtain (3.8). O

Lemma 3.3 The following estimate holds for any n > 1 and any sequence tg < t1 < ... <1,

n—1

Z N*(77 X, [tjv tj-‘rl]) < N*(’Yv X, [th tn]) +n. (39)
j=0
Proof: By definition, on [t;,t;41] there are at least N* (v, x, [t;,t;11]) — 1 consecutive stopping
time intervals on which the p-variation norm of x is =y, each of which contains at least one stopping
time in the sequence constructed on [tg,t,]. As a result, on the interval [tg,t,] there are at least
0 (N*('y, X, [tj,tj41]) — ) disjoint stopping time intervals on which the p-variation norm of x
is . This proves (3.9).
I
Stopping times for a control sequence. Note that one can replace [|x|,_,, in (3.1), (3.2)
by a finite sequence of controls w.. € S associated with parameters 3y, € (0,1], to construct the
sequences 7;(7, S, [0,00)) on [0, 00) and 7} (7, S, I) on a given closed interval I C [0, 00) in a similar
manner. Denote by N*(v,S,I) the number of 7(v,S,I) on I. Similar to (3.3) we obtain (see for
instance [6, Lemma 2.6])

1 1 Bw
N*(’)/,S,I) <1+ j|5‘6 ! Z(Wminl,maxf) 4 (310)
A wes

in which 8 = mingwcs fw. Furthermore, similar to Lemma 3.1, we have

imin " 2 EN(7,8, 0.1 (3.11)

almost surely.

3.2 Stopping times for discrete time sets

For investigation of discrete time systems arising from Euler scheme applied to the rough equation
(1.1) we modify the stopping time technique to the discrete framework. In the discrete time setting
we will use more complicated control than the control function |||:E|Hp var,[s4 1sed in the continuous-
time setting above. More precisely, given a finite sequence of controls w.. € § associated with
parameters Sy € (0,1], we would like to construct a version of greedy Sequence of (discrete-time)
stopping times similar to that in [7].

For given A > 0, consider the sequence t;, = kA, k 6 N. Given a fixed v > 0, assign the starting
time TOA("}/,S [0,00)) = 0. For each n € N, assume 72 (7, S, [0,00)) = t is determined. Then one
can define 72 ; (7, S) by the following rule:



o if Z Wtﬁ:‘:tk-s-l >« then set 724 1(7,S,[0,00)) = tji1;
weS

o else set TTLA+1(77 S? [07 OO)) = Sup{tl >t ZWGS Wtﬂ/:,,tl < 7}
The following result show the relation between discrete and continuous stopping times.

Lemma 3.4 For given v > 0 and set of controls S,

A
lim inf TS 0:00)) o gy LT(,6:(0,00)) (3.12)

n—00 n n—oo 2 n

Proof: Observe that, between two consecutive stopping times 7;(~, S, [0, 0)), Ti+1(7, S, [0, 00))
there are at most two stopping times 72*(v, S, [0,00)). As a result,

T (71:8,[0,00)), T80 11 (7, S8, [0, 00)) > T (7, S, [0, 00)).

Therefore,
A
]‘ n ) b} )
lim inf 7 (,5,10,0)) > lim inf = 702, 5 %0)) (7,5,[0 OO))
n—o00 n n—oo 2 n

[

Similar to the continuous case, we construct sequence 7, := TnA('y, S, I) on a given closed interval
I. The number of 72(v, S, I) denoted by N = N(’y, S,I) can be estimated by (see Subsection 2.4
in [7])

%|S|%_1 z:(vvminl,max[)BTW (3.13)
’Yﬂ weS
in which § = minwcs Bw-

We emphasize here that Lemma 3.1 holds only almost surely w.r.t. w € 2 under the assumption
that the Wiener-shift # in Subsection 6.2 is ergodic. From now on, we will only work with a
realization € C” of the stochastic process X; satisfying assumption (Hx), such that z can be
lifted into a rough path x. For a little abuse of notation, we only mention the dependence of x in
the proof, without addressing that x = x(w) = (z(w), X(w)) for almost surely w € €.

4 Lyapunov stability of rough differential equations

Given the probabilistic setting in Appendix 6.2, the RDE (1.1) generates a random dynamical
system ¢ over the Wiener space (2, F,P) and the Wiener-type shift 6;, thus we may use the tools
and results in the theory of random dynamical systems to get the similar ones for the RDE (1.1).
For a (possibly random) point 3§ € R? the solution of (1.1) starting from g can be represented as
@(t,w)yg. For the details on RDS setting for (1.1) see [2] and [11].

In [11] we prove that there exists a global random pullback attractor for the RDS (1.1) provided
the drift f is globally dissipative. If in addition the drift is globally strictly dissipative, then the
random attractor is a singleton. In this section we would like to generalize these results to a local
situation and for Cy, which is then automatically satisfied in the global picture. First we need to
recall the concept of dissipativity from the global and local sense.

Definition 4.1 (Dissipativity) A function f is called:

o globally dissipative, if there exist constants Dy, Ds > 0 such that

(y, f(y)) < D1 — Daly|*, Vye€R% (4.1)



o globally strictly dissipative, if there exists a constant D > 0 such that
(g1 =2, f (1) = f(y2)) < =Dly1 — v2l®,  Vy1,92 € R, (4.2)

o locally strictly dissipative at § € R%, if there exist a radius v > 0 and a constant D > 0 such
that

(y—9.f(y) = f(@) < -Dlly—al*, Vlly -3l <r (4.3)

In this paper we are interested in the stability of a stationary solution of (1.1) which stays inside
our global random attractor, thus we give here the definition of stationary solution.

Definition 4.2 (Stationary solution) A random point a(-) : Q@ — R? is called a stationary so-
lution of (1.1) if a(fw),t € Ry, is the solution of (1.1) starting from a(w) € R at time 0, i.e.
o(t,w)a(w) = a(biw), for allt € Ry, w € Q.

Since in this section we investigate the stability of nontrivial solutions it is natural to impose
global smooth and growth conditions (Hy), (Hg) on the functions f,g. We may of course impose
smooth and growth conditions on the functions f and g only in a neighborhood of the stationary
solution a as well. But notice that a is a random point hence its neighborhood is a random open
set whereas the functions f, g are defined as nonrandom functions. In the special case that a(w) is
essentially bounded, sup ||a(w)|| < R for some non-random R > 0, we may then impose smooth and
growth condition on f and g only on the ball of radius R in R,

We give the definition on (Lyapunov) asymptotic/exponential stability of a solution (cf. [5] and
[31] for the ODE case, and [23, Definition 8] for the rough differential equation case).

Definition 4.3 (A) Stability: a solution y* of (1.1) is called (Lyapunov) stable if for any e > 0
there exists a positive random variable r = r(w) > 0 such that for any initial value yo € R satisfying
llyo — ygll < r(w) the solution y; of (1.1) starting from yo exists on the whole half line t € [0, 00)
and the following inequality holds

sup |lys — v/ || < e.
>0

(B) Attractivity: a solution y* is called attractive, if there exists a positive random variable r(w) > 0
such that any solution y¢ of (1.1) with |lyo — yg|| < r(w) exists on the whole half line t € [0,00) and
satisfies

lim {ly: — ;|| = 0. (4.4)

t—o0
(C) Asymptotic stability: a solution y* of equation (1.1) is called asymptotically stable, if it is stable
and attractive.
(D) Ezxponential stability: The stationary solution y* of equation (1.1) is called exponentially stable,
if it is stable and there exist two positive random variables r(w) > 0 and a(w) > 0 and a positive
constant (1 > 0 such that for any initial value yo satisfying ||yo — y§ll < r(w) the solution of equation
(1.1) starting from yo exists on the whole half line 0 < t < oo and the following inequality

lye = i1l < a(w)e™
holds for all t > 0.

It is easily seen that, like the case of ordinary differential equations, exponential stability implies
asymptotic stability, and the asymptotic stability implies stability; but the inverse direction is not
true.
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Because stability is a local property, we would like to find a local condition for the Lyapunov
exponential stability of an arbitrary stationary solution of the RDE (1.1). A closer look at (4.2)
motivates the following definition on the so-called locally one-sided Lipschitz constant: assign for
each fixed §j € R? the quantities

(i) = sp (L0 TW IO,
o<lly—gl<r v =31" Ny =19l

0f9) = lime(f,g.0). (45)

Notice that ¢(f, g, r) is well-defined and finite due to the locally Lipschitz continuity of f at §. In
addition, ¢(f,g,r) is a non-decreasing function of r, thus the limit in the definition of ¢(f, ) exists,
i.e. £(f,7) is well-defined and finite for every § € R?%. In fact we can derive an explicit computation

for £(f,7) as follows.
Proposition 4.4 Under the assumption f € C1,

0f,9) = H;ﬁglm, Df(§)h), VijeR? (4.6)

As a result, U(f, 1) is continuous at §.

Proof: The proof follows directly from the fact that for 0 < ||y — g < r,

‘< y—19 f(y)—f(??)>_< y—19 Df@)(y—@)>‘

lv—al’ lv—3l w—al" Wiy =l
1
< /0 IDF+ puly — 9) — DFG)|du
< sup DS+ h) — DF@)| = ose(DF(H))r, (47)

lIAll<r

where it can be proved that osc(Df(7)), in the right hand side of (4.7) is a continuous function of
9 and r, and that osc(Df(9)), tends to zero as r — 0. As a result,

[6(f,9,7) — uilulim’ Df(@)h)| < ose(Df(9))r- (4.8)

Moreover,

sup {1, DF(§)H) = sup (h, 5 [DF(3) + D ()" ]
[[All=1 [[h]I=1

which is the maximal eigenvalue of %[Df(@) + Df(gj)T]. This prove the continuity of ¢(f,7) at 3.

]
A direct consequence of (4.8) is that for any ||y — 3| < r,
of.g,r) < Hitulpl<h,Df(37)h> +osc(Df(§))r = M(Df,§,7) (4.9)
so that
(y=9.f() = F@) < MDf,5,7)ly =91 Yy —al <r (4.10)

Since osc(Df())r is continuous in g and r, so is M (Df,§,r). Moreover, the definition of M in
(4.9) yields
[M(Df,§,7)| <3 Dfllco,By,r)- (4.11)
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Because of (4.3), we are interested in the points § that makes M (D f, §, ) negative for certain r > 0,
i.e. fislocally strictly dissipative at §. However for a random variable a(w), it might happen that
M(Df,a(w),r) > 0 for a positive probability.

Motivated by Proposition 4.4, we shall assume an additional condition for f that

H?}) f € C! and there exist constants Cy > 0, p > 1 such that
f !

IF @I IDf W < Cr+llyl?), vy e RY (4.12)

Our first main result of this paper derives a local stability criterion for a stationary solution
a(w). First we introduce the function

I"i(}\,y,’l“) = M(Dfaya T) + 256)‘||f(y)|| + 64)‘||Df||oo,B(y,r)a (413)
for all y € R and \,r € R,. Since f € C, it is easy to check that & is continuous in y, \, r with
k(A y,0) = €(f,y) + 256X f(y)l| + 64X Df(y)ll, Yy € R%, N € Ry

Theorem 4.5 Assume (Hy), (Hj{), (Hy),(Hx ). Assume further that a(w) is a stationary solution

of the RDE (1.1) with ||a(-)||” € L', where p is defined in (4.12), and there exists a X € (0, 1) such
that

—E[((f,a) + 256)[| f(a)]| + 64\ Df(a)]]] > 4AEN*( x(+), 10, 1)). (4.14)

A
CpCy’
Then the solution a(6ww), for t € Ry, of (1.1) is almost surely exponentially stable.

Proof:  First, observe that by definition of x given in (4.13), (4.14) means

—Ex(\, a(-),0) > 4AEN*( x(-), [0, 1]). (4.15)

Cp Cg 7

Write in short a; := a(fw) = ¢(t,w)a(w) to be the stationary solution of (1.1). First observe that
osc(Df(a(w))), — 0 as 7 — 0 almost surely, and that

05e(DF@())r < 21D F(a() + Vlowpon < 277 (1 + [aC)lP +17) € L,
Thus by the dominated convergence theorem 113(1] E {osc(D f (a()))T} = 0. As a result,
lim EM(Df,a(-),r) = EU(f, a(-))-
Similarly, it follows from (4.12), ||a(-)||” € L' and the dominated convergence theorem that
1F @I NP oy € L' and - B Df[| (o)) = EIDS(a())]-

Hence lin% Ex(\ a(-),r) = Ek(\, a(-),0). Due to (4.14), there exists ro small enough such that
r—

_Er(Aa(-),r) > 4/\EN*(C)\C x().[0,1]), ¥r <. (4.16)

We fix an arbitrary radius » < rg from now on. For given 7 > 0 as in Section 2 such that

CpCyg 1%l ) —var,j0,7) = A < %, let yo € R? be close to a(w) such that |lyo — a(w)|| < r and consider the

12



solution y; of (1.1) starting from yo. Let z; be a the solution of the associate ODE (2.8) starting at
Yo

fo= [ 220 x(w), 2] Foux(w), 20), e 0,7 =10,

and similarly let z; be the solution of this ODE starting at zp = a(w) where a; = ¢(t,x(w), 2;) =
Zt + 1. Consider the difference v := z; — z; and
9¢

Ne=Yr — 25 M = O — 243 Py = [g(t,x(w),zt)}

Y rd; gy = [%(t,x(w), )| - 1d

According to Proposition 2.2,

17— mel| < 4X|Ze — 2| < AX|wells (10 — el < 256A)12 — 2] < 25617 ]);
lye — agll < 1126 — 2el| + 17e — nell < (144N [l
lye — aell > 1120 — 2el| = 17e — nell > (1 —4N)[|ell; vt € [0, 7]

Then ~ evolves with its equation
Y o= Z—z
= (Ld+ve)f(ye) — (Id+ 1) f (o)

= (Id+ ) f(ze +m) — (Id + o) f(Z + ) )
= [f(y) = fla)] + el f(ye) — f(ae)] + (r — r) faz).

It follows from Lagrange’s mean value theorem and (4.10) that for all ¢t € [0, 7] and ||y; — a¢|| < 7,

Sl = 2z~ 25— )
< 2<yt =g+ (1 —me), f(ye) — f(at)> + 2/l — eIl f (ar) |
+2[[vell1e 1l f () — £ (@)l
< 2M(Df,at,7)[|lye — arll® + 2[lyell [l — e[l £ (a) |

+2(11me = 7all + [1ell 11661 11D Fll o, 5 a.ry 1 — il

One can estimate the first term on the right hand side of the last inequality as below

M<Df7 az, r)”:l/t - atH2

{M(Df,at,r)]'yt|!2(1—4)\)2 it M(Df,a;,7) <
M(Df,ap,7)|lvl|>(1 4+ 4X)? if M(Df,as,7) >

< [M(Df.a,r)(1+16X) + SNM(DF a7 ][]

As a result, since A\ < 1/8, we have

d
el < 2[M(Df,ar,r)(1 4 160) + 8AM (D, ar, )| Iell” + 211 (@) [[256] |

+2(4X + 4N) (L + 4N D f ll oo, Bar.m) 112117
< 26\ ag, )|l

where we use (2.11) that ||¢]| < 4\. Hence
t
Il < Iollexp { [ n(xa s},
0
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which yields
t
I = oull < (1+ 40 exp { [ 500, r)ds} o = a()]
t
< exp {4)\ +/ K(A, as,r)ds}Hyo —a(w)|, Vvtelo,7]. (4.17)
0

In other words, in order for (4.17) to hold for all ¢ € [0, 7], it is important that

t
llyo — a(w)|| < inf rexp{ — 4\ - / K(A, as,r)ds}, (4.18)
te[0,7] 0
where the right hand side of (4.18) is positive due to the fact that the function under taking infimum
is also continuous and positive definite in time. Now constructing the sequence of stopping times

{Ti(ﬁ, x(w),[0,00))}, we can prove by induction that

t

lye = aell < (14X exp{ [ kO as,r)ds Hlyr, — ar, |

Tn

t
< exp {4)\ +/ K(A, as,r)ds}HyTn —ar |, Vté€E [, Thtil (4.19)
provided that
¢
lyr, —ar, || < inf rexp{ — 4\ — / K(A, as,r)ds}. (4.20)
t€[7n77n+1] Tn
By induction,
Iy, — ar, || < exp {4An +/ " k(A 0, 7)ds Hlvo — a(@)]l, ¥ > 0. (4.21)
0

Thus in order for y,, to satisfy (4.20), it suffices to choose yo such that

Tn t
llyo — a(w)|| < exp{ —4X\n —/ K(A, as,r)ds} inf Texp{ —4A —/ K(A, as,r)ds}, Vn > 0,

0 te [Tn 77'n+1]

or ||yo — a(w)|| < R(w) where

Rw) = r ir;% [exp{ — 4 n — /OTn K(A, ag, r)ds} e inf ]exp { — 4\ — /t K(A, ag, r)dsH
n> TryTng1 -
= rTiLg% [te[Ti{len+1] exp { —4A(n+1) — /Ot K(A, as, r)dsH. (4.22)

Because of the stationarity, k(\, as,7) = k(A a(fsw), 7). Assign

—p:=Ex(A a(),r) + e+ 4AEN™(

Cng ) X(')a [07 1])

Due to (4.16), Ex(\, a(-),r) + € < —p < 0 for sufficiently small € > 0. With such e, it follows from
Birkhorff’s ergodic theorem and (3.4) that for n > n(w) large enough,

o= inf ) [ inf  exp{ —4)\n+t(% /0 ! —h(A, a(fw), r)ds ) }|

n>n(w) Lt€[rn,Tnr1]
z e il [te[Tir,lfn+1] exp{ —axn +1E( ~ () a(),7) ~ e}
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> re ™ inf exp {m[E(= s\ a(),7) —e— 4A%} }
> re ™ nggfw) exp {Tn [E( — k(A a(+), r)) —€— 4)\IEN*(C:\Cg ,x(), [0, 1])} }
> re >111{ )exp{ ) > re”

Thus :
R(w) > re* inf [ inf exp{ —4Xn — / k(A a(fsw), r)dsH
te[ ] 0

n<n(w) Tn,Tn+1

which is positive. All in all, there exists a random neighborhood B(a(w), R(w)) of a such that
whenever ||yo — a(w)|| < R(w) then (4.20) and (4.21) hold for all n € N, thus |ly: — a;|| < r for all
t > 0 due to (4.19). Since the conclusion holds for any fixed r < r¢, this proves stability. Moreover,
it follows from (4.19) and (4.21) that for t > 7,

o= el < o — sl exp {4000+ 1)+ [ (0 a(0), r)ds)

< R(w)e™ exp{[% / " a(asw),r)ds}twm}

< R(w) exp{[m (A, af- +e]t+4)\n}

< R(w) exp{{E/@)\ al- +e}fn+4m}exp{[ }(t—m)}

< R(w) exp{rn[EnAa r) et A ]} p{[ —l—E](t—Tn)}

< Y exp {7 [Er(), (- )+e+4AEN*(C:Cg,x(.),[o, 1])]} x
xexp{[ k(O a(),r) +e|(t =) }.

As a result, for all t € [, T 41] and n > n(w),
ot — cull < R(ew)ePe[BROMONHIrmams < pg) o tradmima < Ri)ethet,
Since ||y; — a¢|| < r for all ¢ > 0 whenever ||yo — a(w)|| < R(w), we obtain
llyr — at]] < a(w)exp(—put) for all ¢t >0,

where

a(w) := max {’I“ eXp{UTh( ) R(w)e“} >0

is a positive random variable. This proves the exponential stability of the stationary solution a(-)
of (1.1). The proof is complete.
]

Remark 4.6 1. It follows from (3.8) that the necessary condition for the criterion (4.14) to
occur is

“EU(f,a()) > 4CoCoB %)l yar o1 - (4.23)

Conditions (4.14) and (4.23) are independent of g in the sense that only Cy is needed, provided
that the information about the unperturbed drift f and its derivative Df is given. This is
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consistent with classical stochastic stability criteria w.r.t. the white noises; see e.g. in [25]
or [14] and the references therein. The result in Theorem 4.5 is therefore more advantageous
in practice, as it often appears that only the information on the trajectories of the particular
stationary solution is provided together with the information of the unperturbed autonomous
drift f, and very little if any can be guessed from the diffusion part g. In these scenarios,
the expectations on the left-hand sides of (4.14) and (4.23) are explicitly computable in the
pathwise sense as the time averages of functions x and ¢ of stationary trajectories a. In
contrast, other approaches might need more information on the linearized system along the
stationary solution in an attempt to compute Lyapunov exponents, thereby requiring an
unrealistic assumption that the diffusion part is known.

2. In most cases, we can choose A in (4.16) to be Cy € (0, ), so that the criterion (4.14) or (4.15)
becomes 1
—Ex(Cy,a(-),0) > 4CgIEN*(6,x(-), [0, 1]). (4.24)
P
From (4.15), —Ex(\, a(-),0) is a continuous function of A, hence if El|ja(-)||” = El|/a(Cy,-)|”
depends continuously on Cy then the left-hand side of (4.24) is also a continuous function of
Cy which is equal to —Ef(f, a(0,-),0) > 0at Cy =0, i.e. Df(a(0,-)) is negative definite in the
expectation. In these scenarios, there exists a Cy < % small enough such that (4.24) holds for
all Cy < Cy. We will apply such a choice A := Cy in Corollary 4.7 and in treating the case of
trivial solution at the end of this section.

3. It is important to note that the criterion (4.14) can only be checked once the stationary
solution a(w) is given. This solution exists in the case where f is globally dissipative and
g € Cg’ as proved in [11, Theorem 3.3], because there exists a global random attractor 2 in
these scenarios and one can take any stationary solution a € 2 to check the condition (4.14).
We will see from Example 4.8 below that not all stationary solutions pass the test (4.14), thus
having a global attractor does not guarantee the local dynamics and stability.

As a special case, we show below that if f satisfies the globally strict dissipativity condition, then
there exists a unique singleton attractor that is also exponentially stable.

Corollary 4.7 Assume (Hy),(H,),(Hx) and further that f is globally strictly dissipative in the
sense of (4.2). Then there exists a positive constant Cy > 0 such that if Cy < Cy then the RDE
(1.1) has a stationary solution a(w) such that

(i) {a(w)} is a singleton attractor of the RDS ¢, which is both forward and pullback attractor.

(i) The solution a(6w),t € R of the RDE (1.1) is Lyapunov exponentially stable for arbitrarily
large radius r(w), for almost all w € Q.

(iii) ||a(-)|| € LP(Q) for any p > 1.

Proof: Part (i) and (iii) is a direct consequence of [11, Theorem 3.3, Theorem 3.1]. To prove
part (ii), observe from (4.2) and (4.6) that —¢(f,%,0) > D > 0 for all y € RY. We then follows
Remark 4.6 (2) and choose \ := C; < Cy for sufficiently small Cj. O

Example 4.8 Consider the pitchfork bifurcation system of the form

dy = (o — y®)dt + oyd B, (4.25)
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where BY is a fractional Brownian motion with the Hurst index H € (%, %] In that scenarios, it is
easy to check that

W, fW)) = y*(a —y?) < o® — |aly?;

0,5 — F@) = - 2 [a— o — i — 9?]: (420
hence the drift f is globally dissipative. As a result, it follows from [10, Theorem 5.1] that there
exists for o small enough a global attractor for the stochastic system (4.25). Our interest is to
consider the local stability of points in the global attractor.

Similar to the situation with stochastic Stratonovich noise from [1, Subsection 9.3.2, pp. 480],
one can solve the stochastic differential equation (4.25) explicitly in the pathwise sense for almost
all realizations BJf (w) € C~ with w € Q as a rough differential equation, by using the rough path
technique to solve the pure rough equation and then applying the Doss-Sussmann transformation.
The rough solution then has the form

N|=

t _
(p(t, w)y _ yeat—&—aBtH(w) (1 + 2y2/ eQ(as—‘roBf(w))ds) . Vt>0.
0

When a < 0, f becomes globally strictly dissipative, thus it follows from [11, Theorem 3.3] that
the trivial solution is the unique global attractor of system (4.25) and thus is exponentially stable.
When « > 0, it follows from (4.26) that f is no longer globally strictly dissipative, but only locally
strictly dissipative around the vicinity

D:={jeR:a<3(9)*.
The origin then changes its stability as a turns positive, and there appear two more stationary
solutions which can be computed explicitly as
0

+e(w) = :t(2 /_Oo exp{2at + QJBfI(w)}dt)_%.

and it is easy to check that Ec? = a. Indeed, since Df(y) = a —3y? and f € C?, Df(+c(w)) might
go and leave the negative region D at any time due to its randomness. However, one can check
condition (4.14) as

El(f,+c(-)) = EDf(4c())) = a — 3Ec(-)? = —2a < 0.

Thus the two stationary solutions +c(w) become locally exponentially stable by choosing sufficiently
small 0. One can actually proves that the global attractor of system (4.25) is A(w) = [—c(w), c(w)].

Example 4.9 For a subtle example, by following [9, Section 2.2], we consider Fitzhugh-Nagumo
system perturbed by any bounded diffusion part ¢ satisfying (Hy) with a fractional Brownian noise

3
Y

dy = f(y)dt + g(y)dB{';  fly) = (Zt(v_t 3 Wi”f:}f) ,y= ()t (4.27)

For positive parameter ¢, u, I, J > 0, such that there exists a unique fixed point which is also the
global attractor @4 = {a* = (v*,w*)} of the unperturbed system u = f(u) (for instance we can
follow [34, p. 513] to choose I = 0.265, = 0.75,J = 0.7, = 0.08). Moreover, it is easy to
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check that a* is locally exponentially stable, thus ¢(f,a*) < 0. As proved in [9, Theorem 7], the
Fitzhugh-Nagumo drift admits a so-called strong Lyapunov function of the form

4, 6 o\i
V(y) == (1+v +$w) .

Hence it follows from [9, Theorem 14, Theorem 16] that system (4.27) admits a global random
pullback attractor «79(w) € L for any p > 1 (which might contain more than a random point),
such that
lim dy(«/9(w)la*) =0 as.; lim Edg(«/9(-)a*) =0. (4.28)
Cy—0 Cy—0

This implies [dg(<79(-)|a*)]? — 0 a.s. and also bounded by an integrable function (see the proof
in [9, Theorem 16]), thus E[dy(</9(-)[a*)]”? — 0 as C; — 0 by Lebesgue dominated convergence
theorem. Now for any stationary solution a9(w) = (v9,w9) € o/9(w), it is easy to check that a9 — a*
both in the almost sure sense and in the £ sense. In fact, a direct computation shows that

[EU(f,0%) = &(f,0")| < EJ(f,0%) — £(f,a")| < B[ Df(a%) = Df(a")]
< E|(w9)? - (v)?
< E[fa? - a*[[(la? - o] + 2[ja”[)]
< Ella? - a*|2 + 2]ja" | E]a? - o
< Edn(o())a")] + 200’ E[du(7()a")] 50 as €y 0.

Therefore, there exists Cy € (0, %) such that for all 0 < Cy < Cy we have E{(f, a%) < %E(f, a*) <0,
and criterion (4.14) in Theorem 4.5 is satisfied by choosing A := Cy, leading to local exponential
stability for a9. Note from [34] that the noise might trigger a spike, and the trajectory {a?(0sw)}icr.
might experience a tour out of the vicinity of the fixed point a* into a larger regime before coming
back close to a*. Although (4.28) implies that this phenomenon is seldom as Cj; decreases to zero, the
spiking part of the trajectory when happening could make the computation of Lyapunov exponents
more complex than just for the linearization around a*, due to the uncertainty of ¢ in practice.

This example can be generalized to any drift f which is locally Lipschitz continuous and admits
a singleton global attractor, such that there exists a strong Lyapunov function.

Special case: the trivial solution

Of particular interest is the stability for the trivial solution, for this we need to assume f(0) =
0,9(0) = 0 so that system (1.1) admits the trivial solution to be an equilibrium. Since the stability
is a local property of the equation, it is natural to restrict our investigation and impose conditions
on the equation only in a neighborhood of the origin. In this subsection, instead of the global
conditions (Hy)-(H,) we will assume that there exist a positive constant ey > 0 such that in the
ball B(0,¢p) :={y € R?: ||ly|| < eo} C R? the following (local) conditions are satisfied.

(H%) in the ball B(0, ¢p) the coefficient function f : R? — R? of (1.1) continuously differentiable
and the matrix D f(0) € R¥*? is negative definite, i.e.

> 00 (5, DFO)) < ~Afllyl? vy e BY. (4.29)

(Hg) in the ball B(0,€p) the coefficient function g : B(0, ) — L(R™, R?) of the equation (1.1)
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belongs to C3(B(0, ¢), L(R™, R?)); we denote

Cyle) = max {‘DQHOO,B(D7€0)7 \/HgHoo,B(o,eo) 1D llo0,B(0,c0)>

V9105001 - 1029l e 5000 1905001 - 1039l e 00
1

1 1
(D290, B0.c0) 1912 B0.00)) *» (1D Glc,B0.c0) 191 0.0y ) } (4.30)

Note that hypothesis (H%) can also cover the case in which Df(0) admits all eigenvalues of
negative real parts, by upto a linear transformation (see e.g. [14, Remark 3.6 (iii)]).

Our aim is to obtain the stability of the system (1.1) in the neighborhood of the origin (an
equilibrium). For this we need to show that the solutions starting near to 0 are not exploded, i.e.
it can be extended to all the time ¢ > 0, and the requirement of the stability are met.

The solution of (1.1) with the initial value yy € B(0, ¢y) is understood in the pathwise sense,
under the assumptions (H%)-(Hj). To apply the arguments in [13], we provide an indirect argument
to first extend the local domain B(0,¢€) to the whole R?, and then to apply available results for
global solutions. To do that, we first need to recall a result on extension of differentiable functions
on R?. Namely, we have the following lemma which is a direct corollary of a theorem by C.
Fefferman [17, Theorem 1].

Lemma 4.10 There exists a positive constant ¢; > 1, ¢ € N, depending only on the dimensions m
and d (independent from e) such that any function g : B(0,e0) — L(R™ RY) which is in the class
Ci(B(0,€)) can be extended to a function g* : RT — L(R™,R?) of the class CH(RY) with bounded
derivatives up to order i, and the following inequality holds

19"l ci (may < <ill9llci(B0,c0))-

Put
¢ = max{c], 5} > 1, (4.31)

to be the universal constant that can serve for estimations of smooth extensions above. Hence,
there are new functions

RIS R g RY— L(R™RY),
such that f*, g* are the extensions of f, g from B(0,¢q) to R? provided by Lemma 4.10, i.e. f*, g
coincide with f, g in B(0, €¢y) respectively. Hence, we have

1D9ll00,B(0.c0) < Cg(€0) < Cgr < " Cyleo)s 1 F lor(ray < Il ller(so.e0- (4.32)

Consider the equation

*

dyt = f* (yt)dt + g*(yt)dxt, (433)

It is easily seen that the functions f*, g* satisfy the strong global assumptions (H«)-(Hg=) due to
(4.32), as well as the original local assumptions (H%)-(Hj). Therefore, there exists a unique global
solution for equation (4.33) due to the choice of f*, g*. In particular, for any given solution y;(x, yo)
with yo € B(0, ¢9) there exists a time

T(X,y0) :=sup{t > 0 : ys(x,y0) € B(0,¢9) Vs € [0,¢]} > 0, (4.34)

such that all solution norm estimates can be computed via f, g (instead of f*, ¢*) during the time
interval [0, 7(x,yo))-

As a direct consequence of Theorem 4.5, the following result is significantly stronger than [23,
Theorem 17].
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Theorem 4.11 Assume that f(0) = 0 and g(0) = 0 so that zero is the trivial solution of (1.1), and
the conditions (H3), (Hy), (Hx) hold. Then there exists Cy > 0 depending only on f such that if
0 < [|[Dg(0)|| < Cy the trivial solution of (1.1) is exponentially stable almost surely.

Proof:  Given the equation (1.1) on B(0,¢p), we follow the extension process provided by
Lemma 4.10 to extend f,g on B(0,€g) to f*, g* on R?. Then consider equation (4.33)

dy: = f*(y)dt + g" (y)dy,

It is easily seen that the functions f*,¢* satisfy the strong assumptions (Hy«)-(Hg+) with (4.32),
thus the solutions of the equation (1.1) exist on the whole half line 0 <t < oo, hence (1.1) generate a
global random dynamical system, see e.g. [32, Theorem 4.3], [11] and [10]. Note that (4.32) implies
(4.12), condition (4.14) can be verified by using (4.29), and the trivial solution is a stationary
solution of (1.1). Thus the assumptions of Theorem 4.5 are satisfied. Since both g € C} and
g(0) = 0, the fact that Cy- is sufficiently small is equivalent to choosing Cj (o) in (4.30) to be as
small as possible by considering a smaller ball B(0,¢) C B(0,€p) if necessary to make ||gl|oo,5(0,e)
as small as possible, and then requiring ||Dg(0)| to be sufficiently small so that ||Dg|ls p(o,e) is
controlled to be as small as possible. In other words, if ||Dg(0)|| < Cy for sufficiently small Cy
then the trivial solution of the extended system (4.33) on a sufficiently small ball B(0,¢) C B(0, )
is locally exponentially stable under the additional assumptions (Hy)-(Hy)-(4.12). That is, there
exist two positive random variables ¢y > € > R*(w) > 0, a™(w) > 0 and a positive constant p such
that if ||yo|| < R*(w) then the solution y; of (4.33), starting from yo, satisfies ||y:|| < € < ¢y and

lyell < @ (w) exp(—pt), Vt>0. (4.35)

We notice here that since f* = f and g* = g on B(0, ¢9) the quantities || D f(0)[|, Cy defined for the
equation (1.1) coincide with their counterparts defined for (4.33).

For any initial value |lyo|| < R*(w) < € < ¢ the solution y; of (4.33), starting from yo, satisfies
lly¢]] < e for all ¢ > 0, hence it is the solution of (1.1) starting from yo because (1.1) coincides with
(4.33) for all those solutions. Therefore, for any initial value yg satisfying ||yo|| < R*(w) the solution
yp of (1.1) starting from yg satisfies ||y|| < € and (4.35) for all ¢ > 0. This implies that the trivial
solution of equation (1.1) is exponential stable. O

5 Lyapunov stability of discrete systems
In this section, we study the local dynamics of a discrete system of the form
vy € RY,

5.1)
A A A A A A (
Yierr = Yt T T Wi )A + 9yt 000 + D9 )9 ) Xy 540, k€N

under the regular grid IT = {#; := kA}ren, 0 < A < 1. Note that numerical approaches to study
rough differential equations go back to [28], [8], [20] (see also [26], [27] for further details). The
global dynamics of the discrete system (5.1) has been studied recently in [10], [7], which show that
there is a similarity in asymptotic behavior of the continuous system (1.1) and its discretization
(5.1) in the sense that the existing random attractor of the discrete system (5.1) converges to the
random attractor of the continuous system (1.1) as the step size A tends to zero. A difficulty in
dealing with the discrete system is that we can not apply the Doss-Sussmann technique, simply
because it is difficult to control the solution growth in a smooth way for the discrete time set. One
way to overcome this challenge is to couple the discrete system (5.1) with its unperturbed discrete
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system and control the difference of the two trajectories by applying the discrete sewing lemma.
For this, an additional condition of global Lipschitz continuity of f is required.

Throughout this section, we will assume (Hy), (Hy), (Hx) and further more:
Li:=|Dfl|loo < 0. (5.2)

In particular, denote by L, the quantity

1 1
Ly := max {HDgnm, 102100, [l9lloo (| Dgllow V 1 D%glloc V [1D3gllo0)] *, (Ilg1% 1 Dgloc)* } (5:3)

which is somehow similar to Cy in (2.3).

We now state definition of stationary solution to discrete- time systems (5.1) analogous to that
for continuous time systems.

Definition 5.1 A random point a®(-) : Q@ — R? is called a stationary solution of (5.1) if a®(Byw),t €
I, is the solution of (5.1) starting from a®(w) € R? at time 0.

The concept of stability for the stationary solution is defined in a similar way to Definition 4.3
except the continuous time set R is replaced by the discrete time set II.

Following Section 4, we assume that a® is a stationary solution to (5.1). Recall from Section 4
that

(y — a2 (W), f(y) = f(a2(w))) < M(Df, 0% (w), ")y — a®W)II*, V¥ly—a® ()l <7, Yw e Q (5.4)
where it follows from (4.11) and (5.2) that
[M(Df,a%(w),r)| = [€(f,a%(w)) + osc(Df (a® ()| < 3Ly.
From now on, we write M (a®(w)) in short for simplicity. We would like to study the local stability

of a stationary solution a®(w) of (5.1). We write a2 = a®(#;w) in short. To obtain local stability,

we estimate the difference between an arbitrary solution y of (5.1) and a®. Assign hy = ytA — atA

and
Pyy = [g9(y) w5t + Dg(y2)g(y2 )Xl — [9(af)zss + Dg(as)g(as) X .

Then
htk+1 = htk + [f(yé) - f(aﬁ)]A + Ptk,tk+1~ (55)

and it is easy to check that

1Pl < [IDgllscllzs.all + (lglloolD?glloc + 1DIZN 1Ko tll] Il (5.6)

Proposition 5.2 If 4C,L, || x|

|

1
p—var,T[ab] = A< > the following estimate holds

h, B < [L(=a) 422 (@)oo fo.) (=) +(4Co+1) L 1%l v 150y |15 B lp s 11 -

p—var,II[a,b]

Proof: See proof in the Appendix.
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This motivates us to construct a discrete sequence of stopping times 7;; A(X,S,]0,00)) as presented

in Subsection 3.2 based on a fixed A < % and
S = {w(l), W(Z), W(3)7 W(4)}7
in which

wl = Lit—s)p=1  wd =4, +1>PLP Vol e B2 =

3 4 A
Wgt) (40 + 1)pr |||qu var,I1[s,t] "83 - Wg,t) = 2>\Hf(ﬂ )Hoo,l'[[s,t] (t - 8)754 =1
Note that wsilt),a < s <t < bis a control since it is continuous, superadditive and zero on the
diagonal.
Throughout this section, we will write 72* = 72(\, S, [0, 00)) for abbreviation without indicating

S. Observe that whenever ||yf — af || <,

lhepii 12 = e l® + Hf(ytAk) = Fag)IPA% + || Py |12
—"_2<yt;c atkv f(ytk) f(aé»A + 2<htka Rﬁk,tk+1> + 2<f<yé) - f(aé)7ptk,tk+1>A

<l P [0+ 200 (a)A + L3AY] + 207 () — F(a). P )A
+2<htk7ptkatk+1> + ||Ptk7tk+1||2' (5.7)
Consider the first interval [7&*, 78] where 78* = 0. There are two possibilities. The trivial case is

when

Ly =78 + 2017 (0l e 1) (> = 780 + (40 + )L Il e 1) ] > A

1 1

then 7§, 7 are consecutive in II, i.e. 7 — 7§ = A. Then (5.6) and (5.7) yield

IalP < [0+ 2M(@3)A + LIA? 421+ LAY (Lyllxsa ol + L2lxsa alP)
T (Lglls rall + L2lx,s a2 s
A A A A
< exp {[2M (a2 + L3A| (7 = 75%) + 3¢ ALy Il v o ) g I
as ||hTOA” < r by assumption, where the last inequality comes from the Taylor expansion of the
exponential function. The other case is non-trivial and needs to be proved as follows.

Proposition 5.3 Assume ||h_ AH < TC) If

(L =) + 20 @) o 1) (= 76) + (4G + DI Il e 18| < A

1 1

then

— 2
Ihpall? < exp { [200 + LFA[ (7f* = 7) + 6(1 4+ ) (1 +2C,) 2 2V Ly [1x],_ g 1oy Al

(5.8)
where My denotes the average of M(atAk), ty € [18, 75
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The proof of Proposition 5.3 is provided in the Appendix. Hence in both cases, we have have just
proved that

N

IN

_ 1
exp {[Mo + 5LFA| (5 = 76) + KLy Ixll, s o) Pllers |
— 1 * *
< oxp{ | Mo+ SL3A| (1 = 76) + KLy N (v, 1%, ) 1 s |

for
K = 5(1 4 \)(1+2C,) %Py geﬁLfA (5.9)

and arbitrary v* € (0,1), where the last estimate follows from Lemma 3.2. By induction, we
therefore can prove that.

Proposition 5.4 If |k all < g then

61TC;)
_ 1 §
Ihea I < exp {[Ma+ SLFA|(m = 7) + KLy N* (7%, [ ma D sl (5.10)
where M, denotes the average of M(af}), ty € [T5, 75 1) and v* € (0,1).

Note that (3.10) yields the estimate for the number of the continuous stopping time 7,,(\, S, [s, t])
w.r.t. the set of control § as

4r—1
N*(A\,8,[s,t]) < 1+ [L’;(t—s) + (4C, + LPLE =)

- oy + (4G, + 1)PLE ]2

p—var,II[

LN @2, gt = 9)]-

g—var,I1[s,t]

< 1+ A (L5t = 8P+ (ACy + DPLD Dy ey + 2N @), et — 9)7].
(5.11)
Now we state the main result of this section.
Theorem 5.5 Assume (H}r) with (5.2), (Hy), (Hx ). Assume further that ||a®(-)|| € LP and
—n = El(f,a®() + %L}A <0. (5.12)
If there exist A € (0,%),7* € (0,1) such that
n > KLy [EN*(v%,%(-), 0,1]) + 2EN*(A, S, [0, 1])], (5.13)

where K is given in (5.9) and numbers N*s are estimated by (3.3), (5.11). Then the stationary
solution a®(-) of (5.1) is exponentially stable almost surely.

Proof:  First, choose 0 < r < ry small enough so that
n = Elosc(Df(a*(-)))] > KLyy* [EN*(v",%(),[0,1]) + 2EN*(A, S, 0,1])]

Then (5.4) is satisfied in which

— [EM(Df,a®(-),r) + ;L}A] > KLy [EN*(*,x(),[0,1]) + 2EN*(), S, [0,1]) .
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Using Proposition 5.4 and the definition of M,, for 0 < m < n, we obtain by induction

A
In g
Yy |M(af}) + 3L5A n—1
Il < 1ol exp [ . T T ) G
Tn / =0
provided that Hh H < m By applying (3.9) in Lemma 3.3 to (5.14), we obtain
Eiiio_ Q; A * NT* A *
n

where we write a; = M (af) + %L?A in short. Hence, to make sure that [[h all < To(isc,) for any

n € N it suffices to chooses y§* such that

ly6 — a® (@)l < R%(w)

r Z%_la
= Torey it e { - ZRET - KLy N0 x(w). 0,7 - KLy
A
In g

. r A m, *N*(’}/*,X(M),[O,TnA]) _ x
= 10y exp { - 7 ( DA e A KLgy TnA)}

(5.16)

We show that R > 0 a.s. under conditions (5.12) and (5.13). Indeed, denote 7 (~7*,x(w), [0, 00))
the maximal stopping time that is less than 75 = 72(\, S), then N*(7*, x(w), [0,75]) < k + 1. By
(3.4) in Lemma 3.1

. N* (7, x(w), [0, 7)) k41 (o
hglj;p A < hkm_ilép e x(@).[0.50)) <EN*(v*,x(),[0,1]). (5.17)

Mean while, applying (3.12) and (3.11) for v := X yields

lim sup — n <2EN*(X,S,[0,1]) a.s.

1
<
nosee. (0, 8,10,00))  lim jnf 0510

n—oo
Thus for a given path x(w) and a fixed parameter

1
e < — |[EM(Df,a®(-),r) + 2L§A] — KLyy*EN*(v*,%(-),[0,1]) — 2K L,y*EN*(A, S, [0, 1])

there exists n(w) > 0 large enough such that

r . A Z o *N*(’Y*,X, [OanAD . *i
1601+ Cy) mankey | &P {me (=2 /A KLgy A KLgy TnA)}

r
> f e > 0. 5.18
B 16(1 + Cp) n>12(w) > ( )
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This implies that R(w) > 0 a.s. These arguments together with similar arguments to the continuous
case presented in the proof of Theorem 4.5 prove that there exist ¢ > 0, and positive random variable
a(w) such that if |lyg — a®(w)| < R(w) then

||yf‘nA - aTAnA | < a(w)exp(—pr?) forall n >0,
Finally, for any 72 < t;, < 72, for some n, (6.21) implies

s

Hyé - atAkH < 20(w) exp(—put) < 2a(w)e“(t’“*T"A)) exp(—ptr) < 2a(w)e 7 exp(—pty).

This proves the exponential stability of a®(w). O

Remark 5.6 1. We expect that condition (5.2) is negligible provided (H;{), as we only consider

the local dynamics in the vicinity of the discrete stationary solution a®. The only difference
in computation is the estimate

1
1£2) = 5@ < | [ Dra + xbyax| Il < g1+ (o + 1Pl = €S0l

as long as ||hs|| < 1, where C(f,a®) is an integrable coefficient. In this case the simple term
L(t — s) should be replaced by [/ C(f,a%)du, thus the formulae and the stability criterion
might be more complex in the end.

2. Observe from the proof of Proposition 5.2 that in case a® is a non-random fixed point then

H‘aA, R = 0. The definition of L, can then be reduced to

prvar,l_[[a,b]
1
Ly = max{|[Dglloo, (|g]lo [ D*glloc) 2 }-

3. Criterion (5.13) for discrete systems is similar to criterion (4.14) or (4.15) for continuous sys-
tems, with « in the left hand side of (4.15) is reduced to ¢; the only difference is N*(\, S, [0, 1])
in the right hand side of (5.13). In particular, all the controls in & depend only on x and
| f(a®)||oo that are computable in practice, hence no further information on g than L, is
needed.

4. In general it is difficult to check (5.13), because the number N*(\, S, [0, 1]) in the right hand
side of (5.13) might also depend on L, (as seen in the estimate (5.11)). A careful look at (5.13)

and (5.11) shows that if there exists an LP- random variable which bounds F H‘aA H‘ mo.1)
0, s

then the right hand side of (5.13) does not depend on a®. This observation suggests us to
consider two special cases for the dissipative drift as below.

In the following, we assume f is global dissipative in the sense of (4.1), i.e. there exist constants
D1, Dy > 0 so that
{y, f(y)) < D1 = Da|lyl*, VyeR%

We modify the proof in [7, Theorem 3.3 & 4.2] to prove that
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Proposition 5.7 Assume (H;{) with (5.2), (Hy), (Hx). Assume more (4.1). There exists A* so

that if A < A*, there exists a pullback random attractor A®(w) to (5.1) which lies inside the ball
B(0,R'Y?(w)), where

©
R=Rw) =T+T Y e (1+ 0 x@IE22 ) (5.19)

p—var

in which I' =T'(Ly, || f(0)||, D1, Do, HgHCg) is a constant dependent increasingly on HQHCS

Proof: The proof follows that in [7, Theorem 3.3 & 4.2] and [16, Theorem 3.11] with a slight
modification to make use assumption boundedness of g. For the benefit of the reader, we sketch
the proof in the appendix. 0

Corollary 5.8 Under the assumptions of Proposition 5.7, it holds that

EN(v*,%(-), [0,1]) + 2EN*(, S, [0, 1]) < T [1 + E(x() 250 1)]

p—var
for a certain constant T' = T(Ly, || f(0)||, D1, D2, ||g||C§,, A, %) > 0 dependent increasingly on ||g||C§,.
Proof: Since stationary solution a® belongs to A2, Proposition 5.7 implies
[a® [P < R.
Moreover, from (6.26) and (6.29)

lo® ooy < 2la®] + A(x, [0,1]))

where A(x,[0,1]) =T'(1 + |||X”|(pJr

pvar, 0 1]). By convex inequality, it follows that

1@ oy < TR

From (3.3) and (5.11), there exists generic constant I' = I'(L¢, || £(0)||, D1, Do, HgHCl::,, A, v*) >0
such that

N*(v*, x(-) [0,1]) +2N*(A, S, [0,1])

4r—1
< 2+( o ()l —var [0,1]+7[L§3+(4Cp+1)%§ ()l var, 0,1 + 27711 (@ ())Ilf;,n[&t]]

< I'R.

By (5.19), it is easy to check that

1—e 3

E(IxI5"02.)
E(R)<T |1+ 5 .

The proof is finished. O
As a consequence, we now derive a simpler stability criterion for the case of global dissipativity.
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Theorem 5.9 Assume (H;{) with (5.2) and (4.1), (Hy), (Hx) such that (5.12) holds. If

n > KTLy [1+E(IxI2750 )] (5.20)

where K is given in (5.9) and T is given in Corollary 5.8, then the stationary solution a®(-) of
(5.1) is exponentially stable almost surely.

Criterion (5.20) is easier to check by fixing A,~* so that only f’Lg in the right hand side depends
increasingly on L4. In the case of strict dissipativity, the following result concludes the stability for
the singleton attractor. Note that the singleton attractor of the discrete system (5.1) converges to
that of the continuous system as A — 0, as proved in [7].

Corollary 5.10 Assume (Hj{) with (5.2), (Hy), (Hx) and further that f is strictly dissipative in
the sense (4.2). There exist A* > 0 and C* > 0, such that for any A < A*, any Ly < C*, there
exists a unique stationary solution to (5.1) which is also the singleton attractor. Moreover, the
stationary solution is exponentially stable almost surely.

Proof: The existence of of the random pullback attractor is given in Proposition 5.19 given
that A small enough. The fact that the attractor is one point under sufficient small L, is proved
in a similar way to the continuous case in [11] and [16] where we make use of Proposition 5.4 for
h being defined as the difference of two stationary solutions. Thus, one may choose A* depending

on f, C* depending on f,g, E(|||XW£(E7\;?[O 1]) so that (5.12), (5.13) are satisfied. The exponential

stability is then a direct consequence of Theorem 5.5. O

Special case: the trivial solution

We close this section by considering the special case in which a® is the trivial solution of the discrete
system under assumptions (H%), (Hj) as stated at the end of Section 4. First define

L;({:‘o) = HDfHoo,B(O:EO)

and, by Remark 5.6 (1), also define

Ly(e0) = max{[[Dglloc,B(0.): 9lloc,B0.) 1 D*9lloc, B0, }-
We consider the discrete scheme associate with (4.33)
A d
e R,
Ayo A * A * A *0 A\ x/ A (521)
ytk+1 = ytk + f (ytk)A + g (ytk)‘,rtk,tk+1 + Dg (ytk)g (ytk)th;,tk+17 k S N

The following result is similar to Theorem 4.11.

Theorem 5.11 Assume (Hx), (H}) and (Hg) hold with f(0) = 0,g(0) = 0. Then there exists
Ag > 0, Cy > 0 depending only on f such that for any 0 < A < Ay, ||Dg(0)|| < Co, the trivial
solution of (5.1) is exponentially stable almost surely.

Proof:  Firstly consider (5.21) with the note that ¢*L}(eo), ¢*Lj(g0) play the role of L¢, Ly in
(5.12), (5.13), where ¢* is determined in Lemma 4.10.

1 1 .
We fix Ag < (a*i%’ v = 5,)\ =3 and choose Cy < 1 satisfy
*L 2A 1 1 1
n=As— (Cf(;))o > SKeCo [IEN*(§,X, 0.1]) +2EN* (5., [0, 1)
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This is possible, because we can estimate the two expectations due to (3.3) and (3.10)

L1
EN*(5,x(),(0,1]) < 1+ 2EIx()) o = Cr;
* 1 * *
EN*(5,5,00,1]) < 1+37(c"Ly(0))” + (12650 E X)) _yar 0.y = Co

by the quantities which are independent of g. We then determine Cy as follows

2n
Cop:=minq1 .
o 1= min { ’c*K(cl+202)}
If |Dg(0)]| < Cp there exists e1 < eg so that || Dgl|se, (0,e,) < Co- Choose

Co
+ ||D2g||oo,B(O,eo)

€9 < min{ 1 €1} (5.22)

Then B(0,€2) C B(0,¢) and we have
1D gllc, B0.c2) < D" Glloo,B0.c)  for i=0,1,2,3.

Since || Dg|ls, B(0,e2) < Co and g(0) = 0 we have [|g||o0, B(0,e,) < Coe2. Hence

||g||oo,B(0,52)HD2g||oo,B(0,eg) < CO€2||D2gHoo,B(O,62) < Cga (523)

which implies L}(e2) < Co. It is easily seen that with such choice of Ag and Cp if 0 < A < Ay
and 0 < ||Dg(0)|| < Cy, the criterion (5.13) is satisfied. hence Theorem 5.5 is applicable to (5.21)
to conclude the exponential stability of the trivial solution. Moreover, one may replace 7 in (5.16)
by €2 so that any solution y® of (5.16) starts inside B(0, R®(w)) where R®(w) given in (5.16) does
not exit from the ball. Therefore, y* is also the solution of (5.1). This completes the proof. O
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6 Appendix

6.1 Rough paths

Let us briefly present the concept of rough paths in the simplest form, following [18] and [29]. For
any finite dimensional vector space W, denote by C([a,b], W) the space of all continuous paths
y : [a,b] — W equipped with the sup norm || - [[o (0,5 giVen by [[Ylloc [ab] = SUDsefap) [|4e]l, Where
| - || is the norm in W. We write ys; := v — ys. For p > 1, denote by CP~¥*([a,b],W) C
C([a,b], W) the space of all continuous paths y : [a,b] — W of finite p-variation ||y||

p—var,[a,b] =
1/p
(supp([a,b]) i Ytstig IP ) < 00, where the supremum is taken over the whole class of finite

partitions of [a, b].
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Also for each 0 < a < 1, we denote by C%([a,b], W) the space of Holder continuous functions
with exponent « on [a,b] equipped with the norm

Y.
Wlleap = vall + 19lla sy - Where lyllg e = sup === < oo. (6.1)

sitefab), s<t (L —8)°
For o € (3, 3), a couple x = (2,X) € R™ & (R™ ® R™), where 2 € C%([a, b],R™) and
X € C**([a,b]>,R" @ R™) := {X € C([a,b]>, R" @R™):  sup Al oo} ,
sitelab], s<t [t — s[>
is called a rough path if it satisfies Chen’s relation
Xot = Xsu = Xyt = Tou @ Typ, Va<s<u<t<b (6.2)

We introduce the rough path semi-norm

1
Il oy = 12llaae + IXNZ, o2 (6.3)
where || X]| 2 = sup o
2o [a.b] s,t€la,b;s<t |t - S|2a
Throughout this paper, we will fix parameters % <a<v< % and p = é so that C“([a,b], W) C
CP=V([a, b], W). We also set ¢ = § and consider the p—var semi-norm

1
(B AR N b L L
n 1/q (64)
|||X”| —var.|a = Sup ||Xti7ti ||q 9
avanlob? P([a,bm; *

where the supremum is taken over the whole class of finite partitions P([a,b]) of [a,b]. The reader
is also referred to [18, Chapter 10] for a detailed construction of X of a multi-dimensional Gaussian
process X = (X;)™, with mutually independent components.

6.2 Probabilistic settings
Following [10], denote by TZ(R™) = 1 & R™ & (R™ ® R™) the set with the tensor product

(1791’92) ® (l,hl,h2> — (l,gl + hl,gl ® hl +92 i h2)7

for all g = (1,¢%,¢%),h = (1,h!, h?) € T2(R™). Then (T?(R™),®) is a topological group with unit
element 1 = (1,0,0) and g~ = (1, —¢', ¢' ® ¢* — ¢?).

Given a € (4,v), denote by €%(I, TZ(R™)) the closure of €>°(I,T(R™)) in the Holder space
€I, TER™)), and by %OO’O‘(R,TE(R’”)) the space of all paths g : R — TZ(R™)) such that g|; €
€%(I, T3(R™)) for each compact interval I C R containing 0. Then ‘"f(? YR, TE(R™)) is equipped
with the compact open topology given by the a-Hoélder norm (6.1), i.e the topology generated by
the metric

1
da(g h) =" 27(”% —hllg kAL
k>1

Let us consider a stochastic process X defined on a probability space (Q,JE ,P) with real-
izations in (%00 (R, T2(R™)),F). Assume further that X has stationary increments. Assign
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Q:= %OO’Q(R, TZ(R™)) and equip it with the Borel o-algebra F and let P be the law of X. Denote
by 6 the Wiener-type shift

(). = wi ' @wir, VE € R,w € 63" (R, TE(R™)), (6.5)

and define the so-called diagonal process X : R x Q — TZ(R™), X;(w) = w; for all t € R,w € Q. Due
to the stationarity of X, it can be proved that € is invariant under P, then forming a continuous
(and thus measurable) dynamical system on (2, F,P) [2, Theorem 5].

As pointed out in [11, Remark 1] and due to [2, Corollary 9], the above construction is possible
for X; to be a continuous, centered Gaussian process with stationary increments and independent
components, satisfying: there exists for any 7' > 0 a constant Cp such that for all p > %, E||X; —
Xs||P < Cplt — s|P¥ for all s,t € [0,7]. Then X can be chosen to be the natural lift of X in the
sense of Friz-Victoir [19, Chapter 15] with sample paths in the space C’g Y (R, T2(R™)), for a certain
a € (0,v). In particular, the Wiener shift (6.5) implies that

|||X(9hw)”|p—var,[s,t] = ”|X(w)H’p—var,[s—i—h,t-{-h] ;
Nis 1 (x(0hw)) = Nisyn ern)(x(w))-
As said above, in this paper, we need an assumption on ergodicity of 8. It is known (see [22,

Lemma 3]) that if X is a m-dimensional fractional Brownian motion with mutual independent
components, we have the ergodicity of 6.

(6.6)

Lemma 6.1 Assume that X = BY | then 0 is ergodic.

Proof: We sketch out a short proof here. For H = %, the canonical process w.r.t. the Wiener
measure P 1 and Wiener shift 0fw. = w;. —w. on Q* = CJ(R,R) is ergodic. By [22], the Wiener
shift mx. = 244 — 24 is ergodic on ' = CV*(R,R™) w.r.t. Py = BHIP’%. Because of [18, Theorem
10.4], there exists a full measure subset ; C €' such that w = (1,2,X) € Q for any z € ;.
Moreover, by [19, Theorem 15.42, 15.45], one can choose this full measure subset €; such that it
satisfies the piece-wise linear approximations (mollifier approximation). Then consider the natural
lift S on smooth paths

t
S(«T)s,t = (17$s,t7/ ms,rdxr)a (67)

which can be extended to €y such that S : 1 — €. One can now apply the arguments in [2] to
conclude that there exists a metric dynamical system (€, F, P, #) such that Q € Q and P = P oS!,
Furthermore,

0:S(z) = Jim 0:S(z™) = Jim S(nx™) = S(nsx). (6.8)
Since 7 is ergodic, it follows from [22, Lemma 3] that 6 is also ergodic. O

6.3 Gubinelli’s rough path integrals

Following Gubinelli [24], a rough path integral can be defined for a continuous path y € C%([a, b], W)
which is controlled by x € C%*([a,b],R™) in the sense that, there exists a couple (y', RY) with
y' € C%([a,b], LR™, W)), RY € C?*([a,b]?, W) such that

Yst = Ysllst + Rgt, Va <s<t<b. (6.9)

y' is called the Gubinelli derivative of y.
Denote by 22°([a,b]) the space of all the couples (y,3’) controlled by x. Then for a fixed rough
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path x = (z,X) and any controlled rough path (y,v') € 22%([a,b]), the integral [!y,dz, can be
defined as the limit of the Darboux sum

t
/s YudTy = \I%IEO Z (yu &Q Ty + y;Xu,v>
[u,v] €Il

where the limit is taken on all finite partitions II of [a, b] with |II| := [mz]ixn |v —u|. Moreover, there
u,v|e
exists a constant C}, > 1 independent of x and (y,y) such that

’ < Cp( mxmp—var,[s,t] |||f€ymq—var,[s,t}2 + H|y/H|p—var,[s,t} H‘X|||q—var,[s,t]2 )
(6.10)

t
H / yudmu —Ys @ Tgt — y;XSJ
s

6.4 Stochastic integrals as rough integrals

In general, a Gubinell rough integral [ ydz is defined in the pathwise sense with respect to a driving
path x, yet we can compare it to classical stochastic integrals in some special cases. Namely, let B
be a m-dimensional Brownian motion which is enhanced to an It6 rough path (B(w), B (w)) € €*
for any o € (3, 3) a.s. Assume (y(w),y'(w)) € 9%0(‘@ a.s. Then the rough integral

dBItG = 1 B ]Blto
/Iyr ro= lm [U%:EH (vuBun + 9, BS)
exists a.s. If y, v are adapted, then [, yrdto = J; yrdB, a.s. where the latter is the It6 integral. The
same conclusions also hold for (B,B5""2) and the corresponding Stratonovich integral (see [18]).
6.5 Discrete rough paths

Firstly, we recall some notation from [7]. For a given function y defined on finite set Il[a,b] :=
IT N [a,b], where a,b € II, we define Rgt = Yst — 9(ys)xst, s <t €Il and introduce the following
quantities

”yHoo,H[a,b] ‘= Sup ||ytz||7 HRyHoo,H[a,b} ‘= Sup HRls/,tH;
t;€l[a,b] s<t€lla,b]
r—1 1/p
Il —var,11ja,5) == sup ( lyer =y IIP ) ;
trelfa,b], 0<i<r, th<tt..<tf, r<n \j—0
1 1/p
|HR |||q var, H a b] = sup ( t* t* ) )
t¥ella,b], 0<i<r, t{<ty...<tf, r
and
”’yv RY |||p var,I1[a,b] |||y”’p var,II[a,b] v ”|R |||q var,IT[a,b] ’
(6.11)
”ya RY Hp—var,H[a,b} = ||ya” + |Hy7 RY |||p—var,l_[[a,b] :
6.6 Proofs

Proof: [Proposition 2.1] We follow the proofs in [11, Proposition 2.1] and [10, Proposition
2.3] with a small modification regarding to parameters. In this proof we omit notation [a,b] in
superemum and p—var norms.

31



(i), First observe that [g(¢)]" = Dg(¢)g(¢) so that

9@ loo < 1Dgllocllglloc and  N[g(@)) I, var < (1D gllocllglloo + 1Dg11%) ISl -
By the definition of Gubinelli derivative (6.9), since ¢/, = g(¢s) we have
1
RIYY = g(9)es — Dgl6s)g(9s)ass = /O Dg(6r + (1 — 0)bs)ds.edf — Dg(bs)g(ds)ss
1
= /0 Dg(0¢y + (1 — 0)¢s)(Pss,s + Rf,t)de — Dyg(¢s)g(ds)s,t
1 1
= | Da(0s,+ (1= 0)6.) B0 + | [Dg(001+ (1= 0)0) = Dg(0)] a6 )0
1 1 1
= / Dyg(6¢1+ (1 — 0)¢s) R,d6 + / [ / D2g(nfdr + (1 = 10)65)065 1) g(65) 4.
0 0 0

This implies
) 1
IRE | < 1Dgllocll RS + 511Dl gllocll s

[[25,¢]]-

Consequently, by Minkowski and Cauchy-Schwarz inequalities we have

[ < 1Dl [+ 510%lellglo Bl var N6l —var -

gq—var

As a result, it follows from ¢g; = [ St 9(¢py)dz, that

18l ar < glloo Il ar + 1 DG llcllgloo 1K - ar
o O Ml e [| B+ 1K N9 e

< Nlglloo Nl —var + 1Pglloollglloo I1Xlly—var + Coll Pglloc N[l var

R (6.12)
q—var
1 2
+ Cp{(HDQQHongHoo + 1 Dgl1Z) XM, var + iHDQgHongHoo ”’x|”p—var:| Nl —var 5
and similarly, since Rﬁ,t = st — Pust = fstg(gbu)dxu — g(¢s)xss we have

IRl .. < 1D9leclgllo 1l sne + Coll Dl Kol

q—var

R¢’H (6.13)
q—var
1
+ Cp[(HDQQIImIIQ\Ioo + D4l 1Kl e + 511D%G oo 900 |||$|||;2;_var] oM, —var -
Then it follows from (6.12) and (6.13) that

b
qump—var v ‘HR H‘qfvar
< lglloo 12ly—var + [109llocllglloc 1K —var

1 2
+Cp {IIDglloo 20, —ver + (1D*glloollgllo0 + 1Dg115) 1Kl —var + 5 1D%gllsollgllo0 Il —var | >

(1l v [,

5
< lglloe lelly—sar + 1Dgllsollglloc 1Ky —ar + 3+ SX) Ul e v | RO, ) (6.14)

q—var
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Taking into account the fact that A = C,C, ||x|| < '1/8, we have

p—var

1
< ——5— (gl Izl —var + [1Pgllocllglloc XMl —var)
g—var Lo\ ?)\2 oo p—va oo 0 g—va
2
< 2(llglloo 2l y—var + Cg 1Kl var)
2(”9“00 mxmpfvar + A2) (615)

-

IN

Replacing the above estimate into (6.13) yields

RO < AR+ Gl (I1D%gllollglloo + 1Dg11Z) 1Ky var
qg—var g—var
+%HD29HongHoo \Hff\\\ifvar}?(\\g\\oo 2l yar + A%)
< vl - Greoo
which reduces to
\HR‘f’H(qﬂar <5 [AQ + 5N (A +A%)] <242

Hence we obtain (2.9).

In case g(0) = 0, one rewrites

19()lloo,s,0 < 9O + 1Dgllocl Pl oo,s, < 1DGlloo ([|05]] + 101l —var, .-

Then (6.14) can be rewritten as

190 e V[ RO, S (Cololymran + C2 ) Il + 23+ 2N (U6, v |77

q— var

This deduces to

19 var < Ul v 7] < A“wu%n < 2\l
and to ) . N
[0, . < Tox D20l + 52025 ] < 2%l

Thus (2.10) is proved.

(i), Next, observe that [g(¢) — g(#)]' = Dg(¢)g(¢) — Dg(¢)g(¢). Applying estimates in (i) for
&, 6, R, R® we have

119(8) = 9(6)llse < (1D%glloollglloc + [ DlI2)16 — &oc:
o@ —ao)]| .,

< (ID%gllcllglloo + 1Dg12.) | - o]

p var

+ (ID%gllollgll +3HD29||OO||D9||00

<205 o -]

(9], _oue 190y va) 16 = @l

p—var
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+2(1D%gllscllglloe + 31 D?gllssl1Dglloe) (lglloo 21— var + 1D llssllglloo 1Kl var) 16 = Sl

<20} |6 -9 . +8(CH el ar + KD a1 — Slloc
<20} |6 —¢f| .. +8I0] Ixllyvar + Cf Il a6 — 1
|l ..,
< IDgllso [[B]), . + 1D%alscllglloc Nally—va [} 6 = 2| ..
+ [1D%gll [|B7]| . + 1D%0lscl| Dglloo Nl e 2] .
D% lscllglloe lally v ([&]] ...+ Bl a)] 16 — 1
<Gy ||ree|| _ + ol |- 0] .
+(Cy +3C2 1ol var ) 2[ 90100 I2l,—ar + C2 1Kl |16 = lloo
Yo Vi IR R ERE

+2(CF 1%l —var + 405 05— + 3C 1%l —vae 16 = Sl -
As a result, it follows from ¢s; — ¢s¢ = [ g(du) — 9(¢u)]dz, that

o 1D9lloo 2l ar 116 = Slloc + (1D llocllglloo + 1 Dl1Ze) UKy oy 16 — Bloc

+ Gy lally e | B0+ 1Ky v [[l96) — 9@ ]
< [Collxlyar + 263 Il _var | 16 = Bl

OOy Il [ | B2+ Coliclyae |- 0]

+2(Cy Il ar + 4C7 XI5 o + BC X0 yar ) 16 = Bl ]

12055 el e [ |6 = 0]+ (4Cs Il e +4C5 Il e )16 = 6]
< A+ A2+ 1603 + 14N — llo + (X + 302) ( mqﬁ - qb‘ e H(R‘ﬁ_‘z’ q_var)
< AL 44N+ 16X 4+ 1423 | ¢ — dall

+(2A+ T2+ 160% + 140) (|6 - ¢| - | ro= ) (6.16)

furnishes the same estimate. Consequently,
q—var

It is easily seen that ”‘Rq;_(f"

- g 2 3 B B
(o= oll, o VIE2l, ) < T2 om0 = Gl < 4160 = 6l
- 4\||¢o — ¢al and ]H Rﬁ—ﬂ”qﬂar < 4N||da — dal. (6.17)

One then uses the similar arguments to [11, Proposition 2.1] to prove (2.11).

|
Proof: [Proposition 2.2] i, The proof for the first estimate is simple, since one can write
¢ — ¢ in the form

iy — = / o(%,2)) — g(6u(x, 2))]dze. (6.18)
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The first estimate in (6.18) is then a direct consequence of (6.17).
i1, The proof simply goes line by line with [11, Proposition 4] but using the estimates in the proof
of Proposition 2.1. By a direct computation, one can choose K(\) := 256\. Due to its similarity
and length, it will be omitted here.
I
Proof: [Proof of Proposition 5.2] First, by repeating the computations in [7, Section 3,
Proposition 5.1] we obtain

H((sP)S,uﬂfH = ||P8,t — Py — Pu7t||

1 N R
: H/o [ Doy +nui) R, — Do(ad + 002, )R dn\ [

1

+| [ [Dats + m)a) - Dau)glu) + Do(a +nad)g(a2) - Dg(a)g(a)] i x
X ”xs,u & l’u,t”

+ Do) g(y2) — Dg(y)g(ys) — Dg(ad)g(ad) + Do(al)g(al)

= Aku,t +B|’$s,u®wu,t +C”Xu,tH7

[ 1%t

in which A, B, C in the right hand side can be estimated as follows by using the Mean value theorem.
Namely, put

b
Ly = max {IIDglloollDQQIW ||g||oo||D39Hoo)} ;
we obtain the estimates

A

1 A_ A A
H/O [Da(v® + 2 ) RE ™ — (D™ +mvl,) — Dol +nad,)) RS dnH

A_ A A
< |DgllooRY ™ + 1 D%gllooll R 1l oo o
< |IDgllos || B> + D2l || B | 1A
- & g—var,I1[s,u] ee q—var,I1[s,u] 00, [s,u]
< h 2 ad .
< |IDgll || Hiq_vamuﬁuzv IllocllPlloe s [|B || _ o 1o

B -

1
+/ D?q(y? + enyi)at (9(v) — g(ad)) de
0

1 1 1
/077[/0 D29(9§+§ny§u)y§ug(y?)d£—/0 D2g(a +5na§u)a§ug(a§)d4 dnH

1 1
/0 7 [/O D2g(ys + Enysh) (s — a5 g(ys ) dé

1
+ / (D2g(ys* + €nys) — D29l + &nal,)) aﬁug(af)dﬁ} dnH
0

1 2 1 2 3 A

< Sllalloc1D%llo0 WAl ar s + 5 (1D lc- 1Dl + 1D gllo-lglloo) el oo [la* ]
1 2 *\2 A

< §Lg |”h”|p7var,H[s,u] + (Lg) ”hHoo,H[s,u] a ‘Hp—var,l‘[[s,u] )

and finally, by assigning Q(-) := Dg(-)g(+),
1 1
c = H/O DQ(ys* + nysiu)¥sudn —/0 DQ(a} +na§u)a§udnH
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1 1
= H /O DQ(y +nys) (e — acu)dn + /0 [DQ2 +nyl) — DQ(a + nad,)] aﬁudnH
(1020l cllglloe: + 1D W, a1 + 1 D@l o s

< (1D%gllssllgllso- + 1Dg130) Nl var, s,
+(3]|1Dglloc- D%l + llglloc-1D%gll o)

IN

la*]
p—var,II[s,u]

A

A
|h||00H[5u ‘Hp var,I[s,u]

S 2L§ |||h”|p—var,H[s,u] + 4‘(L2) ||h’||OO,H[s,u]

H‘pfvar,l_[[s,u] '

These estimates lead to

16P) s (6.19)
h
S 21 T ] L L2 (S o2 e + 2P0, varto) ) Wl e
2 A
S (LAY Y |l

1P lloo, s,y =2 Wit (6P).

P (B0 e + 0%y arton) 2], oo

Thus, [7, Corollary 2.4] implies

Ih =Pl —var o) < Lrlllloo e (0 — a) + CpWap(3P);
and by (5.6)
’”h‘”p—var,ﬂ[a,b] < ’”Pmp—var,ﬂ[a,b] + LthHOO,H[a,b](b - (Z) + CPW(Mb((SP)
< |:Lf(b - CL) + Lg mxmpfvar,l_[[a b] + 2L H’X|||vaar,l_[[a,b} :| HhHOO,H[a,b] + CPWa,b(dp)
< {Lf(b - CL) + Lg mxmp—var,ﬂ[a b] + 2L2 mep var,Il[a,b] ] HhHoo,H[a,b]
2
TR = M 71 C1 P LINEY s M | [
2 ad
0y [1D3lloe Nl o [ 2| i
2R (L ANRRTAEEY D] L R [
A
< L= @)+ 4G Lo 1y —snnon + CollDEloe Wl ot [ B2 |

+Cp(L3)* (12— var, 1) + 41X ay) [ 52 X1y By T

p—var,Il[a,b]

The same estimate applies for R". Therefore,

A
< [Lf<b—a>+4chg 1y —ae 1101 + Coll D20 12l a1y [| 277 |

08 M—

p—var,Il[a,b]

X ”hv Rth—Var,H[a,b]'

*\ 2 2 A
+Cp(Ly 2 (Il o) + 40X 1) | H\p_vam[a,bj

Now we modify the estimate in formula (3.7) in [7, Theorem 3.3]) to have

A
|7

Hp—var,H[a,b}
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< £ oo oy = @) + glloe Ielly e oy + 190151 ll0 KNy 110
Gy o B 1Dl Tl gy + 1D%glloell9llo B2l o e
+(102 o g low + 11Dg112) WX, v 1101
< 7@ oo oy = @) + 1glloe Ielly e oy + 1901510910 KNy 110

FAC Ly Iy [0 B

which implies

A
[o*. 7

Hp—var,l_[[a,b]

1
< (1@ oo (® = @) + gloe 17— rgasy + 1Dl l9lloe 1N, var 1]

Thus,
ColD?gllsc Nl oy [ 2| s
FC L (Nl —an oy + A0y rttos) [ ] i
< fip 5 1@ oo = @)+ llglloo Il —var iy + 1Dloo o0 1Kl —var 1oy |
X (102100 11— var,r1ga) + (E5) 2 (23— ar riaty + A 0X0—var 11|
< fip 5 17 @)oo 1101 (6 = @) + L Il e 110 420 B¢ 1 (6.20)
and hence
108 I

< [Lf(b - a) + 4CPL9 |||XWp—V&r,H[a,b] + 2)\Hf(aA)||c>o,l_l[a,b] (b - a)

A
55 Lo Il g |10 Bl
< [Lf(b - a) + 2)‘||f(aA) Hoo,H[a,b] (b - a) + (4Cp + 1)Lg |||XWp7var,H[a,b] } Hh, Rthfvar,H[a,b]'
The proved is completed.

Proof: [Proof of Proposition 5.3] Firstly, by assumption

(L2 =) 4 22 £ pn ) (77 = 76) + (4G + DL I, i vy | < A

we apply Proposition 5.2 to obtain

[ 20, = T2
and by 6.20

T lhall IR T lhrall < 2llhzall. (6.21)

p—var,II[r{ ,TI] =

2 ad
D sl oty [,

e CoR(ETTATEY b R ] L o
< 8Ly Xl yar 11fa (6.22)
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Assign Gy = 2(hs, Pst) + ||Ps]|?. Since M(-) is bounded by 3Ly, (5.7) implies that whenever
INEY:

e ? < Il 1> exp{2AM (a3) + LFA%} + 2L A|

HPH f“}A'i_Gtkﬂle'

oo H[TO ,7'1 oo,H[TOA,T

Now by induction and using the assumption that L(tf — 78) < A we obtain for t,, € [78*,7) the
estimates

n—1 n—1
e, | < exp{AZ{2M(atAk)+L2 }}HhA]?—FZexp{A > 2 at)+L2A]}Gtk,tM

k=0 k=0 j=k+1

n—1
+ Z exXp {A Z [2M G ) + L2A} } 2LfAHh||oo,H[TOA,TIA]||P||oo,H[TOA,TlA]
k=0 j=k+1

n—1
< exp{A > [2M(afy) + L34 }} Il + Zexp A Z 2M (af)) + L3A] ¢ Gty
k=0 j=k+1
+2L Al oo 1 751 | Plloo migr 2y xP{ (6L A + L7A*)n}
n—1
< exp{AZ 2M (af}) + L3A }} [N Zexp A Z 2M(af}) + L3A] b Gy,
k=0 j=k+1
F2Mlloo rpra 781 1Pl oo 11 781 exp{(GLfA + L3A%)n} (6.23)

provided that ”htAH < 1,0 <k < n. Write in short §; := 2M(atA)A + L2A2 and define Fs; =

exp{ZJ_i+1 BJ}G’st for every s < t € TI[7&, 7£*]. Repeating the calculations in [7, Theorem 4.2 ],
for s <wu < t yields

10 ssntll < 2L (=311 Pl oy Irlse.tsit+ 3+ 20 WatOP) (1Pl sy + e = Wi (660,
in which W (éP) is given in (6.19), and

||(5F)s7u,t” = |lexp{ Z BJ}GSJ_@XP{ Z 5]'}G87u—exp{ Z BJ}Gu,t

j=x+1 Jj=x+1 J=x+1

= lexp{ Y Bij}0Gsus+exp{ > Bj}Gur—exp{ > B;}Guy

j=x+1 Jj=x+1 j=x+1
n n %
< ol Y BHIGsul +expl Y Bit(exp{ Y B} —1)1Gul
j=5+1 j=%41 j=%+1
n n % x
< exp{ Y BHIGsudl+expl X 83 X B)exnl o BHIGu
J=x+1 Jj=%x+1 j=%x+1 j=x+1
%
< ol Y B Wdlo®) + [Claiion Y 6]
j=x+1 Jj=%+1
< ep{ 3 BH10Gsudll + [Gllsonis(6Ls + L3A)(u— )]
j=5+1
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< N Wt06) + Gl (6L + LA) (¢ = 5)] =: Wi (5,

where W ;(0F') in the last line is a control. We can now apply the discrete sewing lemma [8], (7,
Lemma 2.2] to (6.23) to obtain

n—1
Ihel? < expd AT |2M(a) + LFA| ¢ sl
k=0 0

2
NN 201 s 781 1P i 78]+ 1G]+ CoW s - (6F)|

n—1
< exp {A > |:2M(atAk) + L?‘A}} HhTOAHQ
k=0
2
4 efATA {2)\||h||oo7H[TOA,TlA]”PHooﬂ['rOA,TlA] + ”GToAleAH

Gy (Wos 8(0G) + (61 + X2)[Cll .15 )]

n—1
exp {A > [2M(afy) + 134 } ol
k=0

6A+A2
+e A (21l 11078 7811 Plloo g 7

AN

HIGlloo frp 721 + CoWrp 22 (0G) + Cp[| Gl

n—1
exp {A Z {QM(atAk) + L%A] } HhTOA ||2
k=0

3t

IN

2
+e0A A |:2)\||h”OO7H[T()Ay7'1A]HP”OO,H[T()AyTlA] +(1+ Cp)HG”OO’[ f]}

A
T T
2
+e6>\+)\ Cp |:2Lf(TlA - TOA)HPHOO,H[TOA,TIA}HhHoo,H[TOA,TlA]+
3+ 20) W, 2 (OP) (IPlloc i o)+ 1 elloc a7

n—1
exp {A Z {QM(atAk) + L?A] } HhTOA ||2
k=0

IN

2
e 2N s ) 1Pl i g + (1 GG g 18]

2
+e6)\+)\ Cp |:2)\HPH007H[TOA’TIA}HhHoo,H[ 1A]+

TOA,T

3+ 20) W, 2 (OP) (I Plloc i o0+ [l o 75|

IN

n—1
exp {A Z {QM(atAk) + L?A] } HhTOA ||2
k=0
+66>\+,\2 2)\(1 + Cp)Hh”oo,H NN HP”oo,H 7A A + (1 + CP)HGHOO, A A
[ 071 ] [ 0°'1 ] [ 01 ]
2
+e6)\+)\ Cp(3 + 2CP)WTOA77'1A (5P) (HPHOO,H[TOA,HA] + ||h”oo,H[TOA,TlA]) .

Because of (5.6),

)
||PHOO,H[TOA,TIA] < ZLQ |||X|||p7var,[TOA,T1A] ||h||OO»H[ToAv7'1A]
2
1Glloofra rp) < 2MPllo mipre 721 1P oo mipr w21+ IPIS s )
<

2
BLg ¢l —var, (rs w3 1250 s vy
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and of (6.19) we have

*
WTOA,TlA((sP) S 2Lg |||Xmp—v.‘«,u‘,l_[[TOA TA H ‘Hp Var,H[TOA,TA]
* Cl
AL Il o ]85 By WP et o
< 10L9 ‘”X‘Hp var, 7} Arp Hth var,H[TO A
due to (6.22). Combining with (6.19), we obtain
n—1
A
Ih? < exp {A,;) 20 (af}) +L§A}} Ihal?
GA+A2 5
N (14 ) [ 2ALy Il o 1+ 3L Iy | 11

A )\2 5
+€6 * CP<3+ 2CP) |:10L9 ’”mefvar,[T JTy A (1 + L WXMp var, TO ,‘r1 ):| Hh”p var,H[TOA,TlA]

< exp {Anz:l [QM(CL%) + Lva} } ”hrOAH2
k=0
+ (14 Cp) (34 3N L %[l s 8 72 DI rrprs -1
+eP N0, (34 20,) (14 M)12L, Il —var, 72 71 1RlI2_ var,I[rd 741
< exp {Anz:l [QM(CL&) + Lva} } ”hrOAH2
k=0
+66/\+’\2 [3(1 + )\)(1 + Cp) + 12(1 + )\)(303 + BCp)} Lg |”X”|p—var,[TO T8 Hh”p var II[r8 78]
<

n—1
exp {A > [2M(a® (8,0) + L%A]} N
k=0

+10(1 4+ N)e™ (14 26,)° Ly [x| oy llhes . (6.24)

pfvar’[ )

where we employ (6.21) to the last inequality. Hence (6.24) yields

el < € [1410(1 + A) (1 + 2C,)2Ly x| s l? < 256(1 + Cp)* [ all?,

p—var [’TO ,TA]:|

which, due to assumption HhTOAH <
t, = £ in (6.24), we obtain

To(Trc,) ensures A, || < rand (5.7) for all ¢, € [7&*, 7]. Take

— 2
Ih,al® < exp{(20 + L3A) (A — 1) + 101+ A)(1+2C,)2 X Ly [l o o 1) Hiba I

which completes the proof.

]
Proof: [Proof of Proposition 5.7] We use the coupling technique here. First, assume
1 d 1
O0<A<-A A — =1 A%
4 2L2 2d ’
1
and fix T'> 0 with an n > 0 such that 3 < T:=nA <1< (n+1)A. Then on [0,T], we define

1o =Yg, g, = b+ F () (trer — te),  te € TI[0, 7. (6.25)
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Then
) ) A2 o —2228 o
Hiw S i+ (D1 = Dop JA +2[L3pg, + || FO)IP]A% < e” 72 pif, + C(f)

with C(f) is a generic constant depending on f. Therefore,

_DoT

lurll < e 72 [lpoll + C (), Nklloo o < lluoll + C(f). (6.26)

Moreover,
il —ar 0.2y < CO (ol + 1), (6.27)
Assign
h, = ytAk — fe, b € 1100, T
then
hiyr = he + 1908 Tt + 09y 9 (W)X (ks i )] + [F (i) = f ()] (E1 — t)

=t Ty + Foypapy + L) — £ (trsr — t)

in which Fy; := g(y2)ass + Dg(ys)g(ys ) Xs s
A
We define an auxiliary quantity R?’t =her — g(ys)xst = st/,t — ps,t- Then

RS, | < IR,

Observe that ||(0F)sut|l == ||Fst — Fsu — Ful| satisfies

1GF)sutll < D(9) (12— varrisng + 1Ky varipeg) » 5 S u <t

in which D(g) is a generic constant depending on || gHCg. We modify formula (3.2) in [7] to obtain
for s <wu <t; s,u,t €Il (see more in [16, Corollary 2.10])

16F el < D) (R, ooy + 10 o) Bl
Uy + DI ) WD o] = W (F )
which is a control. Applying [7, Corollary 2.4] we have
hst — g(ys)zse — Dg(ys)g(ys)Xs il < Lpllhllooms,g(t —8) + CpyW(F)s s
Then similar to the proof in Proposition 5.2,

||

< Lyllhall(b = a) + D(@) 2l ,—var 0y + IXNg—var,m0,0)

+ 250 = @) + CoD@) el sty + CoPO WK v o)) |10 B |

p—var,II[a,b]

p—var,II[a,b]
2
+CoD(9) I et 10ty + WY ey Pl (629

Now we repeat arguments in [7, Theorem 3.3], to construct the same sequence of stopping times
{#;} on [0,T] as presented at the end of Subsection 3.4, base on v < %, and set of controls S =
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{w), w® w®} where wil) = Ly(t - ). 1 = 1, W) = CED(g) ll2ll’_ o pyps - B2 = L. Wiy =

CPD(g)? |||X|||q var,T[s,1] 33 = %. By (3.13), the number of {7;} can be estimated as

3 2 o1[yp

N <2+ %4]) [Lpr + CII;D( ) |||:E|||p var,I1[a,b] + CZI;D( ) |”X”|q var,I[a, b}}
Hence

||h||oo,H[O,T] < ||h0||€4LfT+D(9)(|||$|||p var,Il[a,b) T |||XH|q VarHab)N
[a,b] [ ]
2
+CPD(g) [ /P qfvar,l_[[a,b]}
< D(g)Uzllp—var,1jap) T |||X\Hq varH[ab]) v

+CoD(g) [l 10y 12— var sty + D01 e 100 D0t ]

in which we use the sub-additivity of control

2
CoD(9) 103, 110y 12— 10 + DSy WX ) -
Using (6.27) and Young inequality, we obtain
Illoomor) < (675 = e ) |poll + T(L+ IxlE*2, 0.9) (6.29)

for some generic constant I" depends on Ly, || f(0)|, D1, D2, ||g||Cg,; moreover I' is an increasing
function with respect to || 9”03- Next, we apply the convex inequality to conclude that

Iyl < Izl + e
< (@ F =D AT+ I o)+ e oll + C(f)
< e—%nyou + D+ IxIP2, o)

lyrl? < e F lyoll” + T+ Il 20 )

Similar estimate holds for norm of y® on arbitrary [kT,(k + 1)T]. The remaining part follows
Theorem 4.2 and Proposition 5.2 in [7] step by step.
[
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