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The oscillatory solutions of multi-order fractional differential
equations

Ha Duc Thai* Hoang The Tuan'

Abstract

This paper systematically treats the asymptotic behavior of many (linear/nonlinear)
classes of higher-order fractional differential equations with multiple terms. To do this,
we utilize the characteristics of Caputo fractional differentiable functions, the comparison
principle, counterfactual reasoning, and the spectral analysis method (concerning the integral
presentations of basic solutions). Some numerical examples are also provided to demonstrate
the validity of the proposed results.

Key works: Fractional differential equations, multi-order fractional differential equations with
Emden—Fowler-type coefficients, oscillatory solutions, non-oscillatory solution, characteristic
polynomials, comparison principle, asymptotic behavior of solutions

AMS subject classifications: 26A33, 34A08, 34C10, 34D05, 45A05, 45G05

1 Introduction

J.C.F. Sturm initiated oscillation theory in his investigations of Sturm—Louville problems in
1836. Due to its great importance in describing many real applications, many papers dealing with
non-autonomous ordinary differential equations have appeared, in which various classifications
of equations according to the oscillatory properties of their solutions are proposed. Furthermore,
the existence or absence of singular, proper, oscillatory, and monotone solutions of various types
are shown and the asymptotic properties of such solutions are considered. We refer in particular
to the survey paper by Wong [12], to the monographs by Elias [6], Kiguradze and Chanturiya
[9], Swanson [11] and the references therein for some representative contributions related to this
topic.

Since the Leibnitz rule for derivatives of composite functions is not valid for fractional derivatives,
many approaches and methods in ordinary differential equations are often not applicable to
fractional differential equations concerning the study of the oscillatory properties of solutions.
Hence, only a few studies on this theory have been published, and the development is still in
its infancy and requires further investigation. From a personal perspective, we list some typical
works below.
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Grace [7] reported the first results on oscillatory solutions of fractional differential equations. In
particular, in this paper, using a counterfactual argument when dealing with the definition of
non-oscillation, the author obtained some simple sufficient conditions ensuring the existence of
oscillatory solutions for some basic classes of equations with Riemann—Liouville derivatives of the
order less than 1. After that in [7], he showed the oscillatory behavior of solutions to nonlinear
fractional differential equations with the Caputo fractional derivative of the order a € (1,2).
Baleanu et al. [1] investigated the eventual sign-changing for the solutions of a linear (1 + a)-
order fractional differential equation (« € (0, 1)) by presenting a Kamenev-type theorem in the
framework of fractional calculus. A survey on one of the mathematical approaches used to solve
a fractional differential equation whose solution gives the free dynamic response of viscoelastic
single degree of freedom systems (viscosity is modeled by a fractional displacement derivative
instead of first-order one) is introduced in [4]. The paper dealt with the Caputo fractional
derivative and its Laplace transform (on which the resolution method is based).

Recently in [2], the authors considered higher-order fractional differential equations with the
Riemann—Liouville fractional derivatives and Emden—Fowler-type coefficients. They explored
the effect of different orders of derivatives on the oscillatory and asymptotic properties of the
studied equations. Moreover, the dissimilarities between integer and non-integer order cases are
emphasized.

Inspired by the works of Grace, Bartusek, and Dosla mentioned above, we focus on multi-term
fractional differential equations with the Caputo fractional derivatives in the present paper. In
light of the characteristics of Caputo fractional differentiable functions, the comparison principle,
counterfactual reasoning, and the spectral analysis method (concerning the integral presentations
of basic solutions), we systematically treat the asymptotic behavior of many (linear/nonlinear)
classes of higher-order fractional differential equations with multiple terms. More precisely, in
Section 3, we discuss the existence of (linear/nonlinear) fractional differential equations. The
asymptotic behavior of oscillatory solutions is described in Section 4. The asymptotic behavior
of non-oscillatory solutions of higher-order fractional differential equations with the Emden—
Fowler-type coefficients is given in Section 5. We also provide numerical examples to illustrate
the obtained theoretical findings.

2 Preliminaries

Let 0 < @ € R with [a] = n and J = [0,T] or J = [0,00) we defined Riemann-Liouville
fractional integral of a function f: J — R as below:

IS f(t) == 1“(10[)/0 (t —s)* "1 f(s)ds, t € J,

its Riemann-Liouville fractional derivative order « of f as
RED, F(t) = DI f(1), ¢ € T\ {0},
and its Caputo fractional derivative order « of function f as below:
C D, (8) =" DG (F(2) — Tua[£:0)(8)), ¢ €\ {0},

where T,,_1[f; 0](t) = Z;é %tk denotes the Taylor polynomial of order n — 1 of f centered
at 0 and D™ is usually derivative. See [5, Chapter IIT] and [13] for more details on the Caputo
fractional derivative.
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Lemma 2.1. Let a, 3 > 0 and = € L'[0,7]. Then, we have
o (I{;x(t)) — I8, (I 2(t) = 1922 (t), Wt € [0,T).

Proof. See [5, Theorem 2.2 and Corollary 2.3 page 14] O

Lemma 2.2. Let f € AC[0,T],« € (0,1). Then,

CD§‘+f(t):F(11_a)/0 (tfi(z))ads, vt € (0, 7).

Proof. See [5, Lemma 2.12, p. 27 and Lemma 3.4, p. 53]. O

Lemma 2.3. If f is a continuous and a € (0,1), then
CD3+I€+]C =

Proof. See [5, Theorem3.7, p. 53]. O

Definition 2.4. [3, Definition 2.2] Let 0 < a € R with [a] =n and f € C"7![0,T]. If “Dg, f
exists and is in the class L1[0, 7], then we say that the function f is Caputo a-differentiable on
[0,T]. If CD3+ f exists and is in the class C[0, T, then we say that the function f is continuously
Caputo a-differentiable on [0, T7].

Lemma 2.5. Let a > 0. Suppose that x is continuously Caputo a-differentiable on [0, 00), then

la|—1
5+ (CDgea(t)) = =(t) -
k=0

x(k)(o)
k!

t* vt € [0, 00).

Proof. See [13, Proposition 5.1]. O

Lemma 2.6. Let n — 1 < a < n,n € N and assume that z : [0,00) — R is continuously Caputo
a-differentiable on [0, 00). Then, for any ¢ € (0,00), we have

x(n—l) _ x(n—l) t x(n—l) _ x(n—l) S
‘D8 x(t) = ! ] ( ®) (0)> +(a—n+ 1)/0 () ( )ds.

I'n—« ta—ntl (t — s)x—nt2

Proof. See [13, Theorem 5.2]. m

Lemma 2.7. [7, Lemma 2.1] For X > 0 and Y > 0, we have

(1) A XYM XA < (A= 1)V A > 1.

Definition 2.8. Let z : [0,
is a T' > 0 such that z(t) <

— R. It is said to be eventually (non) negative, positive if there

)

(i) AXYM™L XA > (A -1DYM0< A< 1.
00)
0 (>0), z(t) > 0 for all ¢ > T, respectively.
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Consider the multi-term fractional differential equation

k—1
S @ ODgia(t) +€ Ditat) = f(t,2), ¢ >0 1)
i=1
with the initial conditions
x(O):xo,ac(j)(O):xj,j:1,2,...,k—1, (2)
where0 <oy <1< ay<2<...<ay <k, a;,i=1,2,..., kare constants, and f : [0,00) xR —

R is continuous.

Definition 2.9. A function = : [0,00) — R is called a solution of the system (1)—(2) if it
is continuously Caputo a-differentiable on [0,00) and satisfies (1) on (0,00) and the initial
conditions (2).

Definition 2.10. A solution x of the system (1)—(2) is oscillatory if it exists globally on [0, c0)
and there is a sequence {t,}2°; C [0,00) with ¢,, — 0o as n — oo such that z(¢,) =0, n € N.
Otherwise, it is called non-oscillatory.

Theorem 2.11. Consider the system (1)—(2). Suppose that f(-,-) is Lipchitz continuous to the
second variable, that is, there is a continuous function L : [0, 00) — [0, 00) such that

|f(t,x) — f(t,&)] < L(t)|x — &, Vte[0,00),z,4€R.

Then, for any z; € R, j =0,1,...,k — 1, the system (1)-(2) has a unique solution on [0, o).

Proof. Using the same arguments as in the proof of [3, Theorem 4.5]. O

3 On the existence of the oscillatory solutions of fractional dif-
ferential equations

3.1 The oscillation of multi-order fractional differential equations

We first focus on the following fractional differential equation

CDgx(t) +a DS a(t) = f(t,a(t) +g(t), t>0 (3)

with the initial conditions
2(0) = zg, 21 (0) = 21,...,27V(0) = z,_1, (4)
where 0 < 8 < a < [a] = n € N, xg,x1,...,2,-1 € R, a is a non-negative real number,

f:[0,00) x R — R and g : [0,00) — R are continuous functions satisfying the assumptions
below.

(A) There exists T' > 0 such that zf(t,z) <0 for all ¢t > T and = € R.
(B)

t
lim sup t#~o~ "+l / (t —5)*1g(s)ds = +o0,
0

t——+o0

t
lim inftﬁanﬂ/ (t —5)* g(s)ds = —oo.
0

t—-+o0

4
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Let m := [B]. If B ¢ Z, weset oy = B—[f]+1, oy = a1 +1— 1,0 = 2,3,...,m+ 1,
a=t—LlLi=m+2,...n—1La,=a fpeZ weset ; =4,i=1,2,....,.n—1, a, = .
Then the equation (3) is rewritten as

“DSra(t) = F(t,x(t),C DSta(t), DS2a(t),....C Dy~ a(t)), t >0, (5)
here

N t,x(t t) —aDS x(t) if Z,
F(t,w(t),CDgix(t),...,CDOf_lx(t)): f( x( ))+g( ) ac gj— x( ) 1 /6¢
ft,x(t) +g(t) —a® Dira(t) if g € Z.
By [3, Theorem 17|, if f is globally Lipschitz continuous concerning the second variable, the
system (5)—(4) has a unique global solution on [0, c0).

Theorem 3.1. Assume that the conditions (A) and (B) hold. Then an arbitrary solution of
(3) (if it exists globally) is oscillatory.

Proof. The theorem will be proven by contradiction. Suppose that z is a non-oscillatory solution
of the system (3)—(4). Without loss of generality, assume that x(¢) > 0 for ¢t > ;. According to
the assumption (A), we can find ¢2 > max{T, ¢} so that z(¢) f(¢, z(t) < 0 for all ¢ > t5 and thus
f(t,xz(t)) <0 for all ¢ > t5. On the other hand, for all ¢ > 0, we have

c c ol k 3 =y 2®(0) ,
o
IS, ( Dgix(t) +a D0+m ) Z t +aly " | z(t) — Z i t
k=0 k=0
n—1 x(k m—1 a:v(k
=a(t) = o p+ 1 — k)ta*/”k +alfT (1),
k=0 ! k=0

where m = [§]. From this,

n—1 (k m—1 t
"z Z a—B+k _ @ _ g)a—B-1
o _k:O o k=0 G ﬂ + 1 + k)t (o —B) /0 =2 #le)ds
I 1 I 1
+/ t—s)*" " f(s,x(s ds+/ t—s)*""g(s)ds, Vt> 0.
w7 [ =9 N ds + s [ =97 (s
Put b = max{|zo|, [v1],...,|zn-1]}, M1 = maxeoy,) [2(s)], M2 = maxse(oy,) |f(s,7(s))[. Since

0<pB<a,a>0,z(s) >0, f(s,z(s)) <0 for all s > t9, we obtain

ol S ab aM
x<t><;kk+kzz()r(a—ﬂ+l+k)ta6+k+r(a_ﬂl_i_1)ta’8
1 " a—1 1 t o1
P(Oé)/o (t—8)"""f(s;2(s))ds + 1“(04)/0 (t — 8)°Lg(s)ds, ¥t > ta.
This implies that for all t > 5,
oty () < - ﬁ k+B—a—n+1 mzzl ——— e,
k:k k:OFa_B+1+k) Ila—-pB+1)
tB—ntl-a rt - (ot i
+ F(@)/(] (t —8)* f(s,2(s))ds + I‘(oz)/o (t—s5)""g(s)ds. (6)



Consider the case when o < 1. Notice that for all s € [0,t2], t > ta, t(ta —s) < ta(t — s). It

¢ ¢
deduces that = < t;s. Hence,

tl—a

” —8)* (s, 2(s))ds Myt ™ % —8)* 1ds
r<a>/0(t ) (sva(s))ds < s /O<t Jo-ld

My /tQ t O\
= — ds
MNa) Jo \t—s
Mg to to -«
< 222 d
= r<a>/o <t2—s> ’

Mgtg
= — t > to.
Tla+1) 7% Q
To deal with o > 1, we see that
tl—a /tz _1 M2t1—a to .
(t—s5)*""f(s,z(s))ds < / (t—s)* "ds
L(a) Jo L(a) Jo
M /t2 t—s a_lds
I'(a) Jo t
M. t2
< 2 ds
I'(a) Jo
Msto
= ——=, Vt >ty 8
F(Oé)’ > 12 ( )

Sincek+8—a—-n+1<0forallk=0,....n—1,k—n+1<0forall k=0,...,m—1 and
1 —n <0, by combining (6), (7) and (8), there is a positive constant ¢ = ¢(t2) such that

oty () < e+ tﬂ_ai_nﬂ /t(t —5)* Lg(s)ds, Vt>to, (9)
() 0
which together with (B) leads to
lim inf t*~*" 12 (t) < ¢ + lim inf M /t(t —5)%1g(s)ds = —o0,
=300 t—woo  I'(a) Jp

103 contrary to the counterfactual hypothesis that z(¢) > 0 for all ¢ > to. The proof is complete. [

14 Corollary 3.2. Consider the system (3)—(4). Suppose that f satisfies the assumption (A) in
105 Theorem 3.1 and g has the following form.

s (B) g(t) =¢ D§, (t+1)7h(t), t > 0, where 0 > a—f+n—1> 0, h is continuously differentiable
107 on [0,00), limsup,_,. A(t) > 0 and liminf,_, h(t) < 0.

10s  Then, its solution (if it exists globally) is oscillatory.

Proof. Tt is sufficient to check that g verifies the condition (B) in Theorem 3.1. Indeed, due to
h is continuously differentiable on [0, c0), according to Lemma 2.5, we obtain

t
thmamntl /0 (t —s)*tg(s)ds = T(a)t? "I g(t)

=D(a)tP~ 27"t 4 1)7h(t), t>0.
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Notice that ¢ > o — 8+ n — 1, therefore
t
lim sup t#—@ 1 / (t —5)*1g(s)ds = lim P~ (¢ + 1)7 limsup h(t) = +oo0.
t—o00 0 t—o0 t—o00
In the same manner, we can see that

t
lim inf tﬁ_o‘_""'l/ (t — 5)* tg(s)ds = —oo,
0

t—00
which completes the proof. ]
Ezample 3.3. Consider the fractional differential equation (3) with a = 1/2,8 = 1/3, a = 2,
f(t,z) = —(t — 1)ax — (t2 — 3)2> and g(t) =¢ DéJ/r2 (t7/6 sint). This equation is rewritten as

1

V2O sint), t >0, (10)

CDY2a(t) +2 ODYPa(t) = —(t — Da(t) — (1 = 3)a’(t) +¢ D

It is easy to check that xf(¢,z) <0 for all ¢ > 2. Thus f satisfies the condition (A). Moreover,
for all £ > 0,

t
4~ 1/6 / (t — ) 2g(s)ds = T(1/2)t 51 2g(t) = T(1/2)¢ /6 1}/ (CDéf (t7/6 sint)>
0
=T(1/2)t7Y/%¢"/Ssint = T'(1/2)t sint.

This implies that

t
lim sup t1/6/ (t — s)"Y2g(s)ds = 400,
0

t—o00

t
lim inf tl/G/ (t — s)"Y2g(s)ds = —oo0.
0

t—o00

Thus the condition (B) is verified. By Theorem 3.1, all solutions of the equation (10) are
oscillatory. In Figure 1, we simulate the orbit of the solution with the initial condition z(0) = 1
on the interval [0, 70].

Remark 3.4. Under assumptions (A) and (B), the conclusion of Theorem 3.1 is still true for the
following general multi-order fractional system

k—1

CDgEa(t) + 3 0 CDgi(t) = f(t () + g(t), t >0
=1

with arbitrary initial values
2(0) = zg,2M(0) = 21, ..., 21 (0) = z,_1,

here 0 < a1 < ag <...ap < [ag] =n €N, a;, i =1,...,k — 1, are nonnegative real numbers.

3.2 The oscillation of equations with higher-order nonlinearities

We now study the multi-term fractional differential equation with higher-order nonlinearities

k

“Dg.x(t) + a ODJw(t) + p(H)x(t) + Y ai(t)sen (1) [z = g(t), >0 (11)
=1
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Figure 1: The orbit of the solution to equation (10) with the initial condition zy = 1 on the
interval [0, 70].

with the initial conditions

2(0) = 20,2V (0) = z1,..., 27V (0) = 2,1, (12)
where 0 < f < a < [a]l =n €N, zg,x1,...,2,-1 € R, ais a nonnegative real number, 0 < A\; <
Ao < -+- < Ak, k> 2 are positive real numbers, p: [0,00) = R, ¢; : [0,00) = R, i =1,2,...k,
sgn(+) is the sign function, and g : [0,00) — R are continuous functions. Suppose that the
following conditions are true.

(C) Mi#1lforalli=1,2,...,k and satisfy one of the following two conditions

(C)l 1<)\1<)\2<"'<)\k.
(C)2 There exists [ € {1,...,k—1} such that A\; < - <\ <1< Nj1 <+ < A

(D) There exists 77 > 0 such that p(t) # 0 for all ¢t > T;.
(E) There exists T5 > 0 such that sgn(\; — 1)g;(t) > 0,i =1,2,...,m for all ¢t > T5.
(F) There exists T' > max{7T7,T»} such that

t 1
fpyind 17701 [ g <v§jwp Almz>|1M-+g@»>ds—-—
T

1
lim sup 7=+ /T (t—s)" ( vZIp 5T go() | +g(s)> ds = 400,

t—o00
where
1\ e
-1
= [ — if hol
(kAl) i (C)1 holds,
i
ZA 1—=X;
y:=max{ max (1—)\)| —47—"——o , A — 13, if (C)2 holds.
ie{l,...,l}( ) <Z§:l+1 \j— 1) (©)



124 Theorem 3.5. Assume that the conditions (C), (D), (E), and (F) hold. Then an arbitrary
125 solution of (11) (if it exists globally) is oscillatory.

Proof. Suppose to the contrary that there exists a non-oscillatory solution x of system (11)—(12).
Without loss of generality, we can assume that x(¢) > 0 for ¢ > ¢;. Due to the assumptions (D)
and (E), we can find to > max{t1, T} such that p(t) # 0 and sgn(A; —1)¢;(¢) >0, i =1,2,...,k,
for t > t5. Using the same arguments as in the proof of Theorem 3.1, for all ¢ > 2, we obtain

n—1 m(z)(o)z m—1 CLLL‘(Z)<0) o i a t o
x(t):; i t+;F(a—B+1+i)t B+_F(a—5)/o(t_s) Tals)ds

_ 1 ' _ gyt S = Fr= ~ [ —8)“ s)sgn (z(s)) |z(s)[Mds
@) [ €9 s = s 3 [ 9 s (o) )

—l-rla)/o(t 5)2Lg(s)ds

- S x(i)(o)ti + mz_:l @ 9(0) gobri o 2 /tQ (t—s)* P ta(s)ds
— 7! P MNa—p+1+1) T(a—28) Jo

_L " ) In(s)z 5_7 " —5) s)sgn z(s)|Mds
[ = Z/t {(5)sgm (a(s) ()

T

F(la)/o (t—s)° 1g(s)ds—F(aa_ 6)/t(t—s)o‘ 51 (s)ds

_ 1 t $)* Ip(s)x(s s—ik t — )t sgn z(s)|Mds
iy (6= w0k = 5 3 [0 sen o6 o)
L t — 8)* Lg(s)ds
i [ gt

where m = [3]. Notice that (t—s)*#~1 < (t—t9)* B~ forall s € [0,ta], t > taifa—B—1<0
and (t — s)* =1 < t*=BF=1 for all s € [0,t3], t > to if a — f —1 > 0. Thus, (t —s)* P71 <
(t — to)* A1 4 t2=P=1 for all s € [0, t3], which implies

ey ) e < g (e ) [P

NGRS
= M, ((t — )P 4 ta‘ﬁ—l) ,t >t (13)
Furthermore, it is not difficult to check
1 b2 a—1 a—1 a—1
) o (t—s)* 'p(s)x(s)ds < My ((t —t2)*F +1*71), (14)

k to
L Z/O (t — )2 Lgs(s)sgn (x(s)) [a(s)ds < My ((t — t2)* + 271, (15)
and

L /T(t ) g(s)ds < My ((t — t2)° + 127 (16)
0



for all t > ty. Take b := max{|xo|, |x1|,..., |Tn—1|}. For t > t9, it follows from (13), (14), (15)
and (16) that

?
L
L

m—

+ a—ﬂ+k + Ml ((t _ tQ)a—ﬂ—l + ta—ﬁ—l)
< k! — MNa—p+1+ k:)

+ (M + Ms + My) (¢t —t2)* '+t + F(la) /Tt(t — 5)* Lg(s)ds

1 t ol m i
B OIASE (rp<s>|x<s> -3 alslels) ) s, -

Consider the case when (C); is true, that is, 1 < A\ < A2 < -+ < Ag. We get ¢i(t) > 0, i =
1,2,...,k and t > t5. Then,

k k
[p(s)lz(s) = D ail Z( s) — qi(s)z(s w), s>ty (18)
=1

1=

=l

(t) <

TF

—_

For each : =1,2,...,k, let

|-

Xi(s) = qi(s) i x(s), Yi(s) == <m1 Ip(s)lqi(s )*l)w, s > to.

Due to Lemma 2.7(i), we see

Nigi(s) ™ a(s )ki\ ($lai(s) ™ — qi(s)z(s)™ < (i — 1) (ki\z ‘P(S)qi(s)%l)k’lj

this means that

(e lets) — a6 < 0= 1) (et ™ )
< lp(s) [T g ()] (19)
From (18) and (19), it leads to
k
Ip(s)|z(s) =Y ail <’YZ!p **Wq §)|Tr, s>t (20)
=1

If the assumption (C)g holds, that is, there is an index [ satisfying \; < --- < N\ < 1 < Ajp1 <
- < A\g. It implies that ¢;(t) < 0,i=1,...,l and ¢;(t) > 0,i =1+ 1,...,k for t > to. In this
case, we write

k l k
p(s)la() = D_ai()a()™ = p(s)[e(s) + Y lals)la()™ = Y a(sha(s)™
i=1 i=1 i=l+1
l
=3 (la(lats) — Alp(s)la(s)) + 3 (Mlp(s)le(s) = mlsa(s)) . (21)
=1 i=l+1

k p—
where A = M > 0. For each i = 1,...,[, define
1
L A =1\ X1
X,(6) = ao) (9,309 = (oo 7 )L s 2

10



By Lemma 2.7(ii),

‘ =

Ailai(s)[ ¥ 2(s)

Thus,

i P lg:(o)l ™ = lai(s)l(s)™ > (i — 1) (A,p<s>r |qz-<s>A3> e

(O)le(s) — Alp(o)la(e) = (13 (Ll )™

Foreachi=1+1,...,m, let

Xils) 1= ai() ¥ a(5) Yils) = (p()ai(9) %)L s>t
From Lemma 2.7(i),

APl (s) — alo)a(s7 < O = 1) (In(s)la(s) ™ ) ™
S’)"p(s)“ﬁl’ql(s)‘l Nyi=1+1, My 8 >ty (23)
Combining (21), (22) and (23) yields
k 1
p(s)|z(s) = > ai(s)x <72|p 55T gi() [, 5 > 1, (24)
i=1

In short, if the condition (C) is true, from (20) and (24), the following estimate is derived

k
.
=Y ails)x(s <72|p 55 g (s)| T, 5 > o, (25)
i=1
which together with (17) implies
n—1 b m—1 ab
tﬂfafnJrlx 1) < 7tk+ﬁfafn+1 + k—n+1
3

+ M, (t__tz)a*54ltﬁfafn+1_thn>

+ (Ma + Mz + My) ((t — tp)* Pt tﬁ—")
tB—a—n+1 o L
JrF(a)/T —s) (’YZ|P A_l‘q s)| _AZJFQ(S)) ds, t > ts.
Therefore, there exist ¢ > 0 and t3 > to such that
ety < op / o (vZ [p(5) T ()| % + g<s>> S
- I'(a) Jr 7
Under the assumption (F), we conclude

lim inf £~ lz(t) = —c0
t—00 ’

126 contrary to the counterfactual hypothesis that x(t) > 0 for all ¢ > ¢5. The proof is complete. [J
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128

129

Ezample 3.6. Consider the initial value problem (11)-(12), here a = 1/2, 8 = 1/3, a = 2,
p(t) = —t, A\ = 1/2, Ao = 2, qu(t) = —12, @o(t) = t3, g(t) =C DéiQ(tG sint) for ¢ > 0. This
equation is rewritten as

CDYPa(t) +2 ODYPa(t) — ta(t) — t2sgn (x(1)) |2(8)] /2 + t3sgn (x(1)) |2(8)]> =C Dy (% sint).
(26)

Then it is easy to check that A, Ay satisfy (C),, p satisfies (D) and g1, g2 satisfy (E) for 71 =
Ty = 1, respectively. Next, we see v =1 and

1
72]1) **qu (8)|% =2 +1°, t > 0.

Notice that

1 ts5sms+s COS S
t) = ds, t >
o0 = sy f, g 120
which implies
1 t g5 4 6 5! 6!
Nl < ds — F1/2 7t13/2 t>0.

Hence, for ¢t > 1, we obtain

AR (erp T >|11M+g<8>>d5<m/2) ot (4 £ + Dp(sin))
1

+2M(t —1)'/?

3!
72

t 1172 L 1(1/2)¢8 sint + 2M¢L/2
10/2) (13/2) +T(/2) sint + 208175

<

where M = maxejo 1 (t* +t° + [g(t)]) = 2+ F(13/2) + F(15/2) From this,

t 1
R KO <72|p 55T >1-”+g(5)>ds

3! 6!
< lim inf( 3+

mint(po )™+ Tasygyt + T/ sint +2M) = —co.

By the same arguments, we also see

t
imsupt /% [ (1 —) 1/2( vzlp 757 gy )|1-x-+g(s)>ds

t—o0

3! 6!
> lim sup( 3 — 4+ T(1/2)t1 2 sint + 2M) = +o0,

mSr92)" T T(13/2)

and thus the condition (F) is verified. From Theorem 3.5, we conclude that all solutions (if they
exist globally) are oscillatory. Figure 2 depicts the orbit of the solution with the initial condition
z(0) = 1 on the interval [0, 80].
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Figure 2: The orbit of the solution to equation (26) with the initial condition zy = 1 on the
interval [0, 80].

4 On the asymptotic behavior of oscillatory solutions of frac-
tional differential equations

This section is devoted to the asymptotic behavior of oscillatory solutions of some classes of
fractional differential equations. We first present some comparison results for equations with
two fractional derivatives to do this. Then, we consider linear equations. Finally, we deal
with the nonlinear case by combining Theorem 3.1, the approach as in [10], and the proposed
comparison principles.

4.1 Comparison results for multi-order fractional differential equations

For given a parameter T' > 0, consider the equation

CDgx(t) +a D x(t) = f(t,(t)), t € (0,T], (27)
:L‘(O) =120 € R, (28)

where 0 < 8 < a < 1, a is a positive constant, f : [0,7] x R — R is a continuous function
and Lipschitz continuous with respect to the second variable. We will present some comparison
results of the solutions of the system (27)—(28).

Lemma 4.1. Let z(-) be the unique solution of the initial value problem (27)-(28). Suppose
that y : [0,7] — R is continuously Caputo a-differentiable satisfying

“Dgy(t) +a“D.y(t) < f(t,y(0)), t € (0,T],
y(0) = yo < o,

then y(t) < z(t) for all t € [0, 7.
Proof. Suppose by contradiction that there is a t € (0,7 such that y(f) = x(¢). Due to

13
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143

144

y(0) = yo < o = x(0) and z,y € C[0,T], there exists a t; € (0,7] such that

y(t) < z(t), Vt € [0,t1), (29)
tl) = l‘(tl) (30)

Define
z(t) == x(t) — y(t), t €10, 7).

Then z(t) > 0 for all ¢t € [0,¢1) and z(¢;) = 0. Notice that for 0 < a < 1, by virtue of Lemma

2.6, we have
C pa _ 1 z(t1) — 2(0) " at) = 2(s)
Diealt) = I'(l—a) ( ty ) i a/o (ty — s)ott ¢

B 1 —z(0) N b —2(s) o
o ( - > " /O e <0, (31)

In the case a =1, then

Z(tl —+ h) — Z(tl)

2 (t1) = lim

h—0— h
— lim z(t1 + h)
h—0— h
<0. (32)
Thus, from (31) and (32), we claim
D8, 2(t1) < 0. (33)

Furthermore, due to z(+) is continuously Caputo a-differentiable on [0,7] and 0 < f < o < 1, it
follows from [3, Theorem 3.8 (i)] that this function is also continuously Caputo S-differentiable
and thus, by the same arguments as shown above, CD0+z(t1) < 0. This together with (33)
implies

CD8‘+z(t1)+a D0+z( 1) <0,

that is,
CDgx(tr) +a DY a(ty) <€ DSy(t) +aCDY y(t). (34)

However,
CDg. a(tr) +aC D a(ty) = (b, 2(t1)) = Fltn,y(t) >C Dgy(ta) +aCDE,y(ty),
contrary to (34). Therefore, y(t) < x(t) for all ¢ € [0, T]. O

Theorem 4.2. Let x(-) be the unique solution of the initial value problem (27)—(28). Assume
that y : [0,7] — R is continuously Caputo a-differentiable satisfying

CDgy(t) +a D y(t) < f(ty(t)), t € (0,11,
y(0) = yo < o,

then y(t) < z(t) for all ¢ € [0, T7.

14



Proof. For each m € N, by Theorem 2.11, the following initial value problem
“Dga(t) + a“Dg.a(t) = f(t,2(1)), t € (0,T), (35)
1
0) = — 36
#(0) =20+ (36)

has a unique solution z, : [0, 7] — R. Because y(0) = yo < 2o < 2o+ = = 2, (0) for all m € N,
according to Lemma 4.1, we see

y(t) < m(t) < 21(t), ¥t € 0,T). (37)
In addition, for n,m € N and n > m, then
Tn(t) < xm(t), Vt € [0,T].

Thus, the sequence {Z,(:)}men is uniformly bounded on [0,7] and for each ¢ € [0,7], the
sequence {x;,(t)}men is strictly decreasing. We next show that this sequence is equicontin-
uous. Let C; > 0 such that |z,,(¢)] < C; for all ¢t € [0,7] and m € N and take Cy :=
max|o 7)x[—cy,ch] |f (£ 2)]. For 0 <t <tz <T and m € N, based on [10, Lemma 2.1], we obtain
the following estimates

fomlte) — e (0)] = |25 Nt (s [ 9 (o))

+Féw<Aw@T—@alﬂ&xmwws—lf@1—$a1ﬂ&@ﬂﬂ%>‘

S Ta—p) / ((t =)= = (2 = )71 fa(s)lds
ol AR A CRD A JUCR I
ey = s
aC' o o o aC' .
< F(Oé——ﬁl*ﬂ)(tl Pty — 1) P — 15 B)+F(a——5l+1)(t2_m 8
+Fk§inﬁ?+@2—mY”—ﬁ)+F@ﬁinug—hw
2aC o 20 N
= M_—M(tQ—tl) B‘FI‘(T_El)(tQ—tl) . (38)

Let € > 0 be arbitrarily small. Choosing

[ /eT(a—B+1)\aF [eT(a+1)\
0<5<mln{<2 5aCh ) ,<2 20, ,

from (38), we get

€ €
[om(t2) = ()] < S+ 5 =€

for all t1,t9 € [0,T] with [t; — t2| < 6. This means that {z,,(-) }men is equicontinuous on [0, 7).
By Arzela—Ascoli theorem, there is a subsequence {z,, (*) }ken of {2 () bmen which uniformly
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146

147

148

149

150

151

152

153

converges to a function z*(-) on [0,7]. In particular, y(¢) < z*(¢) for all ¢ € [0,T]. Notice that,
for each k € N and ¢ € [0, 7], we have (by [10, Lemma 2.1])

1 a(xg + L) o a t o
Ty, (1) = T0 + — - + mt P - F(a—ﬁ)/o (t =) P 2y, (s)ds
+F(1a)/0 (£ = )% f(s, 2, (5))ds.
Letting k — oo, then
() = 90 ge-p_ ¢ t — 8)* 1% (s)ds
o0 =0+ et F(aﬁ)/o(t oL (5)d
t
4 F(la)/o (1 — $)*Lf(s,2%(s))ds, t € [0,T]. (39)

On the other hand, due to Theorem 2.11, the original system (27)-(28) has a unique solution
z(-), which is also written in the form (39) (by [10, Lemma 2.1]). This implies z* = x on [0, T]
and thus y(t) < z(t) for all ¢t € [0,T]. O

Corollary 4.3. Let x(-) be the unique solution of the initial value problem (27)-(28). Assume
that y : [0,7] — R is continuously Caputo a-differentiable satisfying

“Dgy(t) +a“Dy(t) > f(ty(1)), t € (0,T],
y(O) = Yo = o,
then y(t) > z(t) for all ¢ € [0, T.

Proof. Put u(t) = —x(t), v(t) = —y(t), t € [0,T] and define ¢(t,z) = —f(t,—x),t € [0,T],z € R.
Then, the function g(-,-) is continuous and is Lipschitz continuous to the second variable. It is
easy to check that

CD3+U( )+QCD0+U( )= CD0+37( ) — acDo+$( )

=—f(t,z(t) = g(t, —x(t)) = g(t,u(t)), t € (0, 7],
u(0) = —xo.

Similarly, v(+) is continuously Caputo a-differentiable and satisfies
CD8+U( ) + aCD0+U( ) < g(t,’()(t)), t € (OaT]v
y(0) = —yo < —zo.

On account of Theorem 4.2 above, we have v(t) < wu(t), t € [0,T], that is, y(¢t) > z(¢t), t €
[0, 7. O

4.2 Asymptotic behavior of oscillatory solutions of fractional-order linear
equations

Consider the linear equation
“Dg,x(t) + aCDmac( )= —bx(t)+g(t), t>0 (40)
with the initial value

where 0 < f < a <1, a, b are positive real constants, g : [0,00) — R is a continuous function.
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156

157

158

159

160
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163

Theorem 4.4. Suppose that g(-) satisfies the following assumption.

(B)” For t € [0,00), g(t) :=Y DS, (t+1)°h(t), here a — B < 0 < a < 1 and h(-) is continuously
differentiable and bounded on [0, c0) such that limsup,_, . k() > 0, liminf; .~ h(t) < 0.
In addition, assume that h'(t) = O(t") as t — oo, here —1 <n<a—o0 — 1.

Then, an arbitrary nontrivial solution x(-) of the initial value problem (40)-(41) is oscillatory.
Furthermore, its asymptotic behavior has the form O(t@®{=Anto—atlly at infinity.

b

Proof. Tt is easy to check that for a function g(-) satisfying the condition (B)”, it also satisfies
the assumption (B) in Theorem 3.1. Thus, all non-trivial solutions of the system (40)—(41) are
oscillatory. Next, we show that g(t) = O(t"°~**1) as t — oco. Indeed, for ¢ > 0, we have

(s 7 1h(s s Th (s
g(t) =C DE.(t+1)7h(t) = F(ll—@)/o s+ 1) h((t )_*;)(a U g )

Notice that h(-) is bounded on [0, 00), there is a M; > 0 such that

‘F(ll— S /Ot (s Jzt1)_as)1f(8)ds‘ < 1“(1M—1a) /Ot 71t — 5)-Ods

t?"*B(o,1 — «)

- F(l— a)
< Myt"~, (43)

where My := M, Blfal_;c)r). On the other hand, due to h'(t) = O(t") as t — oo, we can find a
M3z > 0 and T > 1 large enough so that |h'(t)| < Mst" for all t > T'. From this, for any ¢ > T,

we obtain

‘ 1 /t(s+1)"h’(s)d’< 1 /T(s+1)"|h’(s)|d8
0 0

T(l—a) t—s =T -a) t—s)°
L s+ )N s)]
+F(1—a)/T G—sp o

L@y T
“T1-a) (t—T)a/O [ (5)lds

M3(t+1)a t a
+7F(1—oz) /Ts( s)"%ds

o Ms(t+1)° /t _
SMyt—T) 4+ ———— [ §"(t—s)"%ds
( ) ri—a) J, ( )
o Ms(t+1)°
= My(t—T)"*+ rg((l_a; "B 0,1 - a)
< My(t —T)~® + Mstnto—o+l, (44)

where My := F(l a) (T +1)° fo |W/(s)|ds, M5 := W. Because a — f < 0 < a < 1,
~1<n<a-—o-—1, from (42), (43), and (44), it shows that g(t) = O(t" 1) as t — occ.
Now, by [10, Theorem 5.2], we conclude that the asymptotic behavior of an arbitrary non-trivial

solution of the system (40)—(41) has the form O(t™{=Bnto—atlly at infinity. O
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Figure 3: The orbit of the solution to equation (45) with the initial condition z(0) = —0.5 on
the interval [0, 150].

Ezample 4.5. Consider the system (46)—(47) with a = 2/3, f = 1/2, a = 2, b = 1, and
g(t) =€ D?¥3(t 4+ 1)Y/3sin((t + 1)1/4). The system is rewritten as

CDPw(t) + 29Dy (t) = —x(t) +€ D3 (¢ + 1) P sin((t + DY), ¢ > 0. (45)

In this case, we have o = 1/3 and h(t) = sin((t + 1)'/%), t > 0. It is obvious to see that
a—B=1/6<1/3=0<2/3=a,hec C0,0),limsup, ., h(t) =1 >0, and liminf; ,o h(t) =
—1 < 0. Moreover, h'(t) = 1(t +1)73/* cos((t + 1)1/%), thus |#'(t)| < 3t73/* for all t > 0. From
this, we have b/ = O(t73/%) as t — oo. Notice that —1 < —3/4 =n < —2/3 =a -0 — 1, it
deduces that g satisfies the assumption (B)” in Theorem 4.4. Therefore, for any zy € R, the
non-trivial solution ¢(-,zg) of (45) is oscillatory and lim;_,~ ¢(t,z9) = 0. Figure 3 shows the
orbit of the solution with the initial condition x(0) = —0.5 on the interval [0, 150].

4.3 Asymptotic behavior of oscillatory solutions of fractional-order nonlinear
equations

Consider the following fractional differential equation

CDgx(t) +aC D a(t) = ~ba(t) + 3 au(®) fule(t)) + g(t). 1> 0, (16)
k=1
z(0) = zy € R, (47)
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where 0 < f < a < 1, a, b are positive constants, g : [0,00) = R, k =1,...,m, are continuous,
bounded and eventually non-negative. Suppose that ¢ : [0,00) — R is continuous and satisfies
the condition (B)” in Theorem 4.4 and f; : R — R, k = 1,...,m, are continuous such that the
assumptions below are true.

(F1) fx(0) = 0.

(F2) f is locally Lipschitz continuous at the origin and lim,_,o £, (r) = 0, where

Efk(r) _ sup ’fk(x)_fk<§;)’

elal<rate 1T~ T

(F3) zfr(x) <0 for all z € R.

Theorem 4.6. Consider the initial value problem (46)—(47). Then for every e > 0 small enough,
there exit positive parameters 0; = d1(€),02 = d2(e) > 0 such that if |g(t)] < §; for all t > 0
and |zg| < 02, the solution ¢(-,zg) is oscillatory and |p(t,x0)| < € for all ¢ > 0. Moreover,
limy 00 (¢, 29) = 0.

Proof. Define F(t,z) = —bx + Y -, qi(t) fe(x) for all t > 0, x € R. Since g, k = 1,...,m,
are eventually non-negative, it follows from (F3) that the function F' satisfies the condition (A)
in Theorem 3.1. Moreover, the condition (B)’ in Corollary 3.2 is verified by the function g.
Hence, by Corollary 3.2, for any zy € R, the solution ¢(-, z¢) of the system (40)—(41) (if it exists
globally) is oscillatory.

We next show that for the initial condition zg small enough and the inhomogeneous term g
small uniformly on [0, 00), the solution (-, xg) exists globally and converges to the origin. The
approach proposed in [10, Theorem 5.7] will be applied to do that. We first recall some important
properties of the function Gy, 5., ,(t) given by

Sn—l

Ko t) =L ———
Ga,ﬁ,a,b() L <So‘+a8f8+b

>(t) t>0,k € {a,B,1}.

Taking into account [10, Proposition 4.4 (ii) and (iii)], there is a positive constant K > 0 such
that

K K
‘Gé’ﬂ;mb(t” < tlja te (07 1)7 |G(11,B;a,b(t) < tlTﬁ’ t> 1. (48)

Furthermore, using the same arguments as in the proof of [10, Proposition 4.4 (v)], for any
v € (0,1), we can find a constant K, > 0 with

t
sup t”/o |G}175;a’b(t —s)[s 7ds < K. (49)

t>0

We conclude that
t
lim thl,,B;a,b(t —s)g(s)ds = 0.

t—o00 0

Indeed, it deduces from the proof of Theorem 4.4 that ¢ = O(t™7) as t — oo, here v =
—(n+ o0 —a+1)>0. Thus, there is a constant M > 0 and ty > 0 large enough satisfying

M
9@ < 5 t = to. (50)
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Then, for t >ty + 1, we have

t
[ Ghsaatt = 9t

sA|@@M< |mrwa/mww ) lg(s)lds
= Li(t) + Io(t). (51)
Let s € [0,tp]. By (48), we estimate

G paalt = 5)] < K(t — )17 < K(t — tg) 1.

From this,

L(t) < K(t—to)'F /Oto lg(s)|ds = K1 (t — to) "7, (52)

where K = Kfoto lg(s)|ds. To deal with I(t), by virtue of (49) and (50), we see
t
B(t) £ M [ (Gt = 5)|s7ds
to

t
< [ [Ghpalt o) s7ds
0
< MKt = Kot ™. (53)

By combining (51), (52) and (53), for any ¢ > to + 1, it implies that

<Kt —to) 7P + Kot ™7,

t
[ Ghsastt = 9t

and thus

lim G a.Bap(t —8)g(s)ds = 0. (54)

t—o00 0

Fix € > 0 small enough such that fx,k =1,...,m are Lipchitz continuous on B;(0) := {x € R :
|z| < é}. Take C > 0 such that |g(t)] < C, k=1,...,m for all t > 0 and set

) i=—=CY |fi(x)| and ho(x CZ|fk
k=1

It is easy to see that h; and hg satisfy the assumptions (F1) and (F2).

Consider the initial value problems

CDg.x(t) +a®Df x(t) = —bx(t) + hi(z) + g(t), >0, (55)
2(0) = o, (56)
and
CDgx(t) +aCDf x(t) = —bx(t) + ha(z) + g(t), >0, (57)
2(0) = 0. (58)

Choosing € > 0 be small enough, for example, ¢ < & and

1<k<m

&0 1
max £y, (e )/0 |Gaprap(B)]dE < 3
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Figure 4: The orbit of the solution to equation (60) with the initial condition z(0) = 0.6 on the
interval [0, 150].

In light of [10, Theorem 5.7], we can find positive parameters d;,d2 > 0 such that if |g(¢)| < 01
for all t > 0 and |zg| < 02 then |p1(t, x0)|, |p2(t, x0)|] < € for all ¢ > 0 and lim;_,o0 p1(¢,20) =
lim¢ o0 2(t, z0) = 0, here ¢1(-, o), p2(-, 7o) are the solutions of the systems (55)—(56) and
(57)—(58), respectively. On the other hand, according to Theorem 4.2 and Corollary 4.3, we
claim that

p1(t,z0) < @(t,20) < pa(t, z0), ¢ >0. (59)

This implies that the solution (-, z¢) exists globally and lim;,~ ¢(t,29) = 0. The proof is
complete. n

Ezample 4.7. Consider the system (46)—(47) with « = 2/3, 8 =1/2,a =2, b =1, m = 1,
) =1,t>0, fi(z) = -2, x € R and g(t) = %.OCD2/3(75 + 1D)Y3sin((t + 1)Y/4). The system
is rewritten as

1
CD2Pu(t) +2° DY a(t) = —a(t) — 22%(1) + ECDQ/?’@ + DY3sin((t+ 1)), t>0. (60)

It is obvious to see that the assumptions in Theorem 4.6 are satisfied. Thus, for the initial
condition x( is small enough, the solution (-, zg) is oscillatory and lim;_, o (¢, 29) = 0. Figure
4 depicts the orbit of the solution to equation (60) with the initial condition z(0) = 0.6 on the
interval [0, 150].

5 On the asymptotic behavior of non-oscillatory solutions of
multi-order fractional differential equations

Consider the equation

CDgx(t) +a D x(t) + q(t) f(x) +sgn(a(t)g(t) =0, >0, (61)
2(0) = 20, 2D(0) = 24,i = 1,2,...,n — 1, (62)
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wheren -1 < f<a<|a]=nn>3 az € Ri=012....n—1,a>0, f: R =R,
q:[0,00) = R, and ¢ : [0,00) — R are continuous.

In this section, the following restrictions are imposed on the functions f(-), ¢(+), and g(-).

(G1) zf(xz) > 0 for all = # 0.
(G2) There are positive constants ci,n > 0 such that |f(z)| > ¢1|z|? for all |z| > 1.

)
)
(G3) There exist positive constants ca > 0, u € (0, %) with | f(x)| > co|x|* for all |z] < 1.
(H) There are Ty, c3 > 0 so that ¢(t) > c3 > 0 for all t > 1.
(K) There are 0 € (n— 3,1), ¢4 € (0,00) and T3 > 0 such that
g(t) > et Pt > T,
Under the assumptions mentioned above, we aim to study the asymptotic behavior of the non-

oscillatory solutions of the higher-order fractional differential equation (61). Our main contri-
butions are as follows.

Theorem 5.1. Assume that the assumptions (G1), (G2), (H), (K) are true and n is odd. Let
z(-) be a non-oscillatory solution of the initial value problem (61)—(62). Then,

z(t) =0(t*™") ast — oo.

Theorem 5.2. Assume that the assumptions (G1), (G2), (G3), (H), (K) are true and n is even.
Let x(-) be a non-oscillatory solution of the initial value problem (61)—(62). Then,

z(t) =0(@t*™") ast — oo.
The proof of the above results is long and requires much preparation. To make the presentation
clear and easy to follow, we have divided it into a sequence of lemmas.
Throughout this part, the following notations will be used:
yi(t) =137 (t) + a Iy 7 (t)
=1 (x(t) + algfﬁx(t)) ,

¢ :C'Da—n+1 ¢ CD/B—TL-H ¢ Lo m—a—1 ao tnfﬁfl
(t) =C D alt) 4 OO a) 4 e A
yi(t) :CD(‘)‘I”*IHm(t) + aCnganiw(t) (63)
i—2 i—2—k : ,
zz: Lk H§‘=o (n—a—i+2+k +'7)tn—a—i+1+k
'n—a+1)

k=0
=2 a:ckHj;%_k(n—B —i+2+k+j)

> T(n—B+1)

k=0

(AR =3, t > 0.

22



Lemma 5.3. Let z(-) be a solution of the system (61)-(62) and y;,7 = 1,2,3,...,n are defined
as in (63). Then, y; € AC[0,00), y; € C(0,00), i =2,3,...,n, and

y;(t) :yi+1(t)7 t>0,1=1,2,...,n—1,

S Sl "O—atk+d)
yn(t) = — a()f (x(t)) — sgn(a()g(t) + kZ::O Tr—arn o
. ’il aar T}2g "1~ B +k +j)t_ﬂ+k’ .-

= T(n—B+1)

210 In addition, if (G1), (H), (K) are satisfied and z(-) is eventually positive, then y,(-) is mono-

a1 tonically decreasing and y;, i = 1,2,...,n — 1, are monotonic on the interval [T, 00) with some
22 T > 0 large enough.

Proof. By a simple computation, for k£ € NU {0}, we have

1 t
In—atk t n—a—1_k
oF _7F(n ] /0 (t—s) sds

1 1
= T —a) /0 e (1 — )RR dy

1
= _—— "Bk +1,n—
T(n—a) (k+1,n—q)
k!

I'n—a+1+k)

etk s,

where B(-,-) is the Beta function, and thus

k!
'n—p+1+k)

70 = =k vk e NU {0}, t > 0.

To simplify notation, we use the symbol D instead of %. First, for any ¢ > 0, then

/

Yi(t) = D I"Tx(t) + a DI] P (t)
= DI, () — w0) + a D 17T () — 20)
+D <Ig+_°‘x0 +a Igfﬁmo)

agp Ca— a ap
e 1+

C Hya—n+1 C nB—n+1
=>D t D t _ _
0+$()+6L o+ x()+F(n—a) F(?’L—ﬁ)

= ya(t).
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Next, by direct computation, it is not difficult to check that

yh(t) =D (C D" a(t)) + a D (CD{f;”“x(t))

zon—a—1) , p avo(n=F-1) , 5,
I(n—a) I'(n—p)

-D (DJ&ﬂ“‘”*”@(t) - x0)> taD (DISI(B_”’LI)(x(t) - xo))

zon—a—1) yap, avo(n—F-1) 5,
I'(n—a) I'(n —pB)

=D (1 a(t) - wo — aat)) +a DD (17T a(t) - wo — aat))

+
+

n— —a—1 n—o— —-p-1 n—LB—
D (I3 "art) + a DO (13 Pyt 0 S ez 2R 0 S s

1 tn—a—l + ary tn—ﬁ—l

C na—n+2 C nB—n+2
=-D t D t
or w(t)+a" Dy, x()—l_F(n—a) I'(n—p3)

zo(n —a—1)(n — «a)

tn—a—? + axo(n -B- 1)(” - 6) tn—6—2
F'n—a+1) I'n—pg+1)
:CDozfnflJrS +x( )—i—CLCDB n— 1+3$(t)
3 2 k .
n Z (n - a_3+2+k+j)tnfa73+l+k
'n—a+1)
(3 2)aawfl_[3 c*n—B—3+2+k+])

n—B=3+1+k

2

k=0
=x3(t) for allt > 0.

F(n—pB+1)
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Using the same arguments, for ¢ = 3,...,n — 1 and ¢t > 0, we also obtain

yi(t) =D (°D&" M Fia(t)) + aD (CDﬁ*"*”ix(t))

+i 2apn—a—i+14k) z} k(n_a_i+2+k+j)tn—a—i+k
pr F(n—a+1)

—i—iz%a:ck(nﬁlJrlﬁLk)Hl o k(n767i+2+k+j)t”7ﬁ7”k
= I(n—pB+1)

i—2
—p | pt-D pli-1-(a=n—1+3) (w(t) . Z :El‘ctk>>
— k!

+Z 2xk(n—a—i-k—z—l—l)Hj;ll_k(n—a—é—i-1+k:+j)tn_a_i+k
— (n—a+1)
LR fk =it ]) o (B Ik D)
2 o i)
i—1 , i—1
_D(Z) = (04 n+i) (x(t)— z"f )_|_ D(Z)[ —(B—n+i) <$(t) _ Z’Tﬁc)
k=0 k=0

@ [ jpn—a Ti—1 i1 n— aTi—1 ;-1
P <%+ ant >+IU+ (@nﬁ ))

i T k(n_a_z+1+k+j)tn_a_i+k
P 'n—a+1)
+§(zxkl—[’1k(n—ﬁ—z+l+k+g) ik
2 Tn—A+1)
_C pya—n+i C HB—n+i Ti—1 n—a—1 ATi—1 ,p—p—1
= D0+ fL’(t)“‘a D0+ I‘(t)—i‘mt +mt
i T k(n*a*1+1+k+])tnﬂki+k
'n—a+1)
+Za$knz 1— k( —B—i+1+k+j)tnfﬂfi+k
k=0 Pn—-p+1)
z 1 k . .
: —a—i+1+k+ .
:CDg_:n+zx(t)+aCDg:n+z +Z ( nia+1) j)tnfaferk
+§axk]—[11k(n—ﬁ—z+l+k+]) itk
2 Tn—A+1)
:CDS‘;”_H‘(H‘U (t) + aCDng_n_l—HH_l)x(t)
1) +1)—2—k . .
N z—i—Z: H(z )= (n_a_(1_’_1)+2+k+])tnfa7(i+1)+1+k
'n—a+1)
i+1)—2 +1)—
N erz): axy H(Z Fn—B—(i+1)+24k+7) B 41k
2 M= 6+1)
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Finally, for ¢ > 0, from the definition of y,(-) and the observations shown above, then

1152 1 k(l—a+k+j) B

Yn (1) CD0+$()+aCDO+x +Z Cp— atk
— 1a$an - k( —,3+k+]) gk
+k2::0 T(n—B+1) ¢
n— 11‘ n—1—k a k i
— g0 () —senla)gn + 3 L F(n<_ a+1+) )
k=0
ozl k(1*5+k+j)tfﬁ+k7 (65)

D Ey

which implies that (64) is verified for all ¢ > 0. On the other hand, due to f —n —1+1i <
a-n—1+i<a-1<n-1fori=23,...,nand x € C"1[0,00), it follows from [3,
Theorem 8| that CD(‘JX;"_H%, CDgIn_Hix € C[0,00), 1 =2,3,...,n. Therefore, y; € C(0, c0),
i=2,3,...,n. Notice that by v} (t) = ya(t) for all t > 0, y2(-) € C(0,00) and ya(-) is integrable
on finite subintervals of [0, 00), we conclude that y; € AC|0, c0).

Now, under the added assumptions (G1), (H), (K) and suppose that z(-) is eventually positive,
we can find a parameter to > 0 such that z(t) > 0, f(x(t)) > 0, ¢(t) > 0 and g(t) > cqt"F=°
for all ¢ > tg. From this together with the fact —a+k < —f+k <n—-—1 < 0 for all
k=0,1,2,...,n— 1, there are constants M > 0 and ¢; > ty so that

”le H" 1= k(l—a—i—k—i—j) otk
— 'n—a+1)

1 n 1 k .
(n— ﬁ +1)
< Mt , Vit > 1. (66)
1
Let T = max { (%) e 7t1}, then
Mt P < eyt P < g(t), Yt > T. (67)

By combining (65), (66), (67) and the fact sgn(x(t)) = 1, ¢(¢)f(z(t)) > 0 for all ¢ > T yields
y,(t) < 0 on [T,00). This together with the relation y}(t) = yi+1(t), t > 0,i=1,2,....,n—1
leads to that y,(-) is monotonically decreasing and y;, i = 1,2,...,n — 1 are monotonic on
[T, 00). The proof finishes. O

Lemma 5.4. Consider the equation (61). Suppose that (G1), (H), (K) are true. If z(-) is an
eventually positive solution and y;(+) is eventually negative, then lim; ,~ y1(¢) = 0 and ya(-) is
eventually positive.

Proof. Let x(-) be a solution of the equation (61) on [0, 00). Assume that it is eventually positive
and yj (+) is eventually negative. From this, there is a ¢y > 0 large enough such z(t) > 0, y1(¢) < 0
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225

226

227

228

for all t > ty. Taking M := fOO |x(s)|ds. For any t > tg, it is easy to see

1o (t) = F(nl—a) /0 (t — 5)"La(s)ds
_ 1 o _ ol ds 71 ' — )"y (s)ds
= Fma [, =t +r<n_a>/t0“ y-a=lg(s)d
L v —8)" 2 x(s)ds
> s [, =9 s (68)

Notice that (t — s)"~* 1a(s) > —(t — tg)" " !|x(s)| for all s € [0,%p] and t > t. This together
with (68) lead to

I %%(t) > ————(t —to)" 71, Vt > t. 69
o+ x()—r(n_a)( 0) ) > 10 ( )
By the same arguments, it is also true that
-M
I"7Pa(t) > ———(t —to)" P71, Vit > tq.
$0a(t) 2 g gyt T e (70)
From (63), (69) and (70), we get
—M —aM

(t —to)" ! + (t —to)" P~ < xy(t) <0, Vt > to,

I'(n—a) I'(n—p)

and thus limy_, o 21(¢) = 0. On the other hand, it follows from Lemma 5.3 that y;(-) is strictly
monotonic on [T',00) for some T' > 0 large enough. Thus y;(-) is strictly increasing on that
interval. Due to y}(t) = y2(t) for all ¢ > 0, we conclude that ya(-) is eventually positive. O

Lemma 5.5. Suppose that (G1), (G2), (H), (K) hold. Let z(-) be an eventually positive solution
of (61) such that y,(-) is also eventually positive, then

limsup z(t) < oo.

t—o00

Proof. Because (F1), (F2), (Q), (G) are true, z(-), y,(:) are eventually positive, there is a ty > 0
so that z(t) > 0, yn(t) > 0, f(x(t)) > 0, q(t) > c3 > 0 and g(t) > est" P~ for all t > to. From
this, by (65), (66) and (67), we can find ¢; > ¢y so that

Yn(t) < —q(t)f(z(t)), Vt > t1.

Moreover,

(1) > a(t) ~ 0 =~ [ s

t1

> / a(5) f(x(s))ds

>c3 | f(z(s))ds, Yt > t.

t1

Letting ¢t — oo, then

/OO Flas)ds < 20 o oo (71)

t1 C3
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which implies that f(z(-)) is bounded on [t1,00). This together with (G2) shows that z(-) is
also bounded on [¢;,00) and thus

limsup z(t) < co.
t—o00

= [
Lemma 5.6. Let z(-) be an eventually positive solution of (61) satisfying
ya(t) > ¢5 >0, Vt > T3 > 0.
Then,

lim sup z(t) = oo.
t—o0

Proof. From (63) and Lemma 2.3, we have

CDITy(t) = (t) + alfT Pz (t), Vit > 0. (72)
Define 2*(t) = supsejo,qz(s) for each t > 0, then
a—p a ! a—p—1
z(t) + aly, "z(t) = z(t) + I‘(Oz—ﬁ)/o (t—s) x(s)ds
* ar® (t) a—p3
ST (t) + mt
— 2*(1) <1 n F(aa—ﬁ)ta—ﬂ) , Yt > 0. (73)

On the other hand, by the assumption of the lemma, there is a ¢y > 0 such that z(t) > 0,
ya2(t) > ¢5 > 0 for all t > to. Define M; := fgo ly2(s)|ds. It follows from Lemma 2.2 that

e, (N _ 1 R 10)
CD0+ yl(t) - F(]_ +o— n) /0 (t _QS)nfa

> R = / (o) lds + — (1 — gyt
s S _— —
“T'l4+a—n) n—a f a—n+1 0

(
1 ( —M; Cs

Tl+a—n) \G—t)"* a—n+l
Using (72)—(74), for t > tg, then

(t — to)“—”“) , Yt > to. (74)

x* _ 4 sa-B 1 —M; cs L vamntl
(t)<1+p(a_mt >ZF(l—I—a—n)((t—tg)"—a+oz—n+l(t t0) +>’

which gives

1 —-M —n+1
I(I+a—n) ((t—to)ﬁ‘“ - Oc—cr?Jrl(t — o)™ )

z*(t) > , Yt > to,
( ) = 14+ F(aa_ﬁ)ta_ﬁ 0
and thus z*(t) — oo as t — co. In particular, it follows that
lim sup z(t) = oco.
t—00
230 D
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2 Lemma 5.7. Suppose that (G1), (G2), (H), (K) are true. The following statements hold.

(i) If n is odd, all eventually positive solutions of (61) satisfy

(—1)"yi(t) >0, i =1,2,3,...,n, fort large enough. (75)

(ii) If n is even, all eventually positive solutions of (61) satisfy
(=1)%y;(t) >0, i=1,2,3,...,n, fort large enough, (76)
or
y1(t) >0, ya(t) >0 and (—1)"y;(t) >0, i =3,...,n, for t large enough. (77)
Proof. Let x(-) be an eventually positive solution of (61). By Lemma 5.3, there is a 7' > 0 such
that v}, (t) < 0 and y;, i = 1,2,3,...,n, are strictly monotonic on [T, 00). From this, we can find

to > T with y},(t) < 0 and y;(+), i = 1,2,3,...,n, do not change sign on [tg,00). We first point
out that if there exits k € {2,3,...,n} satisfying yx_1(t)yr(t) > 0 for all ¢ > t¢, then

yl(t)yl-l-l(t) > 07 = 1727 . '7k - 17 t > to.

Indeed, without loss of generality, we assume yy_1(t) > 0, yx(t) > 0 for all ¢ > ¢y. By induction,
we only need to prove yi_o(t) > 0 for all ¢ > ¢5. Due to y,_,(t) = yx(t) > 0 for all t > ¢, the
function yi_1(+) is positive and strictly increasing on [tg,c0). This implies that

Yp—1(t) > Mz, t>ty,

for some M3 > 0 and t; > tg and thus

t
i-alt) = [ pa(s)ds + poat) 2 Malt — 1) + maltr), > 1 (78)
t1

22 From (78), yr_2(t) > 0 for all ¢ > %’;2@1) which together the fact x;_o(-) does not change
233 sign on [to, 00) gives yx_o(t) > 0 for all ¢ > to.

2 Case I: there exits k € {2,3,...,n} satisfying yx_1(t)yx(t) > 0 for all ¢ > ty. In this case, only
235 the following possibilities occur.

(i) If £ = n, then
yi(t) >0, t >tg, i=1,2,...,n, (79)
or
yi(t) <0, t >tg, 1 =1,2,...,n. (80)
(ii) If 2 < k <n —1, then for t > ¢,
yi(t) >0, i=1,2,... )k, yi(D)yix1(t) <0, i =k,...,n—1, (81)
or

yz(t) < 07 = 1727'--,k7 yl(t)y2+1(t) < 0’ 1= k?"'an_ 1. (82)
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26 Case II: there is not k € {2,3,...,n} satisfying yi_1(t)yx(¢t) > 0 for all ¢ > ty. It is easy to
237 check that then the following statement is true.

(i)
(—1)'yi(t) >0, t > tg, i =1,2,...,n, (83)
or
(=) yi(t) >0, t > tg, i =1,2,...,n. (84)
238 Based on Lemma 5.4, the possibilities (80) and (82) do not happen. According to Lemma 5.5
230 and Lemma 5.6, the possibility (79) also does not happen.

20 Next, if y,(t) < 0 for all ¢ > ¢o, by the same argument as in the proof of (78), we claim that
a1 Yp—1(t) < 0 for all ¢ > ty. Thus, the possibilities (81), (83) and (84) occur if and only if y,,(¢) > 0
242 for all ¢ > 0.

23 Consider (81). It follows from Lemma 5.5 and Lemma 5.6 that k& = 2. Hence, y1(t), y2(t) > 0,
e (—=1)ty;(t) > 0 for all t > tg, i = 3,...,n. This combines with y,(t) > 0, t > to yields (=1)" > 0

25 and thus n is even. The statement (77) is checked.

26 Concerning with (83), since y,,(t) > 0 for t > tp, it implies that n is even and thus the assertion
27 (76) is true.

2s  For the case (84), it is obvious that n is odd. The assertion (75) is verified. O

#9 Lemma 5.8. Let x(-) be an eventually positive solution of (61). Assume that one of the
20 following assumptions is true.

(i) For alli=1,2,3,...,n,

(—1)"Ly(t) > 0 for t large enough.

(ii) For alli=1,2,3...,n, '
(=1)*y;(t) > 0 for ¢ large enough,

(iii) yi1(-) is bounded. Moreover,

y1(t) > 0,52(t) >0 and (—1)%y;(t) >0, i =3,...,n, fort large enough.

Then,
z(t) =0@t* ") ast — oo.

Proof. (a) Suppose that the assumption (i) is true. There exists a 9 > 0 such that
:E(t) > 07 yl(t) > 07 y?(t) < 07 t > 1.
From (63) and Lemma 2.3, it leads to

DIy () = a(t) + allTPa(t), V> 0. (85)
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Taking M := fgo |z(s)|ds. For t > ty, we have

t
o— a a—B—
w(t) + all T Pa(t) = a(t) + a7 /0 (t — )P 1x(s)ds
a fo a—p-1
> x(t) + (o= 3) /0 (t—ys) x(s)ds
> a g1 (7 d
x(t) — =——(t—1tp)* "™ x(s)|ds
> alt) = gy = 10" [ lato)
aM a—B—
:Jf(t)—w(t—to) L (86)
Define M; := foto ly2(s)|ds. Due to y1(-) € AC|0,00), it follows from Lemma 2.2 that, for ¢ > ¢,
) i )
C nn—a« _ U1
Do “nt) = 7 +a—n)/0 (sl
1 o ga(s) 1 /t ya(s)
— ds + d
F(l+a—n)/0 (t —s)n—@ § Fl4+a—mn) J, (t—s)n@ °
1 1 o 4
<
“T(l+a-n) (t—to)”—a/o [y2(s)lds
M 1
CT(L+a—n)(t—to) (87)
Combining (85)—(87), we get
CLM -u M1 1
) — ——(t—to)* Pt < t > to.
“(0) I‘(a—ﬁ)( o) _F(1+a—n)(t—t0)”*a’v> 0
251 This means that
aM M 1
< _(t—ty)* P! ! .
x(t)_l“(a—ﬁ)(t to) +F(1+a—n)(t—t0)"—a’w>t0 (88)

2 Notice that f+1 —a > n — «, from (88), we conclude that there are constants My > 0 and
23 t1 > tg such that

M.
z(t) < tn—}a Vi > ty. (89)
(b) Suppose that the assumption (ii) is true. We can find ¢y > 0 so that
x(t) > 0, yl(t) < 0, yg(t) > 0, yg(t) <0, Vt > tg.

Furthermore, yo(+) is strictly decreasing on [tg,o0). Thus,
t
“a(to) > 01(6) = o) = | vals)ds = a0t~ to), ¥ > 1,
to
which implies

—y1(to)
t—to
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Now, for t > 2tg, we obtain the following estimates

n « 1 ¢ yQ(s)
g n(t) = I‘(l—i—a—n)/o (= syna’®

S SR S 71O SR -1 MY S L) R
T+ a—n) (/0 (st +/to (st +/t/2 (t—s)nad>
to n—a  rt/2
1+oz—n < t —to) ly2(s)lds + <§) /to 92(5)d5+1(t)>

= Haw < tﬂ,il)n ; (f) (yl<t/2>—y1<to>>+f<t>)

M, 2\ "o
1+a—n (t—to)"~ a_yl(tO)(t> +I(t>>’ (91)
where I(t ft/2 n ads By (90),
t t _
I(t) = / _wl®) g / o) g

tj2 (t—8)" t/2 (s —to)(t —s)"—

7y1(t0) 1 t a7n+1
< — .
_t/2—t0a—n+1<2> ) V> 2t (92)

According to (91) and (92), there are M3 > 0 and to > 2t satisfying

M.
DT () < - 2 V> t,

which together with (86) leads to

aM Ms
1)< ———(t — o) P! Vt >t
':U()—F(a_ﬂ)( 0) +tn ) > 12,
254 and thus
z(t) =0@t*™") ast — oo. (93)

(¢) Suppose that the assumption (iii) is true. There exits tog > 0 with
x(t) >0, y1(t) > 0, y2(t) > 0, y3(t) <0, t > to.
Due to yi(-) is bounded, there is a My > 0 so that y;(t) < My for all t > ty. By the fact ya(-) is

positive and decreasing on [tg, c0), we see

My > y1(t) —yi(to) = /t ya(s)ds > ya(t)(t — to), Yt > to,

to

which shows that

ya(t) < t]\_L;O, vt > tp.
55 Repeated the arguments as in (b) enables us to claim
z(t) =0(t*™™) ast — oo. (94)
In short, based on (89), (93) and (94), we conclude that
xz(t) =0@t*™™) ast — oo.

256 The proof is complete. O
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7 Lemma 5.9. Suppose that (G1), (G2), (G3), (H), (K) are true. Let n be even and z(-) be an
s eventually positive solution of (61) satisfying (77). Then the limit lim;_,~ y1 () is finite.

Proof. Tt follows from the assumptions of the lemma that there is a top > 0 such that z(t) > 0,
y1(t) >0, ya(t) > 0, (=1)'5i(t) > 0,0 =3,...,n, f(z(t)) >0, ¢(t) > c3 > 0 and g(t) > cst™ 77
for all t > tg. From the arguments in the proof of Lemma 5.5, we can find a t; > ¢y with

Yn(t) < —aq(t)f(x(1)), Vt > t1,
which implies

(n _1 2)! /tl (s —t1)"2q(s) f(z(s))ds < (n—2)! /tl (s — )" yp(s)ds

(4 n—2 t
_ ((tn_tlz))!yn(t) - (71—13)'/t (5 = 11)" Py 1 (s)ds

(4 n—2 — n—3 t
— ((tn_tlg)'yn(t) + (t(nt_l)g)!yn—l(t) - (771_14)'/15 (3 - tl)n74y7/1*2(8)d8'

We continue in this fashion to obtain

g | @) < =g [ = s)s

(n - 2) t1 s Jy
—(t—t)"? t—tq)" 3 t—t ¢
= ((n_z))‘yn(t) + ((n—)?,)!yn_l(t) 4+t T z3(t) — /t1 y'2(s)ds
—(t—t)"2 t—tg)" 3 t—t
—M%<f)+(@_)3>;yn—1<t>+~-+ () + () — 10()
n—2
-1 k+1 t—1 k
- s k(' 1 Yrto(t) +y2(t1), t > 1. (95)
k=0 :
Bec%Efe (—kl)k+1yk+2(t) = — (D)2 5(t) < 0 for t > to, k = 0,1,...,n — 2, we have
%ymz(ﬂ <O0fort>t;, k=0,1,...,n—2. This combines with (95) leads to

it > gy [ 6=ty R > o [ - a(eds, v

Letting ¢t — oo yields
*° — 2)lya(t
/ (5 — t1)" 2 f(a(s))ds < 2202 2 plh) o
t1 3

Choosing M > 0 with

(t—t1)" 2 f(x(t)) < My, YVt > t;.

1

It deduces from (G2) that z(t) < 1 for all t > t5 := (M)m + t;. This together with (G3)

Cc1
gives

1

M\ » 1

z(t) < <1> ' —, Vit >ty
€2 (t—t1) »
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where p € (O, %) Hence, there is a t3 > t5 with

t
a
+ / t—s)2 Pl
F(O[ - /8) t3 ( )
1 aM2 —B—1 a /t —B8-1_B—
t—t3)® t @ "d
_t”_B+F(a—B)( 3) +F(a—ﬂ) 0( s) s S
1 aM2 _B—
= t—tg) Pt
=8 " T(a— 5)( )
1
a
+ / 7PN — ) PP T dy
(a—5) Jo ( )
_ alMs 51 al'(B—-n+1) ,_
+rm—5ﬁ 3) T Ta—ntD
From this there exist M3 > 0 and t4 > t3 satisfying
CDNy () = a(t) + allPa(t) < Mst®™, Wt > ty. (96)
Notice that for t > 4,
_ 1 boyi(s)
C pyn—a 1
D t) = d
o v1(t) F(a—n—l—l)/o (t—s)n— §
1 ta 1 t /
_ / ya(s) oo / hns)
Na—n+1)Jy (t—s)n @ MNa—n+1) J;, (t—s)n@

1 ~1 ta
>
“Ta—n+1)(t—ty)n @ /0
1

|y2(s)|ds
1

T(a—n+1)(t—tyr—o

y1(t) —y1(ts) — My 1

(y1(t) — y1(ta))

Fla—n+1) (t—ty)

where My := fg‘l |z2(s)|ds. From (96) and (97), it fo

y1(t) — y1(ta) — My

>
Ms = Ta—n+1) (¢t

Due to yi(-) is positive and increasing on [tg, 00).

limy_, o0 y1 () exists and is finite.

We can now prove the main results of this part.
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(97)
llows
tn—Ot
Yt > t4.
e Mt (98)

From (98), we conclude that the limit
O
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Proof of Theorem 5.1. Let z(-) be a non-oscillatory solution of the initial value problem (61)—
(62). Without loss of generality, we assume that x(-) is eventually positive. From Lemma 5.7,
x(-) satisfies (75). Applying Lemma 5.8, we conclude

z(t) =0@{*™) as t — oo.

O]

Proof of Theorem 5.2. Let x(-) be a non-oscillatory solution of the initial value problem (61)—
(62). Without loss of generality, we assume that z(-) is eventually positive. Lemma 5.7 shows
that x(-) satisfies (76) or (77). Applying Lemma 5.8 and Lemma 5.9, we conclude that

z(t) =0@*™") as t = 0.
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