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Asymptotic behavior of solutions to some classes of multi-order
fractional cooperative systems

La Van Thinh? Hoang The Tuan'
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Abstract

This paper is devoted to the study of the asymptotic behavior of solutions to multi-order
fractional cooperative systems. First, we demonstrate the boundedness of solutions to fractional-
order systems under certain conditions imposed on the vector field. We then prove the global
attractivity and the convergence rate of solutions to such systems (in the case when the orders of
fractional derivatives are equal, the convergence rate of solutions is sharp and optimal). To our
knowledge, these kinds of results are new contributions to the qualitative theory of multi-order
fractional positive systems and they seem to have been unknown before in the literature. As a
consequence of this result, we obtain the convergence of solutions toward a non-trivial equilibrium
point in an ecosystem model (a particular class of fractional-order Kolmogorov systems). Finally,
some numerical examples are also provided to illustrate the obtained theoretical results.

Key words: Multi-order fractional nonlinear systems, cooperative systems, homogeneous systems,
global attractivity, convergence rate of solutions

AMS subject classifications: 34A08, 34K37, 45G05, 45M05, 45M20

1 Introduction

Positive systems are dynamic systems in which their state variables remain in the first orthant of R¢
when the initial conditions are initiated in this domain. Up to now, an impressive number of theoretical
and applicative contributions to this theory have been published, see, e.g., [20, 10, 7, 5, 19, 14, 15, 30, 6].

A special class of nonlinear positive systems is the cooperative systems which have been discussed
extensively, especially in connection with biological applications, see, e.g., [16, 23, 24, 25, 22| while the
cooperative systems with the added homogeneous structure are mentioned in [1, 13]. In particular,
consider the system

—a(t) = f(z(t)), t >0, (1)
z(0) = 2° € R‘éo, (2)
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here the vector field f(-) is homogeneous of degree p > 1 and cooperative. From the perspective of
positive system theory, in [17], the authors have proven that the system (1)—(2) is asymptotically stable
if and only if there exists a vector v > 0 such that f(v) < 0. When f(-) is homogeneous, this result is
extended to arbitrary initial conditions 2° € R? by O. Mason and M. Verwoerd [18].

Due to the usefulness of fractional calculus compared to classical analysis in modelling many processes
that emerged from different fields of science and engineering (see, e.g., [3, 4, 21, 26, 27]), our aim in
the present work is to study the asymptotic behaviour of solutions to fractional-order systems where
homogeneous and cooperative assumptions are satisfied. We note that in this case, the existence and
uniqueness of solutions have not been investigated in the literature. On the other hand, the approaches
using the comparison principle based on the geometric interpretation of the classical derivative and
the local nature of solutions as in the two papers mentioned above do not seem to be applicable.

The article is organized as follows. Notation and some mathematical background are introduced in
Section 2. The main content of the paper is presented in Section 3. In particular, in this part, we
first show the boundedness of solutions to some classes of multi-order fractional cooperative systems.
After that, we prove the global attractivity and the convergence rate of solutions to such systems.
As a consequence, we study an ecosystem model (fractional-order Lotka—Volterra type systems) and
describe the convergence of solutions toward its non-trivial equilibrium point. Finally, numerical
examples are provided in Section 4 to illustrate the proposed theoretical results.

2 Notation and preliminaries

2.1 Notation

In this paper, we use the following notations: N, R are the sets of natural numbers, real numbers, re-
spectively; Rsg := {z € R: 2 > 0}, R} := {x € R: x > 0}; R? stands for the d-dimensional Euclidean
space; R‘éo, }Rd are the subsets of R? with nonnegative entries and positive entries, respectively. Let
2,y € R, then [z;y] := {s e R : s =tz + (1 — t)y,t € [0,1]}. For two vectors w,u € R%, we write

o urwifu >w; forall 1 <i<d.
o u = wifu; >w; forall 1 <i<d.
Let 7 > 0, we set B,.(0) := {z € R?: ||z|| < r} and 0B,(0) := {z € R?: ||z|| = r}. For a vector-valued

function f: R? — R? which is differentiable at z € RY, we denote D f(z) := (gf (33))1<ij<d. Fixing
o o

a vector v = 0, the weighted norm |||, on R? is defined by |lwl||, := maxj<;<q . A real matrix

A = (aij)1<i,j<d is Metzler if its off-diagonal entries a;;, Vi # j, are nonnegative.

Let a € (0,1] and J = [0,7], the Riemann-Liouville fractional integral of a function = : J — R is

denoted by

I8 a(t) = r(la)/o (t—s)° la(s)ds, teJ,

and the Caputo fractional derivative of the order « is given by

CDg(t) = I (a(t) ~ 2(0)), 1€ T\ {0},

d
here T'(+) is the Gamma function and T is the classical derivative (see, e.g., [11, Chapters 2 and 3]

and [29] for more detail on fractional calculus). For d € N, & := (aq,...,aq) € (0,1]% and a function
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w: J — R? we use the notation
T
CDo+w( ) = (CDgiw (1), CD0+wd( )) :

Definition 2.1. [18, Definition 2.3] A vector field f : R — R? is said to be homogeneous if for all
z € R% and for all A > 0, we have

F(\r) = Af(a).

Definition 2.2. [28, Definition 3] A vector field f : R? — R? is called homogeneous of degree p > 0
if for all z € R% X\ > 0 we have

FO\) = N f ().

Definition 2.3. [28, Definition 2] A continuous vector field f : RY — R which is continuously
differentiable on R?\ {0} is said to be cooperative if the Jacobian matrix Df(z) is Metzler for all

x € R‘éo\ {0}.

Let & = (a1,...,aq)T € (0, 1]d. Our main object in the paper is the fractional-order nonlinear system
CDGwlt) = flwle), V>0, 5
w(0) =we R>07

where f = (f1,..., fo)T with f; : R = R, i = 1,...,d, satisfies some following assumptions.

(A1) f(-) is cooperative.
(A2) f(-) is homogeneous of degree p > 1.
(A3) There exists v > 0 such that f(v) <0
Following from Proposition 2.7 and Proposition 2.8 below, for each w € R%O, the system (3) has a
unique solution ®(-,w) on the maximal interval of existence [0, Tinax(w)).
Definition 2.4. System (3) is strictly monotone if for any A, A\? € Ri, M < A2, we have
O(t, AN < ®(t,A?), Vt € (0, Trnax (A1) N (0, Tinax (A?)).
Definition 2.5. System (3) is monotone if for any A\', \?> € RZ Sor A < A2, we have
D(t, A1) 2 ®(t,A%), Vt € (0, Tmax(A")) N (0, Tinax(A?)).
Definition 2.6. System (3) is positive if for any w > 0, its solution ®(-,w) satisfies

O(-,w) = 0 on [0, Trpax(w)).

2.2 Preliminaries

We collect here some preparatory knowledge that plays an essential role for further analysis in the
rest of the paper.

Proposition 2.7. [18, Lemma 2.1] Suppose that f : R — R? is continuous and is continuously
differentiable on R%\ {0}. Moreover, this function is homogeneous. Then, there exists a positive
constant K such that || f(z) — f(y)|| < K|z — y||, Vz,y € R%
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Proposition 2.8. Suppose that f : R* — R? is continuous and is continuously differentiable on
R4\ {0}. In addition, we assume that f is homogeneous of degree p > 1. Then, for any r > 0, we can
find a positive constant K that depends on r satisfying || f(x) — f(v)|| < K||z — y||, Vz,y € B-(0). In
particular, f is Lipschitz continuous on balls centered at the origin and with arbitrary radius.

Proof. Due to the fact that f is continuously differentiable on R%\ {0}, we have

Ky:= sup | Df(z)| < oc.
x€9B1(0)

Furthermore, based on the assumption that f is homogeneous of degree p > 1 on R%, we see that
Df(Ax) = \>~I1Df(x) for all x € R {0} and A > 0. Hence,

IDf @) = ll=lP~ 1IIDf(H il
< Ky|z|P~", Vo € RY\ {0} . (4)

Choose any = € B;(0)\ {0} and then fix it, by the mean value theorem, we obtain the following
estimate

1f (@) = @l < IDFO)lllx = yll, Yy € B1(0) \ {tz : ¢ <0},
where 0 € [z;y], which together with (4) implies that

1f (@) = fIl < [DFO)]lllz -yl
< K1 [|0]PP~ |2 — yll
< Killz —yll, Vy € B1(0) \ {tz : t < 0}. (5)
However, from the continuity of f(-) on R?, it follows that the inequality (5) is true for any y € B;(0).

Notice that x is arbitrarily in B;(0)\ {0}, thus this estimate holds for every y € B;1(0), z € B1(0)\ {0}.
Using the continuity of the function f(-) again, we get (5) for all z,y € B1(0). This means that

1f(2) = FWIl < Killz —yll, Va,y € Bi(0). (6)

We now consider the case z,y € B,(0) with » > 1. There are four cases: 1. 2,y € B,(0) \ B1(0); II.
x € Br(0)\ B1(0) and y € B1(0); III. y € B,(0)\ B1(0) and = € B1(0); IV. 2,y € B1(0). The estimate
for case IV is shown above. For case I, if [z;y] N 9B1(0) = 0, then

() = F)ll < Kzllz =y, (7)

where Ky 1= sup,cp, o)\, (0) |Df(2)| < oo. Notice that the estimate (7) is also true for z € B,(0) \
B1(0), y € 9B1(0) or y € B,(0) \ B1(0), x € 9B1(0). Suppose that [z;y] N 9B1(0) = {x1,y1}. Then,

[f(x) = f)l = 1 f(x) = f(21) + fl21) = fly) + f(y1) — F@)l
< Iol|lz — 21| + Killzr — yil| + Kalyr — |
< K(llz = o1l + lzn — yall + [y — i)
= Kllz —yl|, (8)

where K := max{K7, K2}. For case II, let {z1} = [z;y] N 0B1(0). It is easy to see
1f(2) = FWIl = £ (@) = fz1) + f21) = F(W)]
< Kol — 2| + Kiflzr — o]

< K([lz = 2ol + flzr = yll)
= Kz —yl|. (9)
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By the same arguments as in the proof of case II, for case III, we also have

1 () = F)ll < Kllz —y].

In short, based on the obtained observations (6), (7), (8) and (9), for any r > 0, we have proved that
|f(z)— f(y)]] < K||lz—yl] for all z,y € B,(0), where the positive constant K depends on r. The proof
is complete. O

Proposition 2.9. [25, Remark 1.1, Chapter 3, p. 33] Let f : R — R? be a cooperative vector field.
For any two vectors u, w € R%O with u; = w;, ¢ € {1,--- ,d} and u > w, we have

fi(u) > fi(w).

Lemma 2.10. Let w : [0,7] — R be continuous and assume that the Caputo derivative CDg‘+w(-) is
also continuous on the interval [0, 7] with a € (0,1]. If there exists tyg > 0 such that w(tp) = 0 and
w(t) <0, Vt €0,tp), then

(i) “Dg w(ty) > 0 for 0 < a < 1;

(i) “Dg,w(te) > 0 for v = 1.

Proof. The conclusion of the case (ii) is obvious. The proof of the case (i) follows directly from [29,
Theorem 1]. O

Remark 2.11. A weaker version of Lemma 2.10 was introduced in [9, Lemma 25].

3 Asymptotic behavior of solutions to fractional-order cooperative
systems

This section represents our main contributions. First, we show the boundedness of solutions to multi-
order fractional cooperative homogeneous systems. We then prove the global attractivity and the
convergence rate of solutions to such systems. Finally, we obtain the convergence of solutions toward
a non-trivial equilibrium point of a fractional-order Lotka-Volterra type model.

3.1 Boundedness and positivity of solutions to cooperative systems

Proposition 3.1. Consider the system (3). Suppose that f(-) satisfies the assumptions (A1), (A2).
In addition, there exists a vector v > 0 such that (A3) is true. Then, for any w > 0, the solution
(-, w) exists on [0,00). Moreover, we have

[t w)llo < [lwllo, VE = 0.

Proof. The case: p = 1. Based on Proposition 2.7, the vector field f(-) is global Lipschitz continuous
on R% Tt leads to that, for every w > 0, the system (3) has the unique global solution ®(¢,w) on
[0,00). Let € > 0 be arbitrary. For each i = 1,...,d, we define

(I)'L(t7 w)
(%

vi(t) == — |lw|lo — €, ¥t >0.
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Notice that w o
4i(0) = — —|lwlly —e <0, Vi=1,d.
v;
Thus, if there is a ¢ > 0 and an index ¢ with y;(¢) = 0, by choosing
t, == inf{t > 0: 3i = 1, d such that y;(t) = 0},
then ¢, > 0 and there exists an index ¢* which verify

yix(t«) = 0 and y;(t.) <0, Vi # i*, (10)
yir(t) < 0, Vt € [0, t4).

This implies that

D+ (te, w) = ([|wllo + €)viz, Pix(t,w) < (||wllv + €)vix, YVt € [0,ts), (11)
D, (ts, w) < ([|w|lo + €)vs, Vi #£i*. (12)

By combining (10) and Lemma 2.10, we obtain
“Dyt yi (t.) > 0. (13)
On the other hand, following from (11), (12) and Proposition 2.9, we observe that

Dyt @ (te, w)

DOt i (t,) =
1
= — fi (D(te,w))
Vj*
1
< = fir (llls + )
fir(v)
= (lwlls + == <0,

which contradicts (13). This means that y;(¢) < 0 all £ > 0 and for all i = 1,...,d. Hence,

(I)i(t, w)

)

< |lwlly +€ ¥YE>0, i =1,...,d.

Let € — 0, we have
q)i('aw)

Vg

< |lwlloy, V>0, i=1,...,d.
The desired estimate is checked.

The case: p > 1. Under Proposition 2.8, the vector-valued function f(-) is Lipschitz continuous on
B, (0) for any r > 0. Thus, for any initial condition w > 0, the system (3) has a unique solution ®(-,w)
on the maximal interval of existence [0, Tinax(w)). Now, by using the same arguments as in the proof
of the case p = 1, it is not difficult to show that

[@(t,w)llo < llwllo, Yt € [0, Tiax(w))- (14)

However, in light of (14) and the definition of the maximal interval of existence, it must be true that
Timax(w) = 0o because otherwise the solution ®(-,w) can be extended over a larger interval. The proof
of the theorem is complete. ]

Lemma 3.2. Consider the system (3). Suppose that the assumptions (Al), (A2) and (A3) are
satisfied. Then, the system (3) is positive.
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Proof. Take and fix the initial condition w = 0. Let ®"(-,w™) be the unique solution of the system

CDg.a(t) = fla(t) + -, V>0, )
z(0) =w",
1
where w” = w+ —eand e := (1,...,1)" € R? n € N. For each n € N, it follows from Proposition 3.1

n

that ®"(¢,w™) > 0 for all t > 0. Let m,n € N, m > n and put ¥(¢) := ™ (t,w™) — ®"(t,w"), Vt €
[0,00). We first show that W(¢) < 0 for all ¢ > 0. Indeed, if this statement is false, there exists a
t € (0,00) and an index i = 1,...,d with ¥;(¢t) = 0. Take

t, :=inf{t > 0:3i = 1,d such that ¥;(¢) = 0}.
Then, t, > 0 and there is an index i, such that

U, (1) =0, Wi(t) <0, i # i, (16)
Ui(t) <0, Vte[0,t,), i=1,....d.

Since U;, () =0 and U, (t) <0, ¥Vt € [0,t4), by Lemma 2.10, it deduces that
“Dyir W, (t.) > 0.
On the other hand, from (16), we have

O (ty, ™) = O (ts,w"),

(L, w™) < BN (L, w"), Vi # iy,

7

which together with Proposition 2.9 implies f;, (@™ (s, w™)) < fi, (2" (t«,w™)). This leads to that
CDR Wi, (1) = O DGt O (b, ™) =D 04 B, (£, 0")
1 1
= (@7 (e ™)+ fi (B (b))
<0,

a contradiction. This means that the sequence {®"(-,w™)} 7,

uous on [0,00). Thus, for each ¢ > 0, the limit below exists

is positive, strictly decreasing, contin-

U*(t) := lim ®"(t,w").
n—oo
It is clear to see that {®"(-,w™)}, 7, converges uniformly to W*(-) and ¥*(-) is also continuous and
nonnegative on each interval [0, 7] with 7" > 0 is arbitrary. On the other hand, for each n € N, we
observe

1 ti 1 t
O (t, W) = wi + — t— )% Lfi(d (s, w™))d
Z( 7w ) w1+n+nr(ai+1) +F(a,)/0( S) fZ( (S7w )) S
with ¢ € [0,00), i =1,...,d. For each t > 0, let n — oo, we conclude

* 1 ! a;—1 * .
\I/Z-(t):wi—l—r(ai)/o(t—s) (P (s))ds, V>0, i=1,...,d.

This together with the fact the system (3) has a unique solution on [0,00) deduces that U*(t) =
O(t,w), Vt € [0,00). In particular, we have shown that ®(¢,w) > 0 for all ¢ > 0 which finishes the
proof. O

Remark 3.3. From the proof of Lemma 3.2, it is easy to see that the system (3) is monotone.

Remark 3.4. The conclusion of Proposition 3.1 is still true when the initial condition w € RZ,.

7
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3.2 Global attractivity and convergence rate of solutions to cooperative systems

In this section, we discuss the attractivity and the convergence rate of solutions to the system (3)

CDEw(t) = fw(t), Vi >0,
w(0) =we€ ]R‘éo

Theorem 3.5. Suppose that f(-) satisfies the assumptions (A1), (A2). If there exists v > 0 so that
f(v) <0, then for each w € R%O, we can find constants > 0, C' > 0 such that

0< ®i(t,w) < CE,pp(—t/P), vt >0, i=1,....d, (17)

where « := min «;.
1<i<d

Proof. Let v > 0 which satisfies f(v) < 0. For any initial condition w € ]R>0, by Proposition 3.1 and
Remark 3.4, we see that the system (3) has a unique global solution ®(-,w) with || ®(t,w)|ly < ||w]|v

for all ¢ > 0. We are only interested in the case when [|w|| > 0. Let m = ||w||, and choose n > 0
satisfying
. ta/p—ai g (=me/p
filv) | T sup a/papoil - ) < 0, Vi=1,...,d. (18)
U m t>1
| T (Baplmen)
Put

u(t) := meEg(—nt’), t >0,
m—+e
Eg(—n)
the solution of the system (3) with the vector-valued function ue. By a direct computation, for any

€ (0,1), we have

here $ > 0 will be chosen later and m. := with € > 0 is arbitrarily small. We will compare

WLCD(HU( ) = I‘(l—a)/o (t— S)_Q%Eﬁ(—nsﬁ)dé’

I S A i
_F(l—a)/o(t_S) > TEhrn ®

k=1
_ 1 S (—U)k ! _ s fasﬁkfl s
=T a) 2= T3 [ s
_ 1 o (—m)ktothR lT—a Y
P DTy fi s

B 1 o ( n)kt—a—i-ﬂk
CI'(1-a) ; ['(Bk)
n

B(1 — «,Bk) (here B(-,-) is the Beta function)

B o0 (— )k ly—a+p(k—1)+p
B Z FrBk—1)+1—a+p)
)kt—a+ﬁk+5

(=
_”Zr Bk+1-a+p)

=-nt- awEﬁ,l—aw(*mﬁ), vt > 0.
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The formula above is also true when a = 1. Define

@i(t,w)

zi(t) == ” —u(t), t>0,i=1,...,d.

Since z;(t) < 0 for all t € [0,1] and i = 1,...,d, if the statement that z(¢) < 0 for all ¢ > 0 is false, we

can find an ¢, > 1 and an index 7, so that

zi, (t«) = 0 and z(t) <0, Vi # iy,
Zi*(t) <0, Vt e [O,t*).

This implies

D, (te,w) = u(te)v;, and P;(ty,w) < ulty)vi, Vi # iy,
D, (t,w) < u(t)vi,, Yt € [0,ts).

Due to the assumptions (A1), (A2) and Proposition 2.9, the following estimate holds

Ji(@(t,0)) < fi (u(t)0) = fi. (meBs(—ntf)v) = (m-Eg(—nt))" fi. (v):
Then,

Dy (L, ;
CDochz*( ty) CD(?}:Z*E),) C’Dg+*u( )
Tx
1 o
= i (B(t,w) + mentd " Bg 1o, a(-t)
T
? fi.(v)

=

< (maEﬁ(—ntf )) +month Eg 1, +8(—nt?)

Ji(0) | 1" B s(—1t)
p
'U‘* _
L (map 1(Eﬂ<ntf>)

= (maEﬁ(—ntf))p

p | fi P~ Eg 1 g, yp(—nt?
< (msE/s(—ntf)) filv) sup 81—a;, +8(—1t")

Vi, mP~ 4>1 <Eﬁ(—nt5)>p

Taking 5 = a/p, by (18), we see that
CDS?_* Zi, (t*) < 0.

However, from (19), it deduces that CDgi* 2, (t*) > 0, a contradiction. Hence, we conclude that

zi(t) <Oforallt>0andi=1,...,d. That is,

(I)i(t, w)

(%

0< <meBy,(—ntP), vt >0, i=1,....d.

From this, by letting € — 0, then

(I)i(t, w) <

m
< B (—nt®P), Yt >0, i=1,...,d.
By " Fete )

The proof is complete.



168 Remark 3.6. Define

te/p—ai o tap— (—nte/P)
I(r) = su a/p,l+a/p—a;
() Sup S P
a/p(—nte/P)

160 We consider the following two cases.

170 Case I: p = 1. In this case, we obtain the estimates

Eaita—a;(—nt%)
I <sup ————
(77) - tzll) Ea(_ntg)

E%l—l—g—ai(_u)

= Su
UZI; Eo(—u)
E (=
< sup Ba1+a-a,(~u) (20)
o

w>0  Ea(-u)

E —ai(—U
i1 here u := nt®. Notice that the quantity sup QHQ—%() is finite and does not depend on 7. From

w>0  Ea(—u)
12 (20), we have
0<nl(n) =0 as n—0,

(v
173 which together the assumption M < 0 implies that there exists an > 0 small enough such that

Vi

fi(v) + psup %Y Eq14a—a; (—nt®)

< 0.
v; t>1 Eo(—nt<)

174 Case II: p > 1. In this case, for ¢ > 1, then

1P By 1 g afpan (1) _ Pt P By 1o fpas ()
B p(—mte/r)p (nte/PEy ,(—nte/P))p

nP~ ! ntg/pEg/p,l—l-g/Z’—ai (_ntg/p)

(ntﬂ/pEg/p(—ntg/P))P

= npfl uEg/pvl‘i'Q/p*O‘i <_u)
(UEg/p(_u) )p

175 where u := nt2/P. Thus, for n € (0, 1], we have

Eo/pi+a/p—a; (—u)

u
I(n) <supnpP~?

u>n (U’Eg/p(_u))p
- UEo/p1ta/p—oi (=) uBo/p1+a/p-ai (1)
<P max{ sup ——/plte/pro sup —2/plta/p—a .
{ u€ln,1] (UEg/p(_u))p u>1 (UEg/p(—u))p }

16 We see that

E o (—
sup uBqjp1ta/p—a;(—1) < 1_ o 1
u€(n,1] (UEg/p(_u))p nP

177 Furthermore, it is not difficult to check that the limit

lim By /p1+a/p—ai(—1)
U—00 (uEg/p(—u))P

10
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192
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195

196

197

198

199

200

201

202

exists and is finite. Due to the fact that E,/p14a/p—a; (—te/P), Eg/p(—tg/p) are continuous and positive
on [0,00), the quantity

sup uEo/p1ta/p-ai(—1)

u>1 (UEg/p(_“))p

is finite and does not depend on 7. In short, we also obtain 0 < nI(n) — 0 as n — 0. Using the
assumption M < 0, there is an n > 0 small enough such that
Vj

fi(v)+ n Suptg/piaiEg/p,Hg/p—ai(_ntg/p)

< 0.
v; mP=1l 5y Eg/p(_ntg/p)p

The statement (18) is completely clarified.

Remark 3.7. With an arbitrary initial condition w € R%m consider the system (3) when oy = -+ =
ag = a and p = 1. By choosing 1 > 0 such that

M+n<0, i=1,....,d,

(%

we obtain a sharp estimate for the solution ®(-,w) as

]l .
D,(t < ———viEo(—nt® Vti>0,i=1,...,d
Z( 70‘)) — Ea(—’]'])vz O(( 77 )7 iy ) ? b )

Remark 3.8. Consider the system (3) when o = -+ = ay = @ and p > 1. Then, the condition (18)
becomes / y

: ta/r—ap _ (=pto/p

UAC —sup afpirafp-a TNVT) (21)

Ui mP— > Ea/p(_nta/p)p

In this case, the optimal estimate for the solution ®(-,w) is
B (t,w) < ot By (—t/P), V>0, i = 1,...,d,
Ea/p(_n)

where 7 > 0 is small enough satisfying (21) and m = ||w||,.

Before closing this part, we introduce an application of the main result in our current work concerning
the asymptotic behaviour of solutions to a class of fractional order systems modelling d cooperating
biological species. Let the particular class of fractional-order Kolmogorov systems

DS, w(t) = diag(w(t))(b+ f(w(t))), Vt >0, (22)
UJ(O) =we Rio,

here & € (0, 1]d, beR?and f: R? — R? is continuous. When aq = --- = ag = 1, this is a model

of Lotka-Volterra systems (a subclass of Kolmogorov systems) which has been extensively studied in

the literature (see e.g., [24, 17]). For the case ay = --- = a4 € (0,1), the stability of the equilibrium

point of some of its special forms was reported in [2, 12, 8]. Suggested by Theorem 3.5, we propose

the following corollary.

Corollary 3.9. If b € RY and f(-) satisfies the assumptions (A1) — (A3), then the system (22) has
a unique equilibrium point w* € Ri. Furthermore, it is globally attractive, that is, for any initial
condition w € R%, we have

lim (¢, w) = w*.

t—o0

Furthermore, the convergence rate of solutions does not exceed t~%/P as t — .
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Figure 1: Orbits of the solution to the system (23) with the initial condition w = (0.7,0.2)T.

Proof. The proof is obtained by combining the arguments as in the proof of Proposition 3.1, Theorem
3.5 and ideas proposed by H.L. Smith [24, Theorem 2.1] and by P.L. Leenheer and D. Aeyels [17,
Theorem 5. O

4 Numerical examples

This section presents some numerical examples to illustrate the given theoretical results.

Ezample 4.1. Consider the system

{CDgaw(t) = f(w(t)), ¥t >0,

w(0) =we€ R2207 (23)

here

. [ 024 o =3/wd + 2wy S
0= (s ) e = (0T )

3
It is clear to see that the function f(-) is cooperative and homogeneous of degree p = 3 Due to
f(1,1) < 0, we conclude based on Theorem 3.5 that the system is globally attractive.
Ezxample 4.2. Consider the system

DRty = flw(t)), Ve >0,
w(0) =we€ R‘;O,

with
0.45 —w1 + w2 + w3

a= 045 |, flwi,ws,ws) = Vit +wi — dwy
0.45 wy + /w3 + w3 — 5w

12
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Figure 2: Orbits of the solution to the system (24) with the initial condition w = (0.5,0.3,0.8)T.

In this case, it is easy to check that the function f(-) is cooperative and homogeneous of degree p = 1.
Since f(3,1,1) < 0, by Theorem 3.5, every nontrivial solution to the system converges to the origin.

Ezample 4.3. Consider a fractional-order two-dimensional Lotka—Volterra system

{CD(O;Srw(t) = diag(w(®))(b+ f(w(t))), Vt > 0, 25)

w(0) =we€ R2207

here

a = < 8;1 >, b= (1,1)T, flwy, we) = < —3w1 + wo )

w1 — Wy
The system (25) has a unique nontrivial equilibrium point as (1,2)T. By Corollary 3.9, we claim that

for any w € R2, the unique solution ®(-,w) satisfies lim; ;oo (¢, w) = ( ; ) .
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