METRICS INDUCED BY CERTAIN HILBERT-SCHMIDT
FIDELITIES ON POSITIVE SEMI-DEFINITE MATRICES
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ABSTRACT. Motivated by measuring the degree of similarity of a pair of quantum
states (density matrices), we consider the metric property of the modified Bures
angles and modified Bures distances of symmetric functions which are extensions of
some fidelity measures on the spaces P of nonzero positive semi-definite matrices.
We use the positive semi-definiteness of the Gram-type matrices to characterize
the metric property of the modified Bures angles. As a consequence, we can show
that the modified Bures angles induced by the geometric mean, harmonic mean,
minimum and maximum of two positive numbers are metrics on P. In addition,
we can also show that the metric property of the modified Bures angles is stronger
than that of the modified Bures distances.

1. INTRODUCTION

A fidelity measure is widely used as a measure of the degree of similarity of a pair
of quantum states (density matrices). Recently, fidelity measure has been applied
to study entanglement quantification, etc. A nice survey of this topic can be found
in [1, 2] and the references therein.

If F is a fidelity measure, we may expect that a metric can be constructed via
some functionals of F. Moreover, we may also expect to study the metric property
not only on the quantum state space (the set of density matrices), but also on the
space of positive semi-definite matrices Bhatia et al. [6]. The metric property of
the modified Bures angle (denoted by arccos v/F), of the modified Bures distance
(V1 —+/F) and of the modified Bures sine distance (v/1 — F) are studied and
summarized in [1, Table 6]. Motivated by studying metric properties for some
functionals which are considered but still undetermined in [1], we consider that

problem for a class of real-valued symmetric functions defined on P x P, where
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P is the space of nonzero positive semi-definite matrices. Such the functions may
be extensions of some fidelity measures on the quantum state spaces. This class
includes the well-known fidelity measures such as Fi, Fam, Fom, etc.  (see [1]).
Precisely, given a real-valued, symmetric and nonnegative function f on (R1)?, we

consider the function F; defined on P x P as below:

Tr(AB)

/Tr(A?)Tr(B?)

(1.1) Fi(A,B) = f(Tr(A%), Tx(BY)),

for every pair of nonzero positive semi-definite matrices of the same size A, B. These
fidelities measures are called Hilbert-Schmidt fidelities, see [1, 2.6]

When we consider metric property of the functions induced by fidelities, the dif-
ficult step is to check the triangle inequality. Therefore, we pay attention to the
triangle inequality of the modified Bures angles arccos F and of the modified Bures
distance /1 — F, where F is defined on P. In this work, we consider the metric
property of the modified Bures angle arccos ;. We will show that the modified
Bures angle arccos F(A, B) satisfies the triangle inequality on P if and only if the
Gram-type matrix of F is positive semi-definite on P. As a consequence, if f is the
ratio of the geometric mean and maximum mean of two positive numbers then the
modified Bures angle arccos F; is a metric on P. Another application of the above
equivalent conditions is to prove the triangle inequality of arccos Fgy on P. Pre-
cisely, if f is the constant 1 then F; = Fg\ and the modified Bures angle arccos Faum
is a metric on the quantum state space, not a metric on P, even it satisfies the trian-

gle inequality on P, since Fom(A, B) = 1 if and only if { A, B} is linearly dependent.

g
and m(z,y) is a mean which is a member of {min{x,y}, \/zy, z!y} then we can show

In other cases, if f = where V is the arithmetic mean of two positive numbers
that arccos F; is a metric on P. In addition, we also show that if the modified Bures
angle arccos F is a metric, so is /1 — F.

The paper is organized as follow: In Section 2, we recall some notations and
results obtained in Liang at el. [1]. Section 3 includes the characterization of metric
property of the modified Bures angle arccos F; and its applications to some nice

cases where f are ratios of means of two positive numbers.
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2. PRELIMINARIES AND NOTATIONS

Notations. Let RT denote the set of positive real numbers, M the algebra of
nxn matrices with complex coefficients, P the space of nonzero positive semi-definite
matrices.

The function arccos(F) (v/1 — F) is called the modified Bures angle of /F (the
modified Bures distance of /F, respectively), see Liang at el. [1].

A large class of functions which are generalizations of the fidelity measures above
can be defined as follows. Let f be an arbitrary symmetric, non-vanishing function
on R* x R*. The function F; defined by (1.1) incldues some well-known fidelities

(these fidelities functions can be also defined on P x P) as follows.

Remark. Let Fy be a function defined by (1.1).
_ 9Ny
o If f(x,y) = 2x_+y7 then

(2.1) Fi (A, B) = TI(EZT)Y:_AFﬁ)(Ba = Fam(A, B).

o If f(x,y) =1, a constant function then

Tr(AB)

(2.2) Fi(A, B) = ) T (5 = Fem(A, B).
o If f(z,y) = ma;/“gy}, then
(2.3) ff(A, B) = Tr(AB) = Fu(A, B).

max {Tr(A2), Tr(B2)}
It is clear that
ff(A7 B) = fGM(Aa B)f(TI"(AQ), TI"(B2))

Note that the notation F in [1] means the function F B in the sense (1.1), where
iy = /7Y.
We can recall here the results about metric property on the quantum state space
for the functionals of the fidelity as in [1, Table 6]:
e Neither arccos v F nor /1 — +/F are metrics on the quantum state space if
F is a member in {F1, Fam, FoM -
e The function v/1 — F is a metric if F is a member of { i, Fan} and is still
undetermined if F = Fan.
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In this paper, we consider metric properties of the functions F; on the space of
nonzero positive semi-definite matrices P and similarly we can also obtain such the

results on any subspace of P.

3. RESULTS

Fidelity were introduced in Jozsa [3] and is a mathematical prescription for the
quantification of the degree of similarity of a pair of quantum states. The metric
property of fidelity measures is an important problem in the study of fidelity. Moti-
vated by this problem in quantum theory, in this note, we study the metric property
of the functions F defined on P x P which should satisfy the Jozsa’s axioms.

Definition 3.1. Let X be a nonempty set. A real-valued non-vanishing function F’
defined on X x X is said to satisfy the Jozsa’s axioms on X if for every z,y in X,

the following conditions hold:

Jla) 0 < F(z,y) < 1.
J1b) F(z,y) =1 if and only if z = y.
J2) F(z,y) = F(y,x).

Note that the list of Jozsa’s axioms in [1] includes some more axioms. However, in

this work, we only pay attention to the ones which are useful to the metric property.

3.1. Metric property of the modified Bures angle. We first recall a property

from [9, Proposition 1]:

Corollary 3.2. Let F be a function defined on P x P, which satisfies the Jozsa’s
azioms J1a), J1b) J2). If the modified Bures angle arccos F is a metric on P, so

isv1—F.

Remark. Let I be a real valued function which satisfies the Jozsa’s axioms on X.
Then the modified Bures angle arccos F' satisfies the first two axioms of a metric,

ie.,
(i) arccos F'(z,y) > 0 for every z,y € X and arccos F((z,y) = 0 if and only if

r=y.
(ii) arccos F(z,y) = arccos F(z,y) for every =,y € X.
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Thanks to this remark, to study the metric property of arccos F'(z,y) on X, we

only consider the triangle inequality of arccos F'(z,y), i.e.,
arccos F'(x,y) < arccos F(x, z) + arccos F'(z,y), Vo,y,z € X.

Let F and f be a real valued functions on P x P and RT x RT, respectively.
G(F) = G(F)(A,B,C) and Gy = Gy(z,y,z) denote the so-called Gram-type ma-

trices of F and f, respectively and are defined as follows:

F(A,A) F(A B) F(AC) flo,z) fley) f(z,2)
G(F)=| F(B,A) F(B,B) F(B,C) |, Gr=| fly,x) flyy) f(y,2)
F(C,A) F(C,B) F(C,C) fzx) flzy) f(z2)

for matrices A, B, C' in P and for real numbers z,y, z in RT. Set
r(F) :={(F(A B),F(B,C),F(C,A) | A, B,C € P} C R
Proposition 3.3. Let F be a function which satisfies the Jozsa’s axioms J1a),
J1b), J2) on P. Then the following statements are equivalent.
(i) d = arccos(F) is a metric on P.
(ii) The Gram-type matriz G(F) of F is positive semi-definite for every positive
semidefinite matrices A, B,C in P.
(i)
S(z,y,2) =2 +y*+2° = 20yz — 1 <0, Y(x,y,2) € r(F).
Proof. The equivalence of (ii) and (iii) follows from the fact that S(z,y, 2z) = det G(F)

and the hypothesis that F satisfies the axiom J1a).
(i) < (iil). See [9, Proposition 2. O

Corollary 3.4. Given a function F satisfying the Jozsa’s axioms J1a), J1b), J2)
on P, if the modified Bures angle arccos F is a metric on P, so is arccos (F™) for

every positive integer m.

Proof. The Gram-type matrix G(F™) of F™ can be decompsed as Schur product of
G(F):

G(F2) = G(F) 0 G(F), G(F?) = G(F2) 0 G(F) o G(F),....

Hence, by Schur Product Theorem, G(F™) is positive semi-definite. Then the state-

ment follows from Proposition 3.3. O
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By the Cauchy Schwarz inequality (with the Frobenius inner product), we have

Te(AB)| < /Tr(A2)/Tx(B?)

for every A, B in P. Hence, 0 < Faum(A, B) < 1. Therefore, the function arccos Fom(A, B)
is well-defined. The equality of the Cauchy Schwarz inequality above holds if and
only if A = AB for some positive number A. If we assume further that A, B are
density matrices, then Fom(A, B) =1 if and only if A = B.

Lemma 3.5. Let Fgy be the function defined by the formula (2.2). Then the Gram-
type matriz of Fau 1S positive semi-definite on P. As a consequence, the modified

Bures angle arccos Fgyy satisfies the triangle inequality on P.

The fidelity Fgy satisfies the axiom J1b) on the space of density matrices but not
on P. Hence, according to the above lemma, arccos Fgy is a metric on the quantum
state space, but not on P. Note also that the modified Bures angle arccos /Foum
is not a metric (it does not satisfy the triangle inequality) on the quantum state

space, see [1, Table 6].

Proof. For any nonzero positive semi-definite matrices of the same size A, B, C' and
let v(A) = —2— v(B) = 22— and v(C) = ——~— be the unit vectors in the

Tr(A2)’ L/ Te(B2) Tr(C?)

space M,, with the Frobenius inner product (A, B) = Tr(B*A). Then the Gram-type

matrix of Fqu is

(v(A),v(4)) (v(A),v(B)) (v(A4),v(C))
G(Fam) = [ (v(B),v(A)) (w(B),v(B)) (v(B),v(C))
(0(C),0(A))  (W(C),v(B)) (v(C),v(C))

Hence, G(Fg ) is positive semi-definite. As in the proof of Proposition 3.3, arccos Fom

satisfies the triangle inequality on P. O

Theorem 3.6. Let f be a continuous function which satisfies the Jozsa’s axioms
J1a), I1b) and J2) on RT x RT. Then the following statements hold.

(i) The function F¢(A, B) defined by (1.1) satisfies the Jozsas azioms J1a),
J1b), J2) on P.
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(ii) The modified Bures angle arccos Fy is a metric on P provided that the Gram-
type matrix
1 flzy) flz,2)
Gr=| fley) 1 [fly.2)
fle2) fly,2) 1

1s positive semi-definite for every positive numbers x,y, z.

Proof. (i).
J1a) Combine (1.1), Fom(A, B) € [0,1] and f(z,y) € [0,1], we get F;(A, B) €
[0, 1].
J1b) Since Fom(A, B) <1, f(z,y) <1 and the equality (1.1), we have

Fi(A,B) =1 & Fou(A, B) =1 and f(Tr(A?), Tr(B?)) = 1.

Since f(z,y) = 1 if and only if z = y, we get that Tr(A?) = Tr(B?). In
addition, Fgum(A, B) = 1 if and only if A = ¢B for some constant ¢ > 0.
Hence, A must be equal to B.

J2) The symmetry of F follows from that of Fgy and of f.

(ii) By Proposition 3.3, the modified Bures angle arccos F; is a metric if and only
if the Gram-type matrix G(Fy) is positive semi-definite. Since
Fi(A, B) = Fam(A, B) f(Tr(A%), Te(BY)),
we can write G(Fy) as the Schur product:
G(Fy) = G(Fem) o Gy.

The matrix G(Fgu) is positive semi-definite by Lemma 3.5, while G is positive
semi-definite by the hypothesis. These together with Schur’s Product Theorem
imply that G(Fy) is positive semi-definite. d

Note: In Theorem 3.6, arccos F; is a metric on the quantum state space even when

we remove the condition 'f(z,y) = 1 = 2 = ¢ in the hypothesis of the theorem.

Ezample. If f(z,y) is a real-valued positive definite kernel, then the Gram-type
matrix G is positive semi-definite. In particular, if g(x) is an even nonnegative
function on R then f(z,y) = exp (—g(z — y)) is a positive definite kernel. Further-

more, f(x,y) satisfies the Jozsa’s axioms on R* provided that 0 is the unique zero
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point of g(z). By Theorem 3.6, arccos Fy is a metric on P and so is /1 — Fy. We

may find more interesting examples of positive definite functions/kernels in [7, §J.

Corollary 3.7. The modified Bures angle arccos Fi; is a metric on P, where Fi is
defined by (2.3).

Note that neither arccos v/JFy nor /1 — /Fyp are metrics, see [1, Table 6].

Proof. Let f(z,y) = —%~—. Then f satisfies the Jozsa’s axioms on R* x R* and

max {w.y}

Fi(A, B) = Fu(A, B).
Let’s consider the Gram-type matrix

L flry) f(x,2)
Gr=1 flyx) 1 fly,2) |,
flz,2) flzy) 1

Denote by a = f(z,y), b = f(y,z) and ¢ = f(z,x). Without loss of generality, we

can assume that 0 <z <y <z <1, we have

_f( 7y) \/@j b f<y7 ) \/Ea f( ’ ) ‘
Then

deth:1+2abc—a2—bQ—02:1+ _____ >0,

since % < Lz—y Therefore, G is positive semi-definite. By Theorem 3.6, the

modified Bures angle arccos Fyp is a metric on P. O
3.2. Fidelity measures induced by means.

3.2.1. Means of positive numbers. A mean of positive numbers is a function m
Rt x Rt — R* which satisfies the following conditions:
(i) m(z,x) = z for every positive number z.

(ii) m(z,y) = m(y, ) for every positive numbers z, y.

(iii) If z < y then z < m(z,y) <.

(iv) If z < 2’ and y < ¢/ then m(z,y) < m(z',y').

(v) m(z,y) is continuous.
A mean is said to be homogeneous if

(vi) m(tx,ty) = tm(x,y) for every positive numbers x, y, t.
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See [4, 5] for more details. Thanks to the homogeneity, a two variable function m

can be reduced to a single variable function m; such that
x

Y
m(z,y) = xml(;) = ym1(§)-
Furthermore, a homogeneous mean m above is uniquely described by such a function
my satisfying the following properties:
(i) mi(1) = 1.
(i) tmy (1) = my(t).
(iii)" my(t) > 1ift >1land m(t) <1if0 <t < 1.
(iv)’ mq is monotone increasing.
(v)" my is continuous.
Conversely, each function f satisfying the properties above gives a mean m(z,y) =
rmy(2).
The following means are the most well-known ones:
(1) The geometric mean zfly := /Ty whose corresponding function v/¢.
(2) The arithmetic mean £Vy := (z+y)/2 whose corresponding function (¢ + 1)/2.
(3) The harmonic mean x!ly := 2(z~! 4+ y~')~! whose corresponding function

2t/(1+1).

Proposition 3.8. Let m < t be a homogeneous mean (of two positive numbers).
Denote by Fu the function defined by the formula (1.1).

(i) The function Fr satisfies the Jozsa’s azioms on P.

(ii) The modified Bures distance Fm is a metric provided that
(31) 1 + 4m1<8) my <t> ma (St) > my (5> 2 X ml(t) 2 n ml(st> 2
4 I+s 1+t 1+st 1+s 1+1 1+ st

holds true for all positive numbers s, t, where mi(x) = m(1, z).

Proof. Let f(x,y) = %myy) be a real-valued function on R* x R*. Then Fm = Fj
defined by (1.1).

(i) Since m(z,y) = m(y,x), f(x,y) is a nonnegative symmetric function on (R™)2.
As m(x,y) < xVy, we have 0 < f(x,y) < 1. Clearly f(x,x) =1 because m(z,z) =
x = xVx. Suppose that f(z,y) = 1. Equivalently, m(z,y) = xVy. Since m < f, we
have \/ry = xVy. Hence, x = y. Therefore, f satisfies the Jozsa’s axioms on R*.

Thus, by Theorem 3.6, Fz is a fidelity measure satisfying J1a), J1b), J2).
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m

(ii) By Theorem 3.6, arccos Fm is a metric if the Gram-type matrix of f = g

L flzy) flx,2)
Gr=| flz,y) 1 f(y,2)
flz,2) fly,2) 1

is positive semi-definite. This is equivalent to det G > 0, i.e.,

(32) 1+4+2f(z,y)f(y,2)f(z,3) > f(z,y) + [*(y.2) + [*(z,2), Va,y,z € (0,1].

We have

2m(x,y)  2ma(s) x
flay) = ) 2
Tty 1+s Y
Similarly, f(y,z) = QT—jrf) with ¢ = ¢ and f(z,2) = QTjri‘f). Substituting these
identities into the inequality (3.2), we get (3.1). O

Corollary 3.9. The modified Bures angle arccos Fay 15 a metric on P, where F gy
is defined by (2.1).

Proof. See the proof of [9, Theorem 4]. d

Corollary 3.10. Let f(z,y) be a symmetric function defined on (R*)? and F by

2Tr(AB)
Tr(A2) + Tr(B?)

F(A,B) = f(TrA? TrB?)

for every pair of the same size matrices A, B € P. Suppose that 0 < f(z,y) <
L, f(z,z) = 1 for every positive numbers x,y and the Gram-type matriz G is positive

definite on R*. Then arccos F is a metric on P.

Proof. Since F(A, B) = Fam(A, B)f(TrA%, TrB?), and Fay satisfies the Jozsa’s
axioms J1a), J1b and J2), arccos F (A, B) is nonnegative, symmetric and is equal to
zero if and only if A = B. Since arccos Fay is a metric on P and by Theorem 3.6, the
Gram-type matrix G(Fay) is positive semi-definite. Thus, G(F) = G(Fam) o Gy is
positive semi-definite by the hypothesis, Corollary 3.9 and Schur product Theorem.
Now, apply Theorem 3.6 again, we get the proof. U

Corollary 3.11. The modified Bures angle arccos]-"% 1s a metric on P, where

%(m,y) = 2% 18 the ratio of the harmonic and arithmetic means.
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Proof. By definition, we have

xly
Fi (A B)=Fau(A,B)—
LB = Fan(a.5) T
where x = Tr(A?),y = Tr(B?). By Corollary 3.10, it suffices to show that the

Gram-type matrix G is positive semi-definite, where f(z,y) = \%ﬂy We can write

zly 2 2/s x
T,y)= = = , where s= —.
f(z,y) T Ty ) T+ W
Similarly,
= =— h t==.
fy,2) T f(z,2) T o Where .

The fact is that 0 < min{z,y} < zly < /zy < max{z,y}, so 0 < f(z,y) <
1. Hence, the Gram-type matrix Gy of f is positive semi-definite (for all positive
numbers s, t) if and only if det Gy > 0. Equivalently,

(3.3)

2 2v/t  24/st t t
1—1—2\/5 Vi 2Vt 4 i i >0 fors,t>0.

stlitrlsttl |G GrlE Gy 7
As the same argument in the proof of Corollary 3.9, the inequality (3.3) holds true

for all positive numbers s, t. O

If we relax the condition (iii) in the definition of mean above by

(iii)” If x <y then x < m(z,y) <y
then the function max, min are also means of two positive numbers. Actually, Propo-
sition 3.8 still holds true for such a relaxed mean m provided that m can be written

as m(z,y) = xm(y/x) = ymi(z/y).

Corollary 3.12. Let F = F; be a function defined by (1.1). If f(z,y) = %

then arccos F s a metric on P.

Proof. We can write

F(A, B) = Fam(A, B)g(TrA* TrB?),

min{z,y}
N
generality, we can assume that x <y < z. Then

9(w,y) = =, g(z,2) = \/Tf &gly,2) = %

where g(z,y) = . Let x,y, z be arbitrary positive numbers, without loss of
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Hence the Gram-type matrix G, is positive semi-definite (as the same argument in

the proof of Corollary 3.7). By Corollary 3.10, arccos F is a metric on P. O

ACKNOWLEDGMENT

The second author is partially supported by Grant number ICRTM02-2021.01 of
International Center for Research and Postgraduate Training in Mathematics, HIM,
VAST. The authors would like to thank the Vietnam Institute for Advanced Study
in Mathematics for the hospitality during the writing of this paper.

REFERENCES

[1] Y. C. Liang, Y. H. Yeh, P. E. M. F. Mendon, R. Y. Teh, M. D. R. and P. D. Drummond,
Quantum fidelity measures for mized states, Rep. Prog. Phys. 82(7) (2019), 076001.

[2] S.J. Gu, Fidelity approach to quantum phase transitions, Int. J. Mod. Phys. B, 24(23) (2010),
4371-4458.

[3] R. Jozsa, Fidelity for mized quantum states, J. Mod. Opt., 41(12) (1994), 2315- 2323.

[4] D. Petz and R. Temesi, Means of positive numbers and matrices, SIAM J. Matrix Anal. Appl.
Vol. 27, No. 3 (2005), 712-720.

[5] F. Kubo, T. Ando, Means of positive linear operators, Math. Ann. 246 (1980), 205-224.

[6] R. Bhatia, T. Jain and Y. Lim, On the Bures-Wasserstein distance between positive definite
matrices, Expo. Math., 37(2) (2019),165-191.

[7] R. Bhatia and K. R. Parthasarathy, Positive definite functions and operator inequalities, Bull.
London Math. Soc. 32(2) (2000), 214-228.

[8] T. Hofmann, B. Scholkopf, and A. Smola, Kernel methods in machine learning, Ann. Stat.,
36(3) (2008), 1171.

[9] Vu The Khoi, Ho M. Toan, Metric properties of alternative fidelities, Quantum Information
and Computation, Vol. 22, No. 9 & 10 (2022) 790-799.

INSTITUTE OF MATHEMATICS (VAST), 18 HoaNnG Quoc VIET, 10307, HANOI, VIETNAM

E-mail address: hmtoan@math.ac.vn

INSTITUTE OF MATHEMATICS (VAST), 18 HoaNG Quoc VIET, 10307, HANOI, VIETNAM

E-mail address: vtkhoi@math.ac.vn



