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Abstract

This paper is concerned with the asymptotic behaviour of solutions to a positive
mixed fractional-order inhomogeneous linear system subject to time-varying delays
and bounded disturbance. In particular, when its linear part is asymptotically stable
and the disturbance is small, we have obtained the smallest bound (as the time is
large enough) of the solutions with the arbitrary initial condition. In the case where
the assumption that the disturbance converges to 0 as the time t tends to infinity
is added, we have shown that every solution of the system tends to the origin.
Numerical simulations are finally presented to illustrate the theoretical findings.
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1 Introduction

Delay fractional-order systems have received considerable research attention recently.
They provide mathematical models of practical systems in which the fractional rate of
change depends on the influence of their present and hereditary effects. Below we list
some of the most important contributions to this topic.

Let α̂ = (α1, . . . , αd) ∈ (0, 1] × · · · × (0, 1] and hk : [0,∞) → R≥0 is continuous for
1 ≤ k ≤ m. Consider the mixed fractional-order system having time-varying delays

CDα̂
0+x(t) = Ax(t) +

∑
1≤k≤m

Akx(t− hk(t)) + f(t, x(t), x(t− h1(t)), . . . , x(t− hm(t))), t > 0

(1)
with the initial condition x(·) = φ(·) ∈ C([−r, 0];Rd). Here A, Ak (1 ≤ k ≤ m) are
real d × d matrices, CDα̂

0+x(t) = (CDα1
0+x1(t), . . . ,C Dαd

0+xd(t))
T with CDαk

0+xk(t) is the
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Caputo derivative of the order αk of the function xk(·) which is defined later, r :=
max1≤k≤m

∑
t≥0 hk(t) and f : [0,∞) × Rd × · · · × Rd → Rd is a continuous perturba-

tion.

In [1], under a mild Lipschitz condition of f , by using properties of Mittag-Leffler func-
tions, a weighted norm, and the Banach fixed point theorem, the authors showed the
existence and uniqueness of global solutions to System (1) for the case α1 = · · · = αd and
delays hk (1 ≤ k ≤ m) are constant. After that, in [7], Tuan and Trinh have improved this
result (they have proved the existence and uniqueness of solutions to System (1) where
the fractional-orders α1, . . . , αd are different and delays hk (1 ≤ k ≤ m) vary (bounded or
unbounded)).

Regarding the asymptotic behaviour of solutions to System (1), in [11], the authors studied
the case f = 0, A = 0 and have obtained a necessary and sufficient condition for the
stability of the system via eigenvalues of the system matrix and their location in a specific
area of the complex plane. In [10], the authors have corrected and strengthened results
in [11] and have given the stability of (1) with A = 0 while in [5], by exploring delayed
Mittag-Leffler type matrix functions, the authors have studied the finite time stability of
solutions to these systems. Recently, by combining the linearization method, a Lyapunov–
Perron type operator and establishing a new weighted type norm associated with a Mittag-
Leffler function which is compatible with the dependence on history and the hereditary
property of the model, Tuan and Trinh [7] have proposed a sufficient condition for the
Mittag-Leffler stability of (1). For the scalar case, in [9], the authors have solved an
answer to the open question about the relationship between the stability of the trivial
solution of (1) and that of its linearization. By another approach (using a generalized
Halanay inequality), in [4], the authors have also obtained a result on the stability of this
equation. Notice that the results mentioned above are proved for the case α1 = · · · = αd
or d = 1. In our opinion, it is clear that the stability theory of mixed fractional-order
systems with delays is far from being fully understood. However, the situation becomes
simpler if we only focus on positive systems. In this direction, one of the most interesting
works is the paper by Shen and Lam [6] where the author has considered the stability and
performance analysis of System (1) with the assumptions that matrix A is Metzler, A1 is
nonnegative and f = 0. Then, in [8], Tuan, Trinh and Lam have established a necessary
and sufficient condition for the positivity of mixed fractional-order linear systems with
time-varying delays and a criterion to characterize the stability of these systems where
the time-varying delays are bounded or unbounded. Relying on vector Lyapunov-like
functions, comparison arguments, reducing the asymptotic stability problem to verify a
Hurwitz property on a suitable matrix, in [3], the authors have obtained a general method
to establish the asymptotic behaviour of solutions to the multi-order multiple time-varying
delays nonlinear systems.

This paper is devoted to discussion on the asymptotic behaviour of solutions to mixed
fractional-order inhomogeneous linear systems, that is, System (1) with the term f having
the form Dw(t). First, we have obtained the smallest asymptotic bound of solutions to
(1) in the case its homogeneous part is asymptotically stable and w is small. Second,
when the term w converges to 0 as the time t approaches to infinity, we have proved that
every solution of (1) tends to the origin. We have also provided some specific examples
to illustrate the proposed result.
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Before concluding this section, we introduce some notations which are used throughout
this paper. Let N be the set of natural numbers, R (R+) be the set of real numbers
(nonnegative real numbers, respectively), and Rd be the d-dimensional Euclidean space
endowed with a norm ‖ · ‖, Rd

0,+ := {x = (x1, . . . , xi, . . . , xd)
T ∈ Rd : xi ≥ 0} and

Rd
+ := {x = (x1, . . . , xi, . . . , xd)

T ∈ Rd : xi > 0}. For any [a, b] ⊂ R, let C([a, b];Rd) be
the space of continuous functions ξ : [a, b] → Rd. A matrix A = (aij)1≤i,j≤d ∈ Rd×d is
called Metzler if aij ≥ 0 for all 1 ≤ i 6= j ≤ d. A matrix A ∈ Rd×d is said to be Hurwitz
if its spectrum σ(A) satisfies

σ(A) ⊂ {λ ∈ C : <λ < 0}.

Let n,m ∈ N and A = (aij)
1≤j≤m
1≤i≤n , B = (Bij)

1≤j≤m
1≤i≤n ∈ Rn×m. We write A � B (A � B) if

aij > bij (aij ≥ bij, respectively) for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. The matrix A is said to
be nonnegative if aij ≥ 0 for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. For α ∈ (0, 1) and an integrable
function x : [a, b] → R, the Riemann–Liouville integral operator of x(·) with the order α
is defined by

(Iαa+x)(t) :=
1

Γ(α)

∫ t

a

(t− τ)α−1x(τ) dτ, t ∈ (a, b],

where Γ(·) is the Gamma function. The Riemann–Liouville fractional derivative RLDα
a+x

of a integrable function x : [0, T ]→ R is defined by

RLDα
a+x(t) = DI1−α

a+ x(t) for almost t ∈ (a, b],

D = d
dt

is the usual derivative. The Caputo fractional derivative CDα
a+x of a continuous

function x : [a, b]→ R is defined

(CDα
a+x)(t) :=RLDα

a+(x(t)− x(a)) for almost t ∈ (a, b].

For more details on fractional calculus, we would like to introduce the reader to the
monograph by K. Diethelm [2].

2 The asymptotic behaviour of solutions to mixed-

order fractional systems with time-varying delays

Let α̂ = (α1, . . . , αd)
T ∈ (0, 1]× · · · × (0, 1] ⊂ Rd, m ∈ N. Assume that hk : [0,∞)→ R+

(1 ≤ k ≤ m) are continuous such that

(F1) hk(0) > 0;

(F2) hk(t) ≤ hk for all t ∈ [0,∞);

(F3) hk(0) 6= hl(0) for any 1 ≤ k 6= l ≤ m.

Consider the following system

CDα̂
0+x(t) = Ax(t) +

∑
1≤k≤m

Akx(t− hk(t)) +Dw(t), t ∈ (0,∞), (2)

x(·) = φ(·) ∈ C([−r, 0];Rd
0,+) on [−r, 0], (3)
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where A = (aij)1≤i,j≤d is Metzler, Ak = (akij)1≤i,j≤d (1 ≤ k ≤ m), D = (dij)1≤i,j≤d ∈
Rd×d are nonnegative, w(·) ∈ C([0,∞);Rd

0,+) such that w(t) � w̄ on [0,∞) and r :=
max1≤k≤m hk. As showed in [8, Proposition 1], the system (2)–(3) with the delay functions
hi(·) (1 ≤ i ≤ m) satisfy the conditions (F1)–(F3) is positive. Denote Uw̄ = {w ∈
C([0,∞);Rd

0,+) : w(t) ≤ w̄, ∀t ≥ 0} and Vγ = {φ ∈ C([−r, 0];Rd
0,+) : φ(t) ≤ γ}. In

this note we will give some estimates concerning the solution to System (2)–(3) under the
further assumption that there is a positive vector λ ∈ Rd

+ such that

(H1) (A+
∑

1≤i≤mAi)λ < 0,

(H2) (A+
∑

1≤i≤mAi)λ+Dw̄ ≤ 0.

Remark 2.1. The assumption (H1) implies that the matrix A+
∑

1≤i≤mAi is inverse.

The main result is the following theorem.

Theorem 2.2 (Main result). Consider the system (2)–(3). The following statements
hold.

(i) For any φ ∈ C([−r, 0];Rd
0,+), we have

sup
w∈Uw̄

lim sup
t→∞

Φ(t;w, φ) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄,

where Φ(·;w, φ) denotes the solution to System (2)–(3).

(ii) If we add the assumption that limt→∞w(t) = 0. Then,

lim
t→∞

Φ(t;w, φ) = 0

for every φ ∈ C([−r, 0];Rd
0,+).

To prove Theorem 2.2, we need the preparatory results below.

Proposition 2.3. Consider the system (2)–(3). Assume that there exit w̄ ∈ Rd
0,+, λ ∈ Rd

+

such that the conditions (H1) and (H2) are satisfied. Then the solution Φ(·;w, λ) to the
system (2) with the initial condition

Φ(t;w, λ) = λ, ∀t ∈ [−r, 0], (4)

satisfies
Φ(t;w, λ) ≤ λ, ∀t ≥ −r. (5)

Proof. Let e(t) = λ − Φ(t;w, λ) with t ≥ −r. Then e(t) = 0 for all t ∈ [−r, 0]. On the
other hand,

CDα̂
0+e(t) = −AΦ(t;w, λ)−

∑
1≤i≤m

AiΦ(t− hi(t);w, λ)−Dw(t)

= Ae(t) +
∑

1≤i≤m

Aie(t− hi(t))− (A+
∑

1≤i≤m

Ai)λ−Dw(t), ∀t > 0. (6)
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Furthermore, due to (H1) and (H2), we have

−(A+
∑

1≤i≤m

Ai)λ−Dw(t) = −(A+
∑

1≤i≤m

Ai)λ−Dw̄ +D(w̄ − w(t)) ≥ 0

for all t ≥ 0. This implies that (6) is positive and e(t) ≥ 0 for all t ≥ 0, that is,
Φ(t;w, λ) ≤ λ for all t ≥ −r.

Remark 2.4. From Proposition 2.3, to obtain the smallest upper bound for the solution
to the system (2)–(3), we need to estimate

inf

{
‖λ‖ : λ ∈ Rd

+, λ ≥ φ̄, (A+
∑

1≤i≤m

Ai)λ < 0, (A+
∑

1≤i≤m

Ai)λ+Dw̄ ≤ 0

}
. (7)

Remark 2.5. Proposition 2.3 is still true if the condition (F2) is replaced by
(F2)’ t− hk(t) ≥ −r for all t ∈ [0,∞) with r > 0 is fixed and given.

Next, we introduce some properties of the solution to the initial valued problem

CDα̂
0+x(t) = Ax(t) +

∑
1≤k≤m

Akx(t− hk) +Dw̄, t ∈ (0,∞), (8)

x(·) = λ on [−r, 0]. (9)

Proposition 2.6. The solution Φ1(·; w̄, λ) to the system (8)–(9) has following properties.

(i) Let c > 0 be arbitrary, then Φ1(t+ c; w̄, λ) ≤ Φ1(t; w̄, λ) for any t ≥ 0.

(ii)

lim
t→∞

Φ1(t; w̄, λ) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄. (10)

Proof. (i) Fix c > 0 and let e(t) = Φ1(t; w̄, λ) − Φ1(t + c; w̄, λ) for every t ≥ −r. From
Proposition 2.3, we have

e(t) ≥ 0, t ∈ [−r, 0].

Furthermore, for t ≥ 0,

CDα̂
0+e(t) = Ae(t) +

∑
1≤i≤m

Aie(t− hi).

Hence, e(t) ≥ 0 and thus Φ1(t+ c; w̄, λ) ≤ Φ1(t; w̄, λ) for all t ≥ 0.

(ii) From (i), we see that Φ1(·; w̄, λ) is decreasing. Hence, the limit limt→∞Φ1(t; w̄, λ)
exists. Put ` = limt→∞Φ(t; w̄, λ). First, we have

lim
t→∞

CDα̂
0+Φ1(t; w̄, λ) = (A+

∑
1≤i≤m

Ai)`+Dw̄.
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Then, by Final Value Theorem, we obtain

lim
t→∞

CDα̂
0+Φ1(t; w̄, λ) = lim

s→+0
sL{CDα̂

0+Φ1(t; w̄, λ)}

= lim
s→+0

s
[
sα1L{Φ1

1(·; w̄, λ)}(s)− sα1−1λ1, . . . , s
αdL{Φd

1(·; w̄, λ)}(s)− sαd−1λd
]

= lim
s→+0

[
sα1(sL{Φ1

1(·; w̄, λ)}(s)− λ1), . . . , sαd(sL{Φd
1(·; w̄, λ)}(s)− λd)

]
= 0,

where L denote the Laplace transform. Thus, (A+
∑

1≤i≤mAi)`+Dw̄ = 0 and

` = −(A+
∑

1≤i≤m

Ai)
−1Dw̄.

Proposition 2.7. Consider the system

CDα̂
0+x(t) = Ax(t) +

∑
1≤k≤m

Akx(t− hk) +Dw(t), t ∈ (0,∞), (11)

where w : [0,∞) → Rd is continuous and non-negative which satisfies w(t) � w̄ for any
t ∈ [0,∞) and limt→∞w(t) = 0. Moreover, there exists λ ∈ Rd

+ such that the conditions
(H1) and (H2) hold. Then, the solution Φ1(·;w, λ) of (11) with the initial condition
Φ1(t;w, λ) = λ on [−r, 0] has the limit

lim
t→∞

Φ1(t;w, λ) = 0.

Proof. From Proposition 2.3, we see that the solution Φ1(·;w, λ) is non-negative. By using
the same arguments as in the proof of Proposition 2.6, we observe that this solution is
decreasing. Thus, there is a `1 ∈ Rd

0,+ such that

lim
t→∞

Φ1(t;w, λ) = `1.

From (11), let t→∞, we see that

lim
t→∞

CDα̂
0+Φ1(t;w, λ) = (A+

∑
1≤i≤m

Ai)`1.

On the other hand, by using Final Value Theorem, then

lim
t→∞

CDα̂
0+Φ1(t;w, λ) = lim

s→+0
sL{CDα̂

0+Φ1(t;w, λ)}

= lim
s→+0

s
[
sα1L{Φ1

1(·;w, λ)}(s)− sα1−1λ1, . . . , s
αdL{Φd

1(·;w, λ)}(s)− sαd−1λd
]

= lim
s→+0

[
sα1(sL{Φ1

1(·;w, λ)}(s)− λ1), . . . , sαd(sL{Φd
1(·;w, λ)}(s)− λd)

]
= 0,

which implies that `1 = 0. The proof is complete.
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Denote by Φ(·; w̄, λ) the solution to the system

CDα̂
0+x(t) = Ax(t) +

∑
1≤k≤m

Akx(t− hk(t)) +Dw̄, t ∈ (0,∞), (12)

x(·) = λ on [−r, 0]. (13)

Using Proposition 2.6 and the positivity of the system, we obtain the following proposition.

Proposition 2.8. Under the assumptions as above on A, Ak (1 ≤ k ≤ m), D, w and λ,
we have

Φ1(t; w̄, λ) ≥ Φ(t; w̄, λ)

for every t ≥ 0.

Proof. Let e(t) = Φ1(t; w̄, λ)− Φ(t; w̄, λ) for all t ≥ −r. For any t ≥ 0, we have

CDα̂
0+e(t) = A(Φ1(t; w̄, λ)− Φ(t; w̄, λ)) +

∑
1≤k≤m

Ak(Φ1(t− hk(t); w̄, λ)− Φ(t− hk(t); w̄, λ))

+
∑

1≤k≤m

Ak(Φ1(t− hk; w̄, λ)− Φ1(t− hk(t); w̄, λ))

= Ae(t) +
∑

1≤k≤m

Akek(t− hk(t)) +
∑

1≤k≤m

Ak(Φ1(t− hk; w̄, λ)− Φ1(t− hk(t); w̄, λ)).

Note that from Proposition 2.6, Φ1(t−hk; w̄, λ)−Φ1(t−hk(t); w̄, λ) ≥ 0 for all t ≥ 0 and
1 ≤ k ≤ m. Hence, e(t) ≥ 0 and Φ1(t; w̄, λ) ≥ Φ(t; w̄, λ) for t ≥ 0.

Let Φ̂(·; w̄, 0) be the solution of the system

CDα̂
0+x(t) = (A+

∑
1≤i≤m

Ai)x(t) +Dw̄, t > 0,

x(0) = 0.

We have the following relations between Φ̂(·; w̄, 0), the solution Φ1(·; w̄, 0) of System (8)
satisfying the initial condition Φ1(·; w̄, 0) = 0 on [−r, 0] and the solution Φ(·; w̄, 0) of
System (12) with the initial condition 0.

Proposition 2.9. The following statements hold.

(i) For any t ≥ 0, we have

Φ1(t; w̄, 0) ≤ Φ(t; w̄, 0) ≤ Φ̂(t; w̄, 0).

(ii)

lim
t→∞

Φ(t; w̄, 0) = lim
t→∞

Φ1(t; w̄, 0) = lim
t→∞

Φ̂(·; w̄, 0) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄.
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Proof. (i) See [6, Lemma 7].
(ii) Note that the solution Φ̂(·; w̄, 0) is increasing. Hence, the limit limt→∞ Φ̂(t; w̄, 0) exists.
By the similar arguments as in the proof of Proposition 2.6, we have

lim
t→∞

Φ̂(t; w̄, 0) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄.

Furthermore, following [6, Lemma 8], then

lim
t→∞

Φ1(t; w̄, 0) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄,

which combining with (i) completes the proof.

We are now in the position to complete the proof of Theorem 2.2.

Proof of Theorem 2.2. (i) Let λ ∈ Rd
+ satisfying (H1) and (H2). For any φ ∈ C([−r, 0];Rd

0,+),
we can find a constant c ≥ 1 such that φ ∈ Vcλ. Notice that cλ also satisfies the conditions
(H1) and (H2). It is obvious that for any w ∈ Uw̄, by using Proposition 2.8 and the same
arguments as in the proof of this result, we have

Φ(t;w, φ) � Φ(t;w, cλ) � Φ(t; w̄, cλ) ≤ Φ1(t; w̄, cλ)

for all t ≥ 0. Furthermore,

lim
t→∞

Φ1(t; w̄, cλ) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄.

Thus,

lim sup
t→∞

Φ(t;w, φ) � −(A+
∑

1≤i≤m

Ai)
−1Dw̄. (14)

On the other hand, from Proposition 2.9, we see that

lim
t→∞

Φ(t; w̄, 0) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄,

which together with (14) implies that

sup
w∈Uw̄

lim sup
t→∞

Φ(t;w, φ) = −(A+
∑

1≤i≤m

Ai)
−1Dw̄.

(ii) For any φ ∈ C([−r, 0];Rd
0,+), as above, there exits c ≥ 1 such that (H1) and (H2) hold

for cλ. From the estimates

0 � Φ(t;w, φ) � Φ(t;w, cλ) � Φ(t; w̄, cλ) ≤ Φ1(t; w̄, cλ)

and the fact that
lim
t→∞

Φ1(t; w̄, cλ) = 0,

it implies that
lim
t→∞

Φ(t;w, φ) = 0.

The proof is complete.
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Figure 1: Trajectories of the solution ϕ(·, φ) to system (15) when φ(t) = (0.02, 0, 0.1)T on
[−1, 0]

3 Illustrative example

This section introduces some examples to illustrate the effectiveness of proposed results.

Example 3.1. Let α̂ = (α1, α2, α3) = (0.5, 0.7, 0.8), h : [0,∞) → R≥0 is defined by
h(t) = sin2(t+ 1) and w : [0,∞)→ R3

0,+ having the form

w(t) = (cos2(t), sin2(t),
1

1 + t
)T.

Consider the fractional-order system with a time-varying delay

CDα̂
0+x(t) = Ax(t) + A1x(t− h(t)) +Dw(t), t > 0, (15)

where

A =

−5 1 0
0.5 −4 0.5
1 0 −6

 , A1 =

1 0 1
0 1 0
0 1 1

 and D =

1 1 0
0 1 1
1 1 1

 .

By choosing λ = w̄ = (1, 1, 1)T then the conditions (H1) and (H2) are satisfied. Thus,
from Theorem 2.2, for any φ ∈ C([−1, 0];R3

0,+), the solution Φ(·;w, φ) of (15) with the
initial condition φ is bounded by b = (1.002, 1.001, 0.999)T in R3

0,+ as the time t is large
enough. In Figure 1, we simulate trajectories of the solution Φ(·;w, φ) to (15) with the
initial condition φ(t) = (0.02, 0, 0.1)T on [−1, 0].

Example 3.2. Let α̂ = (α1, α2, α3) = (0.5, 0.7, 0.8), h : [0,∞) → R≥0 is defined by
h(t) = sin2(t+ 1) and w : [0,∞)→ R3

0,+ having the form

w(t) = (0,
sin2(t)

1 + t2
,

1

1 + t2
)T.

Consider the fractional-order system with a time-varying delay

CDα̂
0+x(t) = Ax(t) + A1x(t− h(t)) +Dw(t), t > 0, (16)
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Figure 2: Trajectories of the solution ϕ(·, φ) to system (16) when φ(t) = (0.3, 0.1, 0.4)T

on [−1, 0]

where

A =

−5 1 0
0.5 −4 0.5
1 0 −6

 , A1 =

1 0 1
0 1 0
0 1 1

 and D =

1 1 0
0 1 1
1 1 1

 .

By Theorem 2.2, for any φ ∈ C([−1, 0];R3
0,+), the solution Φ(·;w, φ) of (16) with the initial

condition φ converges to the origin as the time t → ∞. In Figure 2, we simulate trajec-
tories of the solution Φ(·;w, φ) to (16) with the initial condition φ(t) = (0.3, 0.1, 0.4)T on
[−1, 0].

4 Conclusion

This paper is devoted to discussing the asymptotic behaviour of solutions to a positive
mixed fractional-order inhomogeneous linear system subject to time-varying delays and
a bounded disturbance. First, we have obtained the smallest bound of solutions (as the
time is large enough) with the arbitrary initial conditions in the case its homogeneous
part is asymptotically stable and the disturbance is small. When the assumption that
the disturbance converges to 0 is added, we have shown that every solution of the system
tends to the origin. To do these, our approach is using the positivity of the system and a
new comparison method that is suitable for fractional-order systems.
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