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Abstract

We show that a hyperbolic nonautonomous differential equation can
be smoothly linearized if the associated Sacker-Sell spectrum satisfies
a non-resonance condition. This result extends the classical Sternberg
theorem to nonautonomous differential equations.

1 Introduction

The Hartman-Grobman theorem for nonautonomous differential equations
[Pal73] states that if f is a C%-small map from R x R% into R? and also small
Lipschitzian with respect to the second argument, then there is a continuous
family of homeomorphisms H(t,-), t € R, of R%, with SUDP(1,g)crxRe ([ H (¢, ) —
z|| < oo and sending solutions ¢ — p(t) of the differential equation

b= At + f(t,2), 1)
onto solutions t — H (t, u(t)) of the linear differential equation

&= A(t)x, (2)
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and vice versa with its inverse H~1(t,-) with respect to the second argu-
ment. In this paper we show that H(t,-), t € R, can be chosen as a C*
diffeomorphism for any given ¢ € N, provided the linear differential equa-
tion (2) satisfies a non-resonance condition which is formulated in terms of
the Sacker-Sell spectrum, the larger the ¢ the more non-resonance conditions
have to be satisfied (Theorem 5). This result generalizes the classical Stern-
berg theorem [Ste57, Ste58, Bru9s] to nonautonomous differential equations.

More precisely, for k € N we consider C* Carathéodory differential equations
of the form (1), with a locally integrable matrix function 4 : R — R%*? and
a CF Carathéodory function f: R x R? — R? ie. for a.a. t € R f(t,-)
is continuous, for all z € R? f(-,x) is measurable, for a.a. ¢ € R and all
x € R? the partial derivative DY f(t,x) exists and D3 f is a Carathéodory
function for every j € {1, ..., k} [Sie02a, Definition 2.1]. In order to linearize
(1) smoothly along its trivial solution we assume the following conditions
throughout the paper.

(A1) (1) is Taylor expanded along its trivial solution:

f(t,00=0 and D.f(t,0)=0 for a.a. t € R.

(A2) Linearity: (2) has bounded growth [Cop78], i.e. with the evolution
operator ®: R x R — R4 of (2) there exist K,a > 0 such that

|®(¢,s)|| < Ke®*5  for all t,s € R.

(A3) Nonlinearity: There exists M > 0 such that

|Dif(t,x)| <M  forj=0,... kaa tecRandall zecR%

The global boundedness condition (A3) can be achieved by cutting of outside
of a tubular neighorhood R x B, (0), r > 0, of the trivial solution or can be
replaced by a local condition (see e.g. [Sie02a] or [BDDS15, Example 6]).

The existence of a smooth linearization of (1) will depend on resonances
of uniform exponential growth rates of solutions of its linearization (2)
which can be formulated with the Sacker Sell or dichotomy spectrum [SST8,
Sie02b).

Definition 1 (Sacker Sell spectrum).



a) Invariant projector: An invariant projector o is defined to be a
I i j An i jant ject 2) is defined to b
function P : R — R¥? of projections P(t), t € R, such that

P(t)®(t,s) = ®(t,s)P(s) for t,s e R.
Note that P is continuous due to the identity P(t) = ®(¢, s)P(s)®(s,1).

(b) Exponential dichotomy: (2) admits an exponential dichotomy (ED) if
there is an invariant projector P and constants K > 1 and a > 0 such
that

|®(t,s)P(s)]| < Ke =9 for t > s,

|®(t,8)[I — P(s)]]| < Ket=s) for t <s.

(c) Sacker Sell spectrum: The Sacker Sell spectrum of (2) is the set
Yss(A) := {fy € R: & = [A(t) — yI]x does not admit an ED}7

where I € R%? denotes the identity matrix.

Ezample 2. If (2) is autonomous and -y is not in 3gg(A), then the projector
P:R — R™? of an ED of & = [A — ]|z is a time-independent projection
P = P(t) that yields the decomposition R? = im P@ker P where im P is the
sum of all generalized eigenspaces corresponding to those eigenvalues of A
with real part less than « and ker P is the sum of all generalized eigenspaces
corresponding to the eigenvalues of A with real part greater than . The
Sacker Sell spectrum Ygg(A) is then given by

Ygs(A) = {Re A: A is an eigenvalue of A} .

Sacker and Sell [SS78] proved that ¥gg(A) is a non-empty union of at most d
compact intervals (see also [Sie02b] for systems (2) which do not necessarily
satisfy (A2)).

Theorem 3 (Sacker Sell spectrum and block diagonalization). There exist
n e {l,...,d} and )\, < Ap < -0 < Ay < Ay < A < A1 such that with
Ai = [Aq; Adl

n

Sss(A) = (M

i=1
Moreover, there exists an absolutely continuous function S: R — R¥¥9 of
invertible matrices S(t) with sup,cg [|S() ], supier ||S(#) || < co such that
y(t) = S(t)z(t) transforms (2) into a block diagonal system

y = diag(A1(t), ..., An(t))y (3)



with locally integrable matrix functions A;: R — R%*% dy + ... +d, =d
and
Ygs(A;) = A

S is called kinematic similarity between (2) and (3). (2), and equivalently
(3), are called hyperbolic if 0 & Ygg(A).

Proof. See, e.g. [Sie02b, Spectral Theorem| and [Sie02¢, Theorem 3.2]. [J

We will linearize (1) smoothly by first transforming (1) with a kinematic
similarity from Theorem 3 which will block diagonalize the linear part and
then composing a finite number of smooth transformations each of which
preserves the linear part but simplifies the nonlinearity until we arrive at
(3), then the inverse of the kinematic similarity transforms (3) to (2).

For k € N and a locally integrable matrix function A : R — R*? satisfying
(A2) we define the set of admissible differential equations

OF(A) == {i = A(t)z + f(t,z): f is a C* Carathéodory
function which satisfies (A1) and (A3)}

and a notion of local equivalence between systems in OF(A) (see e.g. [Pal73,
Sie02a] for a generalization).

Definition 4 (C* equivalence). Two systems

b= A(t)z + f(t,2) (1)
and

y=A(t)y+g(t,y) (5)
in OF(A) are called C* equivalent, if there exist p,p > 0 and r € (0,p),7 €

(0,p) together with continuous functions
H:RxB.(0) >R and  H':Rx Bx0) = R%
called (local) C* equivalence between (4) and (5) and its inverse, respectively,
such that the following statements hold:
(i) For each ¢t € R the mappings

H(t,-): B,(0) — H(t, B;(0)) C B(0)
HYt,-): B(0) — H'(t, B5(0)) C B,(0)



are C* diffeomorphisms with
H(t,H (t,y)) =y forall y € Bx(0) with H'(t,y) € B,.(0),
H Yt,H(t,z)) =2 for all z € B,(0) with H(t,z) € Bx(0).

(ii) If v is a solution of (4) in B, (0) then H(-,v(-)) is a solution of (5). If
v is a solution of (5) in By(0) then H!(-,7(-)) is a solution of (4).

(iii) The trivial solutions are mapped uniformly onto each other:

lim H(t,z) = lim H '(t,z) =0  uniformly in ¢ € R.
z—0 z—0

If (2) is hyperbolic, i.e. if 0 & Xgs(A), then all systems in O!(A) are topo-
logically equivalent (C° equivalent) to (3), see [Pal73]. Our main result is
that if (2) is hyperbolic, then for any given ¢ € N there exists a k € N (which
depends on ¢ and the Sacker Sell spectrum Y.gs(A)) such that the following
implication holds: ( (2) is non-resonant up to order k ) = ( all systems in
OFF2(A) are Cf equivalent to (3) ).

Theorem 5 (Sternberg theorem for nonautonomous differential equations).
Let ¢ € N and let ¥gg(A) = A;UA2U- - -U\,, denote the Sacker Sell spectrum
of the linear system (2). Assume that 0 ¢ Xgg(A). Then with

Y = Zss(A) NR<g and Y = Ess(A) NR<g
there exists a minimal k € N, k > ¢, such that
(k= 0)2, > 3, — (X and (k—0)Xs < X5 —1%,. (6)

If the non-resonance condition

n n
AN kAi=0 forall (ki,... ky) ENg with2 <> ki <k (7)
i=1 =1

holds, then all systems in O¥+2(A) are C* equivalent to their linearization

(3)-

The structure of the paper is as follows: In Section 2, we establish a result
on flatting invariant manifolds and eliminating non-resonant Taylor terms
for systems in O*+2(A). Section 3 is devoted to study discrete-time systems
associated with systems in O*+2(A). Using preparatory results in Section 2
and Section 3, the main result of the paper (Theorem 5) is proved in Section
4. An important technique in the proof of the main theorem, namely the
method of path, is established in the Appendix.



2 Flattening invariant manifolds and eliminating
non-resonant Taylor terms

Let A: R — R%9 be locally integrable with 0 ¢ Ygs(A). By Theorem 3
there exists a kinematic similarity S: R — R%*? such that y(t) = S(t)z(t)
transforms (2) into a block diagonal system (3). Since
H:RxRY = RY (t,z)— H(t,z) := S(t)x,
satisfies conditions (i), (ii) and (iii) of Definition 4 with inverse H1(¢,-) =
S(t)~t, we can assume w.l.o.g. that
A(t) = diag(Ai(t), ..., An(?))
with ZSS(Ai) =XNfori=1,...,n, Ess(A) = U?:l)‘i and A\ > Ao > -0 >
An. With the unique m € {0,...,n} such that
AL> > A > 0> g1 > - > Ay,

define
A"(t) := diag(A1(t),..., An(t)) € Ruxdu.

A3(t) == diag(Apmy1 (1), ..., Ap(t)) € RIs>ds ®

where d, +ds = d, and if m = 0 then d, = 0, A% = A, if m = d then d; = 0,
A* = A. Let 1, and 74 denote the canonical projections of R? = R%: x R%
into R% and R%, respectively. Rewriting a differential equation (1) in O%(A)
in (2%, z%)-coordinates, with z* := m,x, x° := mx, gives

" = AY(t)x" + m f(t, ", %), (©)
2% = A%(t)x® + o f (¢, ¥, x%).

Let ¢(+, to, z§, x§) denote the solution of the initial value problem (9), z(t9) =
(x§,x3). Then nonautonomous invariant manifold theory (also called inte-
gral manifold theory) yields unstable and stable manifolds

_ u .S\ . . u 8\ __
U= {(t,w ,x¥): sgr_noocp(s,t,x , T )—0}
_ u S\ . : u S\ __
S= {(t,x ,x%): slgglogp(s,t,x , %) —0}
of the zero solution of (9), respectively (see e.g. [AW96] or [Sie99]). We say

that U and S are flat, if they coincide with the unstable and stable manifolds
of the linearization

# = AY(t)aY,
& = A%(t)z°,



which are the subspaces (or, more precisely, the trivial vector bundles over
the base space R) R x R% x {0} € R and R x {0} x R% C R*4,
respectively. Using the invariance of & and S, one can characterize flatness
by

U=RxR™ x {0} & m,f(t,z*,0) =0 for all (t,2") € R x R%,
S=Rx {0} xR™ & m,f(t,0,2°) = 0 for all (t,2°) € R x R%.

We refer the reader to [BDDS15, Theorem 8] for a construction of a C*
equivalence between an OF*2(A) system (9) and a system with flat stable
and unstable manifolds in case d, = ds = 1. We will use the same construc-
tion for not necessarily planar systems. Moreover, using [Sie02a] we will also
eliminate the higher-order Taylor terms DZ f(¢,0) for i = 2,..., k with a C*
equivalence, provided Ygs(A) satisfies certain non-resonance conditions, in
order to arrive at a system which additionally satisfies the following two
conditions.

(A4) Stable and unstable manifolds are flat: m, f(¢,0,2°) = 0,75 f(¢,2%,0) =
0 for a.a. t € R and all (z%, %) € R% x R%,

(A5) Taylor terms up to order k vanish: DI f(t,0) =0 for i = 2,..., k and
a.a. t € R. (Recall that D, f(¢,0) = 0 by (Al).)

Define OF

ﬂat(A) - Ok(A) by

OF (A) := OF(A) N {& = A(t)x + f(t,x): f satisfies (A4) and (A5)}.

In the following proposition we show that under the non-resonance condi-
tion of Theorem 5 any system in OF*2(A) is C* equivalent to a system in

OF(A)fas.-

Proposition 6 (Flattening of invariant manifolds and elimination of non-res-
onant terms). Let Xgg(A) = A\;UAX2U- - U\, denote the Sacker Sell spectrum
of the linear system (3). Assume that 0 ¢ Ygg(A). Let & € N. If the non-
resonance condition

NN kidi=0  forall (k... k) €Ng with2 <) ki <k (10)
=1

=1

holds, then any system in O*+2(A) is C* equivalent to a system in OF_ (A).



Proof. Consider an arbitrary system

T =A(t)x+ f(t, z) (11)
in OF2(A) with solution (-, to, z¥, z3) satisfying p(to, to, 2%, ¥) = (28, z3).
By definition (8) of A* and A®, we have Ygg(A") > 0 > Xgg(A®). Let
and ®° denote the evolution operators of &% = A"(t)z" and @* = A*(t)z”®,

respectively. Then by Definition 1 of the Sacker Sell spectrum, there exist
K, a > 0 such that

(L, s)|| < Keot=?) for t < s,
[@5(t,5)]| < Ke (=) for t > s.

Step 1 (Flattening of stable and unstable manifolds): Using [AW96, Theo-
rem 4.1] there exists an L = L(K, o) > 0 such that, if sup;cg yepa [| D f (2, 7)]|
L, then there exist stable and unstable manifolds of the trivial solution of
(11). Using assumption (A3) and the mean value theorem, it follows that

sup | Daf(t,2)[| < sup  [|DIf(s, )|zl < M|z
tcR,xzcR4 s€ER,ycR4

and replacing f by a cut-off f (see e.g. [BDDS15, Example 6]) which agrees
with f on a tubular neighborhood R x B,(0) C R x R for some sufficiently
small 7 > 0, and still satisfies (A3), we get sup;cg ,epd | Do f(t, )| < L.
The cut-off procedure is a C* equivalence ([BDDS15, Example 6]) and for
ease of notation we omit the tilde and write again f instead of f.

By [AW96, Theorem 4.1] there exists a continuous map u: R x R% — R

whose graph
U= {(t, 2" u(t,a"): (t,a") € R x R%}

can be characterized dynamically as
_ u S\ . s u S\
U={{tz"2z°: Sgr_noogp(s,t,m ,x%) = 0}.
U is the unstable manifold of the trivial solution of (11), u(-,0) = 0 and the
invariance equation
s 0 p(t, s,z u(s, z")) = u(t, 7y 0 o(t, s, 2% u(s, :17“))) (12)

holds for ¢,s € R, (z%,2°) € RY By [Sie99, Theorem 5.20] u is a C*k*2
Carathéodory function with globally bounded derivatives and a‘%(t, 0)=0
for t € R. Define H: R x R — R? by

H(t,z", 2%) = (2", 2° — u(t, z")).

<



Then H(-,0) = 0, H(t,-) are C**2 diffeomorphisms with inverse H (¢, z) =
(z%, 2% + u(t,z%)) and lim, 0 H(t,x) = lim,_,o H~1(t,z) = 0 uniformly in
t € R due to the fact that sup,cg yucgau |22 (¢, 2%)|| < oo.

Taking derivatives of both sides of the invariance equation (12) yields

) = A0t ) + maf (2, u(t, )
— ;;L(t, a:u)(A“(t)ac“ + o f (¢, 2%, u(t, :U“)))

which implies that H transforms (11) to
t=At)z+g(t,x) (13)
with
mug(t, 2, 2%) = mu f(t, 2%, 2° + u(t, z")),

msg(t,a", 2°%) = mo f(t, 2", 2° +u(t, z")) — ms f(t, 2", u(t, z"))
o
ox¥

System (13) is in O*¥+1(A), it satisfies additionally that 7sg(t, 2%,0) = 0, i.e.
its unstable manifold is flat and (11) is C**! equivalent to (13). Similarly
one can flatten the stable manifold S := {(t,s(t,2%),2°): (t,2°) € R x R%}
of (13) with a C* equivalence (¢, 2%, 2%) — (2% —s5(t,2°), 2°). By composing
both transformations, (11) is C* equivalent to a system in O%(A) which
satisfies condition (A4), i.e. the stable and unstable manifolds are flat.

t, x“)(wsf(t, 2 +u(t, ")) — e f(t, 2%, u(t, w“)))

Step 2 (Elimination of non-resonant terms): If £ = 1 no terms need to be
eliminated. If £ > 2, the normal form theorem for nonautonomous differen-
tial equations [Sie02a] implies that all non-resonant Taylor terms up to order
k can be eliminated by a C* equivalence. By assumption (10), all Taylor
terms up to order k are non-resonant and therefore the simplified system
from Step 1 is C* equivalent to a system in O’gat(A). O

3 Smooth equivalence of discrete time systems

Nonautonomous difference equations (also called discrete time systems) of
the form

Tpt+1l = By, + gn(xn) (14)



with a matrix-valued function B: Z — R%*?¢ n — B,,, and a function g: Z x
RY — R?, (n,z) + gn(x), such that g, is C*, arise e.g. as time-1 maps of (1)
by setting B), := ®(n+1,n) and g,(z) := p(n+1,n,2) — ®(n+1,n)z with
the evolution operator ® of (2) and the solution ¢ of (1). Then obviously
every solution n — x,, of (14) satisfies x,, = p(n, m, ,,).

For discrete time systems (14) with ¢,(0) = 0 and ¢/,(0) = 0 (n € Z), a
Hartman-Grobman topological linearization result and a smooth Poincaré
normal form theory are already established (see e.g. [AWO06] and the ref-
erences therein, and [Sie03], respectively). To the best of our knowledge,
a Sternberg linearization theorem for (14) was not proven yet. For an au-
tonomous version of Sternberg’s linearization theorem for difference equa-
tions, see [BD84] and [Nei05] and the references therein.

In this section we utilize a result on the ‘continuous dependence of the
smooth change of coordinates in parametrized normal form theorems’ for
autonomous difference equations [Bon93] which we extend to the nonau-
tonomous discrete time case (14) and then relate to the construction of
smooth linearizations of (1). According to Proposition 6, in order to prove
Theorem 5, it remains to show that all non-resonant systems in Of, (A)
are C" equivalent to their linearization (3). As a main step in the proof we
discuss discrete time systems (14) which arise as time-x maps (k > 0 large)

of systems (1) in OF . (A).

3.1 Associated discrete-time systems

Definition 7 (Associated time-x system). For k& € N and a locally inte-
grable matrix function A : R — R%*4 satisfying (A2), consider a differential
equation
T=At)z+ f(t,x) (15)

in O¥(A) with the solution ¢(-, to, o) of (15), z(tg) = xg. Let & € R, k > 0.
For n € Z, z € R?, define

E)(2) := o((n + 1)k, nk,2)  and

A = ®((n+ Dk,nk), f19(z):=FH(z)- A

( o (%) 1

with the evolution operator ® of (2). Then
Zny1 = F¥)(2,)  and equivalently @11 = AWz, + £19) () (16)

are called the associated time-x system of (15).

10



Fork € Nand a C* map f: R? — Relet || || := maxo<i<k SUP,egd | D f(2)]].
Define
CH*(RY) := {f: RY = R?: fis CF with ||f||x < 0o},
CT(RY) := {f € C*(R"): f(0) = 0,Df(0) = 0},
Ok (RY) = {f e C*RY): Df(0)=0fori=0,...,k}.

Lemma 8. For an associated time-x system (16) of (15) the following state-
ments hold:

(2) suppez [[AY)]] < 0o and sup,ez [(AY)) 1| < 0.
(b) If (15) is in Ok (A), then f*) € Ck (R?) for n € N.

(c) If (15) is in OF  (A), then mf,S“)(o,:nS) = 0 and ﬂsfy(f)(:v“,O) = 0 for
n € Z and (2%, %) € R%.

Proof. (a) By (A2), HA%F”)H = ||®((k + 1)n,kn)| < Ke™ and similarly for
AR~

(b) Using f}tﬁ) () = p((n+1)k,nk, 2)—P((n+1)k, nk)x, this follows for i = 0
from ¢(-,-,0) =0, for i =1 from g—i((n + 1)k, nk,0) = &((n + 1)k, nk) and

for i = 2,...k from Taylor expanding the C* function x — o((n+1)x, nk, )
inz =0.

(c) Using fff) () = o((n+ 1)k, nk,z) — ®((n + 1)k, nk)z, the claim follows
from the invariance equation (12) for stable und unstable manifolds of (15)
which are flat by (A4), i.e. m,f(¢,0,2°) = 0 and w,f(¢t,2%,0) = 0 for a.a.
t € R and all (z%, 2°) € R% x R% or equivalently, u(-,0) = 0 and s(-,0) =
0. O

3.2 Discrete time characterizaton of C* equivalence

Theorem 9 (Time-« characterization of C* equivalence). Two systems
&= A(t)x+ f(t, ) (17)

and
y=At)y+g(ty) (18)

11



in OF(A) are C* equivalent, if there exists a x > 0 such that their associated
time-x systems

Tn+1 = Fr(zﬁ) (2n) (19)
and
Ynt1 = G (yn) (20)

are C* equivalent, i.e. if there exist p,p > 0 and r € (0,p),7 € (0,p) and
maps
Tn: B,(0) > RY  and  S,: Bx(0) = R%,

such that the following statements hold:

(i) For each n € Z the maps

Tp: By(0) = Tn(B,(0)) C B3(0),
Sy B#(0) = S,(B#(0)) C By(0),

are C* diffeomorphisms with
T,(Sn(y)) =y for all y € Bx(0) N S, '(B(0)),
S (Tn(z)) =2 for all z € B.(0) N T, ' (B0)).
(i) For z € B,(0), y € Bx(0) with F\”)(z) € B,(0), G (y) € B(0)

T (FY7(2)) = GY(Tu(x)) and  S,1(G(y) = F (Saly)).

(iii) The trivial solutions are mapped uniformly onto each other:

lim 7, (z) =0 and lim S,(y) =0 uniformly in n € Z.
z—0 y—0

Proof. With the solutions ¢ and ¢ of (17) and (18), respectively,
E{(z) = @((n+ Dr,nr, ) and G (y) = ¢((n+ 1)k, nk, y).

Since (17) and (18) are in OF(A), the functions f and g satisfy the global
boundedness condition (A3). By the Gronwall inequality [Har82, Chapter
3, Theorem 1.1], there exist r* > 0 and 7* > 0 such that for all n € Z

w(kn,t,x) € B.(0) for t € [kn,k(n+1)],2 € B,«(0),

(21)
Y(kn,t,y) € Br(0) for t € [kn,k(n+1)],y € B~ (0).

12



By assumption (iii), and by shrinking 7* and 7 if necessary, we can assume
additionally that

T (p(kn,t,x)) € By(0) for t € [kn,k(n+1)],z € By+(0),

22

Sn(Y(kn,t,y)) € Br(0) for t € [kn,k(n+1)],y € B~(0). (#2)
Define H : R x B,«(0) — R? and H~! : R x Bx(0) — R? by

H(t,z) := ¢ (t, kn, T, (p(kn, t, x))) for x € B«(0), (23)

H™ ' (t,y) = o(t,kn, Sp(Y(kn,t,y)))  for y € B(0),

for t € [kn,k(n + 1)). By (21) and (22), the functions H and H~! are
well-defined and to conclude the proof, we show that H is a C* equivalence
between (17) and (18) by verifying that H and H~! satisfy conditions (i),
(ii) and (iii) in Definition 4.

Step 1 (Verification of Definition 4(i)): The functions H(¢,-) and H~1(t,-)
are C*, since T}, and S, are C* diffeomorphisms and the solutions ¢ and
¢ are C* by the classical result on the smooth dependence of solutions of
ordinary differential equations on the initial value, see e.g. [Har82, Chapter
V, Theorem 4.1]. Now let y € B (0) satisfy that H-'(¢,y) € B,«(0). By
definition (23) of H and H~!, we have

H(t, H (t,y)) = ¥(t, 60, T 0 Sp(P(rn,t,y))).

By (21), (22) and assumption (i), T;, o Sy (¥ (kn,t,y)) = ¥ (kn,t,y). There-
fore, H(t, H~'(t,y)) = y. Similarly, for x € B,«(0) with H(t,z) € B(0)
we also have H~ (¢, H(t,x)) = =.

Step 2 (Verification of Definition 4(ii)): Let p(t) be an arbitrary solution of
(17) in B,«(0). By definition (23) of H, for n € Z and t € [kn, k(n + 1))

H(t, p(t)) = ¥ (t, in, To(o(kn, t, p(t))))
= (¢, kn, Tn(p(kn))),
where we use the fact that p(t) is a solution of (4) to obtain the last equality.
Hence H(t, u(t)) is a solution of (18) on [kn,k(n + 1)) and, by continuity,

also on R. Similarly, H (¢, v(t)) is a solution of (17) for any solution v/(t)
of (18) in B:-(0).

Step 3 (Verification of Definition 4(iii)): Since (17) and (18) are in O%(A),
the functions f and g satisfy the global boundedness condition (A3) with
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bound M > 0 and therefore by the mean value theorem
| f (&, 2, lg(t, z)|| < M||z| for a.a. t € R,z € RY.

Using the variation of constants formula, we obtain for all ¢ € [kn, k(n + 1)]
t

W(t, kn,x) = ®(t, kn)x —l—/ O(t,s)f(s,¢(s, kn,x)) ds,

KN

with the evolution operator ® of & = A(t)z, which together with (A2) implies
that

o mm, ) < Kl + M [ oo, ) .
Then, using the Gronwall inequality [Har82, CI:Zpter 3, Theorem 1.1], there
exists C7 > 0 such that
l(t, kn, )| < Cylz|| for t € [kn,k(n+1)).
Similarly, there exists C'y > 0 such that
lp(kn,t,x)| < Co|x|| for t € [kn,k(n+1)).
As a consequence, by (23) we get for t € [kn, k(n + 1))

[H(t z)| <Cr sup  Th(z)
2€Bcy |« (0)

and by taking the supremum over ¢t € R, we have

sup |H(t,x)|| < Cisup  sup  T,(2).
teR neZZEBCQ”EH(O)

Assumption (iii) implies that lim,_,0 H(¢,z) = 0 uniformly in ¢ € R. Simi-
larly, we also have lim,_,o H ~L(t,y) = 0 uniformly in ¢t € R. O

3.3 Associated discrete time systems with spectral gap and
flat nonlinearity

Recall that A: R — R%*? is of the form (8), i.e. A(t) = diag(A%(t), A%(t))
with 0 & Zss(A) =X*UuUds X' = Ess(A) NRsg, 2% = Ess(A) N Ry and
corresponding coordinates x = (z%, z°) € R% x R% . In this subsection we
discuss discrete-time systems

Tpy1 = Bparp + gn($n)7 (n € Z)

with B, = diag(BY, BS) € Gl(d,R), B*: Z — R%uXdu pBs.7 — Rdsxds,
g: Z x R™ — R"™, which satisfy the following conditions for fixed k,¢ € N:

14



(B1) Linearity: B is bounded, i.e. there exists M > 0 such that

sup ||Bp|| < M and sup||B7le <M, (24)
nez nez

and satisfies the following gap conditions for a vy € (0, 1)
- —1 k=L 1€
sup [[(By) M <, sup || Ballll(B)HIFIBL I < s
ne”Z neZ (25)
- —L 4
sup | Byl <7, sup 1B, I B Ball” < -
ne”L nez
(B2) Nonlinearity: g, € CF . (R?) and additionally satisfies

Tugn(0,2%) =0 and 7sg,(2",0) =0 (neZ).

For k,/ € Nand B: Z xR% = R?, (n,z) — Bz, with B, = diag(BY, B) €
Gl(d,R), B*: Z — Rdu*du B3 7, — R%*%s which satisfies (B1), define

Dg;ﬁ(B) = A{xpt+1 = Bpxp + gn(zy): g satisfies (B2)}.
Proposition 10. If a system
i = At)z + f(t,) (26)

in O’gat(A), k > 2, satisfies the spectral gap condition (6) for an ¢ € N,
{ <k, ie.

(k= 0)%, > %, — (X and (k—0)2s < X5 — 1%, (27)
then there exists a kK > 0 such that for the associated time-x system
Ln+l = Ag{)xn + fT(LR) (zn) (28)

of (26), A" satisfies (B1) and (28) is in Dg;ﬁ(A(“)).

Proof. By Lemma 8, all time-x systems
Tny1 = APz, + F0) (z,) (k> 0)

associated with (26) satisfy (B2) and condition (24) of (B1). To conclude
the proof, it is sufficient to find x > 0 for which the linear part

A¥) =@ 4 ((n+ 1)k, nk) (29)
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satisfies condition (25) of (B1), where ®4 denotes the evolution opera-
tor of the linear differential equation & = A(t)¢ = diag(A“(t), A5(t))E.
Then, ® (-, ) = diag(Pu(-,-), Pas(-,-)) and since Xgg(A*) = ¥, > 0 and
Ygs(A%) = 35 < 0, for any £ > 0 there exists K > 0 such that for all ¢t > s

1B a(t, s)|| < KemaxZute)t=s)
1D (s, )| < Kel~minSste)(t=s) )
| 4u (s, 8)|| < Kel™minZute)(t=s)

By assumption (27), there exists € > 0 such that

(k—=£0)(Ey —€) > X, +e— (3 —e),
(k—=0)(Es+e)<Xsg—e—L(X,+e).

This, together with the estimates (30), implies for ¢ > s
@At 5)[[|Das (s, )| Dals, )] < KPP,
where
B :=(maxX, +¢)+ (k—£)(—minX, + &) + {(—min X, +¢) < 0.
Therefore, for v := % there exists k1 > 0 such that
1@t )| @an(s, ) [ Pals, )| <y fort—s>r. (31

Similarly, there exists ko > 0 such that

1@ a(s, O @as(t,)[*l@alt, o) < v fort—s>r  (32)

With k := max{ki,k2} > 0 the linear part (29) of the associated time-
k system of (26) satisfies condition (25) of (B1) and hence the associated
time-x system of (26) is in Dgft(A(R))' O

4 Nonautonomous Sternberg theorem

In this section we prove the Sternberg Theorem 5 for nonautonomous dif-
ferential equations. Recall that A: R — R%? is of the form (8), i.e.
A(t) = diag(A¥(t), A%(t)) with 0 & Mgg(A) = Z* U X, 3% = Mgg(A4) N R,
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»® = Ygg(A)NR o and corresponding coordinates z = (2%, z°) € R% x R,
Define two closed subsets of C§_ (R9):

Charn(RY) = {f € C{, (RY): D' f(0,35) =0 for i =0,....,k},
Chars(RY) := {f € Cipy(RY): D' f(24,0) =0 for i =0,...,k}.

Remark 11. In [BD84, Lemma 3] it is shown that for any f € Ck_ (R9) there
exists ¢ € Cgat’u(Rd) and ¢ € Cé“at’s(Rd) such that f = ¢ + .

To prove the main Theorem 5, we show several preparatory results.

Proposition 12 (C* equivalence of discrete time systems with close non-
linearities). Let ¢ € N, 1 < ¢ < k, and let B satisfy (Bl) with B, =
diag(BY, B:) € Gl(d,R), B*: Z — Rdu*du PBs:7 — R¥%*ds  Then two
systems

Tp+1 = By, + fn(l‘n)7 (33)
Yn+1 = BnYn + gn (yn)7 (34)

in Dg’agt(B) are C* equivalent, if either
fn =90 € Cllara(RY) (R EN), (35)
or

fo—9n € Clys(RY)  (n€N). (36)

Note that we prove Proposition 12 only under the assumption that (35)
holds. The proof under the assumption (36) is completely analogous. The
main ingredient in the proof of Proposition 12 is the nonautonomous method
of path which is developed in Appendix 5. To apply the method of path, we
define the function P: Z x R? x [0,1] — R, (n,z,7) — P7(z), by

Pi(x) := Bnx + (1 = 7) fu(x) + Tgn(x) (37)
and consider the homotopy of nonautonomous difference equations
Znt1 = Pl (2n), T € [0,1]

between (33) and (34). Actually, we do not apply the method of path
directly to (33) and (34), but first replace the nonlinearities f,, and g, by
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cut-off nonlinearities .]?n :=1po f, and g, := 1) o g, where 1p: R — R? is the
C* bump function

x, for 0 < ||z| <,
(z) = < exp (1 — m)x, for r <||z|| <r+1, (38)
0, for ||x|| > r,

for some r > 0. This technical step does not change the differential equations
(33) and (34) on a tubular neighborhood R x B,.(0) of the zero solutions and
ensures that P is invertible. We use the notation

Diff*(RY) := {f € C*(R?): f~! exists and f~1 € C*(RY)},
Diff5(R?) := {f € Diff*(R%): £(0) = 0}.
Lemma 13 (Invertibility of homotopy difference equations). For every § > 0
there exists an r > 0 such that, with (33) and (34) from Proposition 12 and
¢ from (38), the function P: Z xR x [0,1] — RY, (n,z,7) — P7(z), defined
by
PI(2) i= Buz + (1 = 0(ful@)) + 70(ga(x)), (39)

satisfies the following statements.

(i) PT € Difff(R9) for n € N and the map P: [0,1] — Diff5(R)Z, 7 —
P7 := P7(-) is continuous,

(i) suppezgerd | DP](2)=Bull < 6, sup,ez pera [D(P7) ™ (@) =B < 4.

To prove Lemma 13, we need the following lemma.

Lemma 14 (Identity plus C* contraction). Let n: R? — R? be C* with

p:= sup | Dn(a)] < 1. (40)
zeRd

Then, the map f : R — R? defined by f(z) := z + n(x) is a C* diffeo-
morphism. Furthermore, for all r > 0 we have B(;_,)(0) C f(B,(0)) and
therefore

Izl for all z € R%.

1F 7 ()] <

I—p

Proof. To show that f is injective, let z,y € R?, z # y. By (40),

[n(z) —nW)l < llz =yl
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which implies || f(z)—f(y)|| = [lx=y+n(z)—n)ll = l|lz—yl—lIn(z)—n(y)| >
0, ie. f(z) # f(y).

To show surjectivity of f, let 2 € R%. Consider T : R — R, y s T(y),
defined by

T(y) =z —n(y).
By (40),
1T (y) = T@)I = lIn(y) =@ < plly — 3l

Then, by the Banach Contraction Mapping Theorem there exists y € R?
such that T'(y) = y, or equivalently, f(y) = z. So far, we have shown that
f is bijective.

Furthermore, by smoothness of 7 the function f is also C*. On the other
hand, using the Inverse Function Theorem, the inverse f~! of f is also C*.

To conclude the proof, let > 0 and y € B(;_,),(0). Let x € R? satisfy that
f(z) =y. Hence, ||z 4+ n(z)|| = ||ly|| < (1 — p)r and therefore

2]l < (1= p)r+ |n(@)|| < (1 = p)r + pllll,

which implies ||z|| < r, proving that B_,.(0) C f(B(0)). O

Proof of Lemma 13. By (B1), there exists M > 1 such that

sup||Bul < M and sup|[B; | < M. (41)
neZ neL

Let 6 > 0. Then there exists 0* € (O,min{%,ﬁ}) which additionally

satisfies % < 4. Since fn,g, € CF . (RY) for n € N, there exists an

r > 0 such that with the bump function v from (38)

sup  [[DY(fu(@))|| <% and  sup [[Dy(ga(2))|| <67 (42)
n€Z, xR n€Z,xERI

For 7 € [0, 1] define

() = (1= 7)B, ' 9(fa(2)) + 7B 4 (ga(@)).

Then, from (42) we derive that | Dn] (x)| < M§* < 1. Therefore, by virtue
of Lemma 14, the map x — z + n7(z) is a C* diffeomorphism. By (39), we
have

P (x) = Bu(z + (),
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which implies that P7 € Diff*(R?). The continuous dependence of P7 on 7
follows directly from the definition (39) of P} and therefore (i) is proved.

(ii) For 7 € [0,1] define
A7(2) i= DP(2) — By = Difj(x).
As in (i), from (41) and (42) we derive that
|DP; (z) — Byl < M§* <.
Also, || A7 (x)B; Y| < M?6* < 1. Then

DPFj(x)™ = (Bn+ AL(2)) ™! = B, (id + AT B, )™

=B, fj(—A;(x)B;l)"f
k=0
= B, '(id+ Y _(-1)" (AL @) B )b),
k=1

which implies that

M?26
IDP7@) ™ = B < M=o <

proving (ii).

O]

To show Proposition 12, choose r > 0 such that the statements of Lemma
13 hold for P] and additionally, using (B1), also the following inequalities

hold for n € Z:

Ha(mo (P~

T <1 and ||[Dy(P7) oo >1

and
d(my o (P71 " Y
D, P’ S Sl A D, (PT ,
1D |25 | ot < o
T\— aTrSOP:L— ot T

for a v € (0,1).

20
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According to Theorem 17, to prove Proposition 12 it is sufficient to show
the existence of Z7 € CF(R?) such that

Ta@) - (@) 7 (P @) = D ()

for n € N. In the following lemma, some properties of the right hand side
of (46) are established. For this purpose, let £ € N, 1 < /¢ <k, R > 0, and
define

k.0 ¢ _
My = {W € C([0,1], Chao(RY): || G5 (7, )|| < Bllmuz ]~}
Lemma 15. The right hand side

Xo(r7) = %((PT)_l(x)) (r€[0,1],n€N) (47)

of (46) satisfies
(i) Xn(r,-) € C'gat’u(]Rd) for n € Z,

(ii) there exists R > 0 such that X, € M%’g for n € Z.

Proof. From (39) and (47), we derive that
Xn(1,2) = 9o ((P7) 7 (2)) = fu((P7) 7! (2)). (48)

Since f, — gn € CF . (R%), it follows that X,,(7,-) € Ck (R?). Furthermore,
using (B2) the subspace {(0,2°) € R% x R%} is invariant under f,, and g,.
This together with (37) and the fact that B,, = diag(By, B;,) implies that

ﬁuPJ(O, %) = m,Bn(0, xs)T + (1 = 7)mu fn(0, 2°) + 77ugn (0, )

= 0.
Consequently, the subspace {(0,z°) € R% x R%} is invariant under P7, i.e.
mu(P7)71(0,2%) = 0. By (35) we have f, — g, € Ck . (R%). Therefore,
D' f(P)7H(0,2%)) = D'gn (P7)7(0,2%)) = 0.

Thus, from (48) we derive that D! X, (7,0,2°) = 0 and thus X,(7,-) €
Cf{lcat,u(Rd)’

(ii) Let
oFX




Hence, for each 7 € [0, 1] using the Taylor expansion of the function 8;;2” (1,2)

up to order k — ¢ at (0,2°) leads to

"Xy "Xy I'X bt
| . u sy~ n S < —
‘ 9l (T,x)H ‘ 5t (1, 2%, %) 9l (1,0,2%)|| < R||muz||"™,
which completes the proof. ]

Next, we define for n € Z the map L,,: C([0,1], C¢(R?)) — C([0,1], C*{(R%))
by
(LaW)(7,2) := Do P ((P7) ™ (2)) W (7, (7)™ (). (49)

Obviously, M%g c C(]0,1],C*(R%)) and in the following lemma, we provide
some useful estimates on the restriction of the product of linear operators
L :=Ly4j_1-++ Ly on M%’e, where n € Z and j € N.

Lemma 16. For each W € MIBE the following statements hold for all
(r,2) €10,1] xR* and n € Z,j € N.

(i) ILW (r2)]| < Ry .

(ii) There exists € > 0 such that for ||7,z| < e

Proof. (i) By (49), we have

LW

T(T,x) < Ryl||muz|F~% fori=1,...,L
x

j—1
LW (7, x) = HDIP77L—+i((Pqu—+i)71(x))(W(T7( wij—1) oo (Pr) T ),
= (50)
which implies that
j—1
1AW ()| < T IDePrsilloo W (r, (Pryj—1) ™ o0 (B7) (@)l (51)
i=0

Since W € /\/llff, it follows with the mean value theorem that

L
(k—r+1)-k

W (r,2)|| <

]ﬂuka
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On the other hand, using the invariance of {0} x R% under P7 and the mean
value theorem, we obtain that

Jj—1 T \—1
- - I(muo (Fryi)”)
Iy o (PTyjq) " om0 (P TH@)] < (H pr ]
i=0 v o0
Therefore, from (51) we derive that
TR CCT [ ———r1 y T RG]
n T, L H— (k‘—’l“—i—l) ‘TFUJ’" HH —H‘OO axu -

which together with (43) and (44) completes the proof of this part.

(ii) By induction, it is sufficient to show this assertion for j = 1, i.e. there
exists £ > 0 such that for |m,z| <e

O'L,W -
‘ (9; (1,2)|| < Ry|muz||*™" fori=1,...,0
Note that this assertion follows directly from [Bon93, Lemma 4]. O

Proof of Proposition 12. By virtue of Lemma 16(i), the series
> .
Z Lib_anflfj(Ta '1:) = Z;;(x)7 (52)
j=0

with X, (7,2) as in (47), converges for each n € Z. By definition of Z,,, we
have

n+l ZLn+1 —J T :L')

—E:Ln+1 - Xn—j(1,2) + Xy (7, )
= ang(x) + Xy (1, ),

which shows that (Z](x))nez is a solution of (46). Furthermore, using

Lemma 16(ii), we get

&L X
oz’

(r,2)|| < Ly ||myz||F~t  fori=1,...,¢ (53)
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if ||z|| < e for some € > 0, and by cutting-off f,, and g,, this estimate also
holds for all z € RY. Consequently, Z7(-) is a C* function and in particular,
Z7(0) = 0 and DZ7(0) = 0. Hence, Z] € Cf(R?). Finally, by (53) the series

>0 sz+1—an—j (7, x) converges uniformly in 7 to Z in || - ||;. Therefore,
the map Z: [0,1] — C{(R}Z, 7+ Z7 := Z7(-), is continuous. By virtue of
Theorem 17, the systems (33) and (34) are C*-equivalent. O

We are now in a position to prove the main theorem.

Proof of Theorem 5. By Proposition 6, an arbitrary system in OF2(A) is
C* equivalent to a system

i = A(t)z + g() (54)

in OF . (A). According to Proposition 10, there exists a x > 0 such that the
associated time-x system of (54)

Lnt+l = Ag{i)xn + fv(f) (n) (55)
is an element of Dlg’ft(A). By Remark 11, there exist ¢, € Cé“at’u(Rd) and
Py € C’gat’s(]Rd) for n € N such that (55) can be rewritten as

Tp+l = Agf)xn + on(@n) + Un(zn). (56)

Since ¢, € Cgat’u(Rd) for n € N, it follows together with Proposition 12
that system (56) is C¢ equivalent to the following system

Tn4+1 = A%H)Sﬂn + 'an(l'n)

Applying Proposition 12 once again, this system is C¢ equivalent to the
linear system
LT+l = Ag”):rn

Therefore, by Proposition 9 system (54) is C* equivalent to its linearization
T =A(t)x. O

5 Appendix

In this section the method of path [DRR81] is extended from autonomous to
nonautonomous discrete time systems. It provides a way to construct a Cck
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equivalence between two nonautonomous difference equations

Tnt1 = Fp(xy), (57)
Ynt+1 = Gn(Yn), (58)

with F,,,G,, € Diﬂ"k(Rd) for n € N, by considering the homotopy
P:ZxRYx[0,1] = RY  (n,z,7) = PT(z) := (1 — 7)Fy () + 7Gn(z)
between F), and G, or, equivalently, the homotopy of difference equations
Znpr = Pr(zn), (7 €[0,1]) (59)
between (57) and (58). Define P: [0,1] — Diff*(R%)%, 7 — P7 := P7(.).
Theorem 17 (Method of the path). Assume that
(i) PT € Difff(R4Z for 7 € [0, 1],
(ii) P: [0,1] — Difff(R%)% is continuous,
(iii) For every 7 € [0,1] and n € N there exists Z7 € CF(R?) with

Taal) = () ) ZE (P @) = (D) (@) (60)

for n € Nand Z: [0,1] = CFRYZ, 7+ Z7 := Z7(-), is continuous.
Then (57) and (58) are C* equivalent.

Proof. Since Z € C([0, 1], C¥(R%)?%), there exists K > 0 such that
|1Z7(x)]| < K|z for all n € Z,7 € [0,1], 2 € RY,

Consequently, for n € Z, x € R the initial value problem

Lm=ziew),  a=x

is uniquely solvable on [0, 1]. Let T}, (7, x) denote its unique solution, i.e.

oT,

W(,n :B) = Z;;(Tﬂ(ﬂm))? Tn(0,$) =x. (61)
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Then,
)
I Tu(r, )| < ] + M / | To(s, )| ds.

Using Gronwall’s inequality [Har82, Chapter 3, Theorem 1.1], we obtain
that || T5,(r, )| < eX7||z| and thus lim,_, T},(7, ) = 0 uniformly in n € Z.

To show that (n,z) + T, (7, ) is a C* equivalence between (57) and (59),
we first show that

Tni1 (7, Fr(x)) = Pl (Th(7,x)) for n € Z,z € R (62)

n

For this purpose, let n € Z, z € R? and define V : [0,1] x RY — R? by

V(r,z):=P; (Tn(T, F_l(x)))

n
Taking derivatives on both sides with respect to 7 yields

oL, 0F;

oV -1 -1
o 1 (@) + O (1, i ).

or
which, together with the fact that T,,(r, F,, }(z)) = (P7)~Y(V (7, x)), implies

(1,2) = D, P} (Tn(T, Fﬁl(a:)))

n

o
or

(r.2) = DaPE(P) (Vi 2)) 2 (7, B )4 S (P (V).

Using (61), we obtain

ov

57 (1) = Dy Py ((P7) " (V(1,2)) Zu(7, (P7) " (V (7, 2))) +

+ (P V),

which, together with (60), gives

E;‘:(T, x) = Zpy1(1, V(1,2)).

Furthermore, V' (0,xz) = = and by the uniqueness of the solution of (61) for
n+ 1, we have V(7,2) = T4+1(7, ) and (62) follows.

To conclude the proof, it remains to show that T},(7,-) is a local C* diffeo-
morphism on B, (0) for some 7 > 0 which is independent of n € Z. For this
purpose, we define for n € N the function 7, (r,-): RY — R? by

(T, 2) = Ty(1,2) — 2.
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Since Ty,(0,z) = z, it follows that 7,(0,z) = 0. Since Z,(r,z) is C* in z,
also Ty, (7, ) and 7,(7,z) are C* in x. Furthermore, from (61) we derive

that
0D, T,

or
which implies that

(1y2) = Dy Zp (7, Ty (7, 2)) DT (1, ),

0D,
or

(1,2) = Dy Zy (7, T (7, 2))(id + Dyny (1, 2)),

or equivalently,

Dyny(1,2) = /OT D, Z,(s,x 4+ nn(s,2))(id + Dynn(s, z)) ds. (63)

Since Z € C([0,1], C¥(R%)%), there exists L > 0 such that || D, Z,(7,2)| <
L||z||. This, together with the fact that | T, (7,z)|| < e&57|z| < ef|z],
implies that

1Ds Zn (7, T (7, 2)) || < Le™ ||

Hence, from (63) we derive that

IDma(r)l < Le¥ [l + Do (s, 2)) ds
< Lol + LMol [ |Dama(s.0)] .
0

Using Gronwall’s inequality [Har82, Chapter 3, Theorem 1.1], we obtain
that )
| Dy (7, 2)|| < LeX ||| el Il

Consequently, there exists » > 0 such that

‘= Sup max max T,0)| <1.
p = sup mox, max [i(7. o)

In view of Lemma 14, the map T5,(7,-) : B-(0) = T,,(7, B,(0)) is a C* diffeo-
morphism and B(;_,),(0) C T,(7, B-(0)). Furthermore, by Lemma 14 the
inverse function of 7},(7, -) denoted by Sy (7, ") : B(1_,)(0) — B,(0) satisfies
limg_0 Sp(7,2) = 0 uniformly in n € Z. Consequently, (n,z) — T,(7, )
is a C* equivalence between (57) and (59) and, in particular, between (57)
and (58) for 7 = 1. O
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