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We present a method of highly speedy determining a homogeneous linear function f (x) := s.x =
s1 x1 +s2 x2 +· · ·+sn xn from {0, 1, . . . , d−1}n with coeﬃcients s = (s1 , . . . , sn ). Here x = (x1 , . . . , xn )
and xj ∈ R. Given the interpolation values f (1), f (2), ..., f (N), we shall determine the unknown
coeﬃcients s = (s1 , . . . , sn ) of the linear function, simultaneously. The speed of determining the
values is shown to outperform the classical case by a factor of N.
PACS numbers: 03.67.Lx, 03.67.Ac
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I.

INTRODUCTION

Quantum mechanics (cf. [1—6]) gives approximate and at times remarkably accurate numerical predictions. Quantum
mechanics is successful in explaining and predicting many phenomena. Therefore there are many reasons to be
convinced of the correctness of quantum mechanics. One of the interesting applications of quantum principles is its
application to to information theory [6] leading to the quantum computer.
A quantum computer is a device for computation that makes direct use of superposition of states and entanglement,
to perform operations on data. Quantum computers are diﬀerent from digital computers based on transistor gates.
Whereas digital computers require data to be encoded into binary digits (bits). Quantum computation utilizes
quantum properties of e.g. molecules to represent data and subsequently perform operations on these representations
of data [7]. A theoretical model is the quantum Turing machine, also known as the universal quantum computer.
Quantum computers share theoretical similarities with non-deterministic and probabilistic computers, like the ability
to be in more than one state simultaneously. The ﬁeld of quantum computing was ﬁrst introduced by Richard Feynman
in 1982 [8, 9].
The Deutsch-Jozsa algorithm is a quantum algorithm, proposed by David Deutsch and Richard Jozsa in 1992 [10]
with improvements by Richard Cleve, Artur Ekert, Chiara Macchiavello, and Michele Mosca in 1998 [11]. Although
of little practical use, it is one of the ﬁrst examples of a quantum algorithm that is exponentially faster than any
possible deterministic classical algorithm. It is also a deterministic algorithm, meaning that it always produces an
answer, and that answer is always correct.
The Deutsch-Jozsa algorithm generalizes earlier (1985) work by David Deutsch, which provided a solution for the
simple case. Speciﬁcally we are given a boolean function whose input is 1 bit, f : {0, 1} → {0, 1} and asked if it is
constant [12].
The algorithm as Deutsch has originally proposed it is not, in fact, deterministic. The algorithm is successful with
a probability of one half. In 1992, Deutsch and Jozsa produced a deterministic algorithm which was generalized to a
function which takes N bits for its input. Unlike Deutsch’s algorithm, this algorithm requires two function evaluations
instead of only one.
Further improvements to the Deutsch-Jozsa algorithm are made by Cleve et al., [11] resulting in an algorithm that is
both deterministic and requires only a single query of f . This algorithm is still referred to as Deutsch-Jozsa algorithm
in honour of the groundbreaking techniques they employed [11].
The Deutsch-Jozsa algorithm provides inspiration for Shor’s algorithm and Grover’s algorithm, two of the most
revolutionary quantum algorithms [13, 14].
Looking at studies of quantum computing, implementation of a quantum algorithm to solve Deutsch’s problem [10—
12] on a nuclear magnetic resonance quantum computer is reported ﬁrstly [15]. An implementation of the DeutschJozsa algorithm on an ion-trap quantum computer is also reported [16]. There are several attempts to use singlephoton two-qubit states for quantum computing. Oliveira et al. implements Deutsch’s algorithm with polarization
and transverse spatial modes of the electromagnetic ﬁeld as qubits [17]. In addition, single-photon Bell states are
prepared and measured [18]. Also the decoherence-free implementation of Deutsch’s algorithm is introduced by using
such single-photon and by using two logical qubits [19]. A one-way based experimental implementation of Deutsch’s
algorithm is reported [20].
For a number of recent algorithmic developments we mention the following. In 1993, the Bernstein-Vazirani algorithm was published [21, 22]. This work can be considered an extension of the Deutsch-Jozsa algorithm. In 1994,
Simon’s algorithm was published [23]. Implementation of a quantum algorithm to solve the Bernstein-Vazirani parity
problem without entanglement in an ensemble quantum computer can be mentioned as an important quantum algorithm [24]. Fiber-optics implementation of the Deutsch-Jozsa and Bernstein-Vazirani quantum algorithms with three
qubits was also discussed in the recent past [25]. The question whether or not quantum learning is robust against
noise is a subject of intense study [26].
A quantum algorithm for approximating the inﬂuences of Boolean functions and its applications is recently studied
[27]. In addition, Quantum computation with coherent spin states and the close Hadamard problem [28] and the
transport implementation of the Bernstein-Vazirani algorithm with ion qubits are studied [29]. Quantum GaussJordan elimination and simulation of accounting principles on quantum computers are discussed [30]. We mention
that the dynamical analysis of Grover’s search algorithm in arbitrarily high-dimensional search spaces is studied [31].
A method of computing many functions simultaneously by using many parallel quantum systems is reported [32].
On the other hand, we may wonder if we need all the previously mentioned studies to reach a good quantum
computer. The earliest quantum algorithm, the Deutsch-Jozsa algorithm, is representative to show that quantum
computation is faster than its classical counterpart. Its magnitude grows exponentially with the number of qubits.
In 2015, it was discussed that the Deutsch-Jozsa algorithm can be used for quantum key distribution [33]. In 2017,
it was discussed that secure quantum key distribution based on Deutsch’s algorithm using an entangled state [34].
Subsequently, a highly speedy secure quantum cryptography based on the Deutsch-Jozsa algorithm was proposed [35].
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The relation between quantum computer and secret sharing with the use of quantum principles is discussed [36].
However, it can be stated that quantum computers presently are “quantum estimators”. There are many open
problems that we cannot solve them by using quantum estimators. By a case, quantum estimators cannot solve
a problem that classical computers can solve correctly. Therefore, we need more rigorous quantum devices for
computation of solving such a problem. Motivated by this conjecture, let us discuss the arbitrary high-dimensional
quantum computer. And we solve very wide problem by using a new quantum device proposed here. It is ﬁrst step
to a true quantum computer.
In this paper, we present a method of determining a homogeneous linear function f (x) := s.x = s1 x1 + s2 x2 +
· · · + sn xn from {0, 1, . . . , d − 1}n with coeﬃcients s = (s1 , . . . , sn ). Here x = (x1 , . . . , xn ) and xj ∈ R. Our quantum
algorithm overcomes a classical counterpart by a factor of O(N ).
II.

THE GENERALIZED BERNSTEIN-VAZIRANI ALGORITHM TO QUDIT SYSTEMS

In this section, we review [37] an algorithm to solve the Bernstein-Vazirani problem for a d-dimensional system.
Our algorithm combines quantum parallelism with a property of quantum mechanics known as interference. Here the
problem changes to ﬁnding an unknown string s ∈ {0, 1, ..., d − 1}N by querying a quantum state.
We deﬁne fs (x) as follows;
fs (x) = s · x mod d = s1 x1 + s2 x2 + · · · + sN xN mod d

(1)

where x ∈ {0, 1, ..., d − 1}N
Let us follow the quantum states through the algorithm. The input state is
|ψ0 = |0

⊗N

|d − 1 .

(2)

We deﬁne |φ as follows;
1
|φ = √ (ω d |0 + ω d−1 |1 + · · · + ω|d − 1 )
d

(3)

In the following, we discuss the Fourier transform of |d − 1 ;
d−1

|d − 1 →

z=0

d−1

d−1

ω z·(d−1) |z
ω zd−z |z
ωd−z |z
√
√
√
=
=
= |φ
d
d
d
z=0
z=0

(4)

After the N + 1 Fourier transforms on the state, we have
d−1

|ψ1 =

|x
1
√
√ (ωd |0 + ωd−1 |1 + · · · + ω|d − 1 )
N
d
d
x=0

(5)

We introduce SU Mfs (x) gate;
|x |j → |x |(fs (x) + j) mod d

(6)

SU Mfs (x) = SU Ms·x

(7)

SU Ms·x |x |φ = ω s·x |x |φ

(8)

Here,

We have

In what follows, we discuss the reason of the above relation (8).
Now consider applying the SU M gate to the state |x |φ . Each term in |φ is of the form ω d−j |j . We see
SU M ωd−j |x |j → ω d−j |x |(j + s · x) mod d

(9)

We introduce k such as s · x + j = k ⇒ d − j = d + s · x − k.
Hence (9) becomes,
SU M ωd−j |x |j → ω s·x ωd−k |x |k mod d

(10)
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Now, when k < d we have |k mod d = |k and thus, the terms in |φ such that k < d is
SU M ωd−j |x |j → ω s·x ω d−k |x |k

(11)

Also, as s · x and j are bounded above by d − 1, k is strictly less than 2d. Hence, when d ≤ k < 2d we have
|k mod d = |k − d .
Now, we introduce m such that k − d = m then we have
ω s·x ω d−k |x |k mod d = ω s·x ω−m |x |m = ω s·x ω d−m |x |m

(12)

Hence the terms in |φ such that k ≥ d is

SU M ω d−j |x |j → ω s·x ωd−m |x |m

(13)

SU M |x |φ = ω s·x |x |φ

(14)

Hence from (11) and (13) we have

Therefore, the relation (8) holds.
We have |ψ2 by operating SU Mfs (x) to |ψ1 ;
d−1

SU Ms·x |ψ1 = |ψ2 =

ωs·x |x 1
√
√ (ω d |0 + ω d−1 |1 + · · · + ω|d − 1 )
N
d
d
x=0

(15)

The Fourier transform of |x is as follows;
d−1 d−1

|x0 x1 ...xN →

z0 =0 z1 =0

d−1

···

ωzN xN |zN
ωz0 x0 |z0 ω z1 x1 |z1
√
√
√
...
d
d
d
zN =0

(16)

Thus we have
d−1

|x →

z=0

ω z·x |z
√
dN

(17)

After the Fourier transform on |x , using the previous equation (15) and (17) we can now evaluate |ψ3 ,
d−1 d−1

|ψ3 =

(ω)x·z+s·x |z 1
√ (ω d |0 + ωd−1 |1 + · · · + ω|d − 1 )
N
d
d
z=0 x=0

(18)

We notice
d−1

(ω)x(z+s) = dδz+s,0 = dδz,−s .

(19)

x=0

Thus,
d−1 d−1

|ψ3 =

(ω)x·z+s·x |z 1
√ (ω d |0 + ωd−1 |1 + · · · + ω|d − 1 )
N
d
d
z=0 x=0

d−1

dN δz,−s |z 1
√ (ωd |0 + ω d−1 |1 + · · · + ω|d − 1 )
N
d
d
z=0
1
= −|s1 s2 ...sN √ (ω d |0 + ω d−1 |1 + · · · + ω|d − 1 )
d

=

(20)

from which
|s1 s2 ...sN .

(21)

can be obtained. That is to say, if we measure |s1 s2 ...sN then we can retrieve the following values
s1 s2 ...sN

(22)

using a single query. All we have to do is to perform one quantum measurement.
The speed to determine N values improves by a factor of N as compared to the classical counterpart. Notice that
we recoiver the Bernstein-Vazirani algorithm when d = 2.
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III.

QUANTUM COMPUTING DETERMINING A HOMOGENEOUS LINEAR FUNCTION

Suppose f is a homogeneous linear function f (x) := s.x = s1 x1 + s2 x2 + · · · + sn xn from {0, 1, . . . , d − 1}n with
coeﬃcients s = (s1 , . . . , sn ), such that
0 ≤ f (1), f (2), . . . , f (N ) ≤ d − 1.

(23)

Our goal is of determining the unknown coeﬃcients s1 , . . . , sn from knowing the interpolation values f (1), f (2), ..., f (N ),
simultaneously. Because the function is linear, we need to know exactly N points (1, f (1)), . . . , (N, f (N )) to interpolate the function in the classical case, i.e. we need N steps of computing. However as we will show in the quantum
mechanical case, we need a query.
Here we are given the interpolation values f (1), f (2), ..., f (N )
f (1) = s1 a1 + s2 a2 + · · · + sn an = y 1
f (2) = s1 b1 + s2 b2 + · · · + sn bn = y2
···
f (N ) = s1 c1 + s2 c2 + · · · + sn cn = yn

(24)

We are given the following values
y = (y 1 , y2 , ..., yn )

(25)

Our aim is of determining the following values, simultaneously
s = (s1 (y), s2 (y), ..., sn (y)) = (s1 , . . . , sn )

(26)

Following Kronecker’s Theorem, the system (24) of linear equations has a unique solution s = (s1 , . . . , sn ) if and only
if the augmented coeﬃcient matrix


a1 a2 . . . an y 1
2
 b b . . . bn y 
(A|b) :=  1 2
.. .. ... .. ..
c1 c2 . . . cn y n
has rank n, i.e. the interpolation points (a, y 1 ), (b, y2 ), . . . , (c, yn ) are in generic position. The problem can be solved
by the generalized Bernstein-Vazirani algorithm to qudit systems.
Therefore, we arrived to the goal of ﬁnding out the unknown coeﬃcients s = (s1 , . . . , sn ) from the given
(f (1), f (2), ..., f (N ))

(27)

So, we know the unknown coeﬃcients s = (s1 , . . . , sn ) of the linear function f (x) = s.x, if we know the interpolation
values (f (1), f (2), ..., f (N )).
IV.

CONCLUSIONS

In conclusion, we have presented a method of determining a linear function f (x) := s.x = s1 x1 + s2 x2 + · · · + sn xn
from {0, 1, . . . , d − 1}n with coeﬃcients s = (s1 , . . . , sn ). Here x = (x1 , . . . , xn ) and xj ∈ R. Our quantum algorithm
has overcome a classical counterpart by a factor of O(N ).
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