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Abstract

This paper proposes 0− 1 integer programming models for a class of school timetabling
problems found in educational systems of many countries, with many features that might
be distinct in Vietnamese schools. The timetabling problems involve various constraints
and important objectives arising from operational rules, characteristics of subjects, and
requirements of teachers. Viewed as optimization problems, the proposed models represent
the constraints by linear equalities and linear inequalities of binary variables, and represent
the objectives by some linear cost functions. In addition, a special technique is applied to
reduce the number of used variables so that the models are solvable by available Integer
Programming solvers, even for the timetabling problems with large amount of input data.
By this approach, it is flexible to add, remove, or replace constraints to make the models
compatible with any circumstances of the timetabling problems in real life. Moreover, the
models allow us to maximize the number of free days of all teachers, or minimize the number
of free periods between teaching periods of all teachers in the resulting timetables. Numerical
experiments on a fully defined timetabling problem of a typical Vietnamese secondary school
is presented to demonstrate the impressive efficiency of the proposed models.

Keywords: Timetabling, Integer programming, School timetabling

1. Introduction

Timetables play a fundamental role in school operation. In schools, timetables are con-
structed to operate weekly teaching and studying activities. A school timetabling problem
is, in brief, the problem of constructing a daily time plan for school classes regarding teacher
assignments, subjects, certain constraints, and certain objectives. School timetabling is
one of the hardest and most complex problems in school management of every educational
system because of the following reasons.

First, a school timetable relates to a large amount of interactive input resources including
teachers, classes, subjects, school-days, and periods of time. Any minor change of these input
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resources, for instance adding a new class or removing a retired teacher, might lead to many
calculations to rearrange the resources in the resulting timetable.

Second, there are a great number of constraints for constructing a school timetable.
These constraints come from (i) strict stipulations of Ministries of Education and Training,
(ii) various requirements of teachers and pupils, (iii) characteristics of input resources, and
(iv) special infrastructure conditions of schools. Due to the variety of constraints, it is
difficult to predict and handle any contradiction among them if exists. Moreover, since new
stipulations and requirements occur frequently in each school term, the constraints are often
changed. As a result, school timetables have to be updated frequently.

Third, this work often requires to be done manually and intensively by experienced
staffs. When input data for constructing a school timetable are given, the staffs try to
modify previous timetables to make them compatible with current data and conditions. In
this way, it is hard to find a better solution than the existing one and find the best solution
that fulfills as many constraints as possible. This process consumes plenty of time, at least
several days or even a week, but the obtained results are often not as good as expected.

School timetabling and its variants including university timetabling and examination
timetabling are important real-life problems. Throughout the existing literature, solving
these problems attracts an extensive study with many proposed algorithms and methods
including Genetic algorithm ([6]), Graph colouring method ([17, 24, 27]), Linear integer
programming ([3, 5, 11, 19, 23]), Memetic algorithm ([8, 20]), Simulated annealing ([1]),
Tabu search method ([9, 10, 13, 14, 25]), etc. Surveys of researches on these problems can
be found in [5, 15, 21, 22], and references therein.

To the best of our knowledge, previous researches on school timetabling problems did
not cover and handle the following constraints and objectives: (i) in each week, there are
two consecutive periods in the same spell for teaching some subject for some class, (ii)
each teacher of some subject does not teach the subject for classes of different degrees
in consecutive periods, (iii) some teacher requires to have no free period or at most one
free period between his/her teaching periods in each spell of school-days, (iv) the weekly
timetable of all teachers has maximal number of free days or minimal number of free periods
between teaching periods. These constraints and objectives are considered very often in
timetabling for Vietnamese schools, they are distinctive features that mainly cause the
extreme complexity of the class of school timetabling problems studied in this paper.

This paper aims to propose mathematical models for solving the school timetabling
problems with the constraints and objectives mentioned above. Our approach is using 0− 1
integer programming. The underlying ideas are using binary variables to represent the
interconnection of the input resources, using linear equalities and linear inequalities of these
variables to represent the constraints, and using suitable functions to represent the objectives
of the timetabling problems. With this approach, the real-life school timetabling problems
are modelled as 0− 1 integer programming problems that can be solved effectively in both
theoretical and practical aspects. Moreover, the approach has the following distinguished
advantages: first, it is flexible to add, remove, or replace constraints in the 0 − 1 integer
programming models to make them compatible with any new real-life requirements; second,
this approach examines the whole solution space while the other approaches only produce
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sub-optimal or parts of feasible solutions; third, this approach, together with the help of
available powerful Integer Programming solvers, provides an easy way to make a software
that is able to solve efficiently and completely the real-life school timetabling problems in
real life.

A drawback of the 0−1 integer programming models is that the number of their variables
might be very large, even with small-scale real-life school timetabling problems. In this
paper, we propose a special treatment to overcome this drawback. By taking into account
some constraints of the timetabling problems as a pre-processing step, a large number of
variables, which are sure to be equal to zero, can be excluded. Only remaining variables are
taken into account in the modelling process. By this way, the numbers of variables used in
models are dramatically reduced. This technique allows us to model and solve effectively
large-scale real-life school timetabling problems.

This paper is organized as follows. After the introduction, Section 2 describes in daily-
life language the school timetabling problems we are going to model and solve afterward.
Section 3 proposes 0− 1 integer programming models for the timetabling problems. In this
section, we present the construction of the set of variables used in the models, then represent
constraints of the timetabling problems by linear equalities and linear inequalities of these
variables. The last subsection of this section is devoted to model some objectives of the
timetabling problems. Section 4 presents numerical experiments on the proposed models for
a fully defined timetabling problem of a typical Vietnamese secondary school. The paper
ends up with some conclusions.

2. Description of the school timetabling problems

In this paper we consider a class of school timetabling problems found in many edu-
cational systems, especially in Vietnam. This section describes in daily-life language the
main factors of generating a school timetable together with their important characteristics.
An example of real-life timetabling problem of a typical Vietnamese secondary school is
presented for illustrating purpose.

2.1. Basic resources

Briefly, a school timetable is an assignment of pairs of teacher - subject to classes at
time periods of school-days. Therefore the following sets are basic resources for generating
a school timetable.

(1) Classes. Classes in a school are divided into groups, each group contains the classes
of the same degree.

(2) Days. The set of school-days, i.e. the days in a week that study activities might take
place, typically consists of Monday, Tuesday, Wednesday, Thursday, Friday, and Saturday.

(3) Periods of time, or periods for short, in a school-day. Normally, a school-day has
two spells: morning and afternoon. Each spell is divided into five periods, each period lasts
forty-five minutes. A ten-minute-break is scheduled between the second period and the third
period for quick gymnastics activity of all classes studying in the morning. There is also a
ten-minute-break between the eighth period and the ninth period for all classes studying in
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the afternoon. Five-minute-breaks are scheduled between other consecutive periods in each
spell. A long time for lunch and relaxation is scheduled between the two spells, i.e. between
the fifth period and the sixth one.

Some terminologies related to the periods in school-days are used in this paper. For
each class, the periods in which the class has studying activities are called studying periods,
and the periods in which there is no studying activity are called free periods of the class.
Similarly, for each teacher, the periods in which the teacher is scheduled to teach a certain
class are called teaching periods, and the periods in which the teacher does not teach any
class are called free periods of the teacher.

(4) Subjects. The list of subjects can be classified into three groups. The first and the
second groups respectively contain scientific and social subjects. The third group consists
of two special subjects named Common Outside Activity and Class Activity. The subject
Common Outside Activity is always taught in the first period of each Monday morning for
every classes studying in the morning, and in the last period of each Monday afternoon for
every classes studying in the afternoon to review all studying activities in the last week and
to announce incoming teaching activities in the new week. The subject Class Activity is
often taught for each class at the last studying period in Saturday to review activities of the
class in the school-week.

(5) Teachers. Each teacher teaches one or several subjects for one or several classes. The
ones teaching scientific subjects will not teach social subjects and vice versa. Thus the set
of teachers can be divided into two groups. The first group contains the teachers of scientific
subjects. The second group includes the teachers of social subjects.

2.2. Study program

Each school must have a study program before generating its timetable. The study
program of a school informs that how many periods per week does it take each class to study
each subject. Study programs are often given in the form of table which is shortly called
study-program-table. A study-program-table contains cells grouped in rows and columns.
Each column corresponds to a class of the school. Each row corresponds to a subject taught
in the school. The number of periods per week for teaching each subject for each class is
filled in the cell of the corresponding row and column. In addition, the last row of the table
contains the total numbers of periods of time per week for teaching all subjects for each
class in the corresponding columns.

2.3. Teaching allotment

Each school bases on its study-program-table and its condition of human resources to
give a teaching allotment before generating its timetable. The teaching allotment informs
that which teacher is assigned to teach which subject for which class. In real life, teaching
allotments are often given in several forms of table. The most convenience form that we
consider here is called teaching-allotment-table. Similar to study-program-table, teaching-
allotment-table consists of cells arranged in rows and columns. Each row corresponds to
a subject and each column corresponds to a class of the school. Each cell is filled by the
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teacher who teaches the subject of the corresponding row for the class of the corresponding
column, or is left to be empty if the class does not study the subject.

2.4. Constraints of generating school timetables

Generating school timetables has to follow various constraints including hard and soft
ones. Hard constraints are the ones that must be satisfied in every school timetable. If we
break a hard constraint, then the timetable is not a feasible solution and cannot be used.
Therefore we cannot omit any hard constraint. Soft constraints are the ones depending
on the conditions of each school, so they vary from school to school. In fact, it is often
impossible to satisfy all soft constraints for constructing a timetable, so we might have to
omit some of them to obtain an acceptable resulting timetable that can be used in real
life. In this subsection we provide all hard and soft constraints for the timetabling problems
considered in this paper.

2.4.1. Hard constraints

The first two hard constraints for generating a school timetable are as follows
(A1) The study program must be fulfilled;
(A2) The teaching allotment must be satisfied.
For each class, the total number of studying periods per week might be less than the

total number of periods of a school-week. Thus another hard constraints is as follows
(A3) Each class is assigned to a set of free periods of school-days.
The free periods of the classes are often scheduled at the last periods of morning spells

and the first periods of afternoon spells to avoid hot weather at noon. Moreover, since
generating a school timetable relates to the interconnectedness of the five basic resources, it
is important to avoid conflict between the resources when organizing them in a timetable.
Therefore, the two following constraints are the hard ones:

(A4) At each period, each teacher does not teach more than one class;
(A5) For each class, at each studying period, only one teacher is assigned to teach the

class.

2.4.2. Soft constraints

Each school has its own conditions of infrastructure and human resources. These condi-
tions, together with characteristics of subjects and requirements of teacher and pupils, arise
various constraints.

(a) Constraints from characteristics of subjects
(S1) For each class, each subject is not taught in over one or two periods per school-day

(depending on characteristics of the class and the subject).
(S2) Some subject is taught for some class in two consecutive periods per week. These

periods must be scheduled in the same spell without ten-minute-break between them, since
they are used for holding ninety-minute-examinations of the class.

(S3) Some subject is taught for some class in some fixed studying period of some fixed
school-day.
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(S4) Some subject is not taught for some class in some fixed period of some fixed school-
day.

(S5) Each teacher of some subject does not teach the subject for classes of different
groups in consecutive periods. Normally, such subjects are practical ones, so the teachers
need to have enough time between their teaching periods to prepare practical tools for classes
of different groups.

(S6) Some subject is taught in a certain number of classrooms. That means the number
of classes studying the subject in each studying period must not exceed the number of
classrooms.

(S7) Some pair of subjects, or some subject, are not taught for certain class in two con-
secutive school-days since pupils need to have enough time to do homework of the subjects.

(S8) At each period, for some subject, there should be at least one free teacher. The free
teachers will be scheduled to replace the ones who could not go to school because of some
reasons such as illness, having new-born-baby, meeting activities, retirement, etc.

(S9) Some subjects are not taught together in a school-day for some class.
(S10) In each school-day, each class studies subjects of both scientific and social types.
(S11) The periods assigned to teach scientific and social subjects for each class should

be uniformly distributed across the week.
(b) Constraints from requirements of teachers
(T1) Some teacher is scheduled to teach in some fixed period of some school-day.
(T2) Some teacher is scheduled to be free in some fixed period of some school-day.
(T3) Some teacher is scheduled to teach in some fixed school-day.
(T4) Some teachers is scheduled to be free in some fixed school-day.
(T5) Some teacher is scheduled to have a certain free day among school-days per week.
(T6) The number of teaching periods per spell of each teacher must not exceed an upper

bound, which is determined by his or her availability.
(T7) Some teacher is scheduled to have no free period or at most one free period between

his/her teaching periods in each spell of school-days.
(T8) For some teacher, if he/she teaches in the first period of a spell, then he/she does

not teach in the fifth period of the same spell and vice versa; if he/she teaches in the fifth
period of a morning spell, then he/she does not teach in the first period of the afternoon
spell of the same school-day and vice versa.

2.5. Objectives of generating school-timetables

Sometimes, there are so many teachers require to have a free day among school-days per
week or to have few free periods between teaching periods that it is impossible to satisfy the
requirements of all the teachers. In these cases, it is better to fulfill the requirements of some
teachers while trying to satisfy as many requirements as possible of the others. Therefore,
in the process of generating timetables, the following objectives are often considered:

(O1) The timetable of all teachers has maximal number of free days among school-days
per week;

(O2) The timetable of all teachers has minimal number of free periods between teaching
periods.
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2.6. Statement of the problems

The input data given before generating a school timetable are basic resources, study-
program-table, teaching-allotment-table. In addition, a number of hard and soft constraints
are given. In this paper we are interested in two types of school timetabling problems. The
first type named ”search timetabling problem” is described as follows

”Find a timetable adapting to the given input data and satisfying all the input
constraints.”

The second type named ”optimal timetabling problem” furthermore considers some objec-
tives in the following sense

”Find a timetable adapting to the input data and attaining the objective (O1) or
(O2) subjects to the input constraints.”

2.7. An example for the timetabling problems in real life

In this example we give input data for the timetabling problems of the secondary school
of Tien Lang town, Tien Lang districts, Haiphong city, Vietnam, in the first term of the
school-year 2011-2012.

This school has 21 classes divided into four groups corresponding to degrees 6, 7, 8, and
9 as follows

GC6 = {6D1, 6D2, 6D3, 6D4, 6D5},
GC7 = {7C1, 7C2, 7C3, 7C4, 7C5, 7C6},
GC8 = {8B1, 8B2, 8B3, 8B4, 8B5},
GC9 = {9A1, 9A2, 9A3, 9A4, 9A5}.

We use abbreviations to describe school-days of this school as follows

D = {Mon,Tue,Wed,Thu,Fri, Sat}.

All classes of this school study in the morning of school-days, thus the set of time periods
in a school-day for this school is

P = {1, 2, 3, 4, 5}.
The school has 54 teachers, in which 23 teachers teach scientific subjects and the others

teach social subjects. We denote the set of teachers teaching scientific subjects and its
elements as follows

GT1 = {Ti|i = 1, . . . , 23}.
The set of teachers who teach social subjects is

GT2 = {Ti|i = 24, . . . , 54}.

Table 1 lists the subjects taught for the classes in this school and the abbreviations of
these subjects that will be used in this paper for convenience reason. Table 2 and Table 3
give study program of the school. Table 4 and Table 5 give teaching allotment of the school.
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Type of subject Subject Abbreviation

Special
Common Outside Activity COA

Class Activity CA

Scientific

Mathematics 1 Math1
Mathematics 2 Math2

Optional Mathematics OMath
Physics Phy

Chemistry Che
Biology Bio

Technology Tech
Gymnastics Gym

Social

Literature 1 Lit1
Literature 2 Lit2

Optional Literature OLit
History His

Geography Geo
Foreign Language Lan
Civic Education Edu

Drawing Draw
Music Mus

Table 1: Types and abbreviations of subjects.

6D1 6D2 6D3 6D4 6D5 7C1 7C2 7C3 7C4 7C5 7C6
COA 1 1 1 1 1 1 1 1 1 1 1
CA 1 1 1 1 1 1 1 1 1 1 1

Math1 2 2 2 2 2 2 2 2 2 2 2
Math2 2 2 2 2 2 2 2 2 2 2 2

Phy 1 1 1 1 1 1 1 1 1 1 1
Che 0 0 0 0 0 0 0 0 0 0 0
Bio 2 2 2 2 2 2 2 2 2 2 2

Tech 2 2 2 2 2 2 2 2 2 2 2
Gym 2 2 2 2 2 2 2 2 2 2 2

OMath 0 0 0 0 0 0 2 0 2 0 0
Lit1 2 2 2 2 2 2 2 2 2 2 2
Lit2 2 2 2 2 2 2 2 2 2 2 2
His 1 1 1 1 1 1 1 1 1 1 1
Geo 1 1 1 1 1 2 2 2 2 2 2
Edu 1 1 1 1 1 1 1 1 1 1 1
Lan 3 3 3 3 3 3 3 3 3 3 3

Draw 1 1 1 1 1 1 1 1 1 1 1
Mus 1 1 1 1 1 1 1 1 1 1 1
OLit 2 2 2 2 2 2 0 2 0 2 2∑

27 27 27 27 27 28 28 28 28 28 28

Table 2: Study-program-table for classes of degrees 6 and 7 of the school.
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8B1 8B2 8B3 8B4 8B5 9A1 9A2 9A3 9A4 9A5
COA 1 1 1 1 1 1 1 1 1 1
CA 1 1 1 1 1 1 1 1 1 1

Math1 2 2 2 2 2 2 2 2 2 2
Math2 2 2 2 2 2 2 2 2 2 2

Phy 1 1 1 1 1 2 2 2 2 2
Che 2 2 2 2 2 2 2 2 2 2
Bio 2 2 2 2 2 2 2 2 2 2

Tech 2 2 2 2 2 2 2 2 2 2
Gym 2 2 2 2 2 2 2 2 2 2

OMath 0 0 0 0 0 2 2 0 2 0
Lit1 2 2 2 2 2 3 3 3 3 3
Lit2 2 2 2 2 2 2 2 2 2 2
His 2 2 2 2 2 1 1 1 1 1
Geo 1 1 1 1 1 2 2 2 2 2
Edu 1 1 1 1 1 1 1 1 1 1
Lan 3 3 3 3 3 2 2 2 2 2

Draw 1 1 1 1 1 0 0 0 0 0
Mus 1 1 1 1 1 1 1 1 1 1
OLit 0 0 0 0 0 0 0 2 0 2∑

28 28 28 28 28 30 30 30 30 30

Table 3: Study-program-table for classes of degrees 8 and 9 of the school.

6D1 6D2 6D3 6D4 6D5 7C1 7C2 7C3 7C4 7C5 7C6
COA T6 T34 T4 T51 T13 T30 T8 T32 T50 T44 T31

CA T6 T34 T4 T51 T13 T30 T8 T32 T50 T44 T31

Math1 T6 T4 T4 T5 T5 T8 T8 T9 T10 T2 T6

Math2 T6 T4 T4 T5 T5 T8 T8 T9 T10 T2 T6

Phy T7 T7 T7 T7 T7 T17 T17 T17 T17 T17 T17

Che
Bio T13 T13 T13 T13 T13 T13 T14 T13 T23 T23 T23

Tech T20 T20 T20 T20 T20 T20 T5 T5 T5 T20 T20

Gym T23 T23 T23 T23 T23 T21 T22 T21 T21 T22 T22

OMath T8 T10

Lit1 T33 T34 T35 T33 T34 T30 T31 T32 T30 T32 T31

Lit2 T33 T34 T35 T33 T34 T30 T31 T32 T30 T32 T31

His T41 T42 T41 T41 T42 T39 T43 T39 T43 T39 T39

Geo T24 T24 T24 T24 T24 T27 T27 T27 T27 T44 T27

Edu T29 T29 T29 T29 T29 T37 T37 T37 T37 T37 T37

Lan T53 T50 T50 T51 T51 T48 T48 T52 T50 T52 T50

Draw T45 T45 T45 T45 T45 T45 T45 T45 T45 T45 T45

Mus T46 T46 T46 T46 T46 T47 T47 T47 T47 T47 T47

OLit T33 T34 T35 T36 T36 T30 T32 T32 T31

Table 4: Teaching-allotment-table of classes of degrees 6, 7 of the school.
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8B1 8B2 8B3 8B4 8B5 9A1 9A2 9A3 9A4 9A5
COA T49 T24 T29 T28 T2 T3 T25 T12 T38 T26

CA T49 T24 T29 T28 T2 T3 T25 T12 T38 T26

Math1 T9 T7 T2 T9 T2 T3 T1 T3 T7 T1

Math2 T9 T7 T2 T9 T2 T3 T1 T3 T7 T1

Phy T18 T18 T18 T18 T18 T16 T16 T16 T16 T16

Che T11 T11 T12 T12 T12 T12 T12 T12 T11 T11

Bio T15 T15 T15 T15 T15 T14 T14 T14 T14 T14

Tech T19 T19 T19 T19 T19 T19 T19 T19 T19 T19

Gym T22 T22 T22 T22 T22 T21 T21 T21 T21 T21

OMath T3 T1 T7

Lit1 T28 T24 T29 T28 T24 T26 T25 T28 T25 T26

Lit2 T28 T24 T29 T28 T24 T26 T25 T28 T25 T26

His T38 T38 T40 T40 T40 T38 T38 T40 T38 T40

Geo T54 T54 T54 T54 T54 T44 T44 T44 T44 T44

Edu T39 T39 T39 T39 T39 T37 T37 T37 T37 T37

Lan T49 T49 T53 T53 T52 T49 T48 T48 T49 T49

Draw T45 T45 T45 T45 T45

Mus T46 T46 T46 T46 T46 T46 T46 T46 T46 T46

OLit T28 T26

Table 5: Teaching-allotment-table of classes of degrees 8, 9 of the school.

In this school, every class studies in morning spells of school-days. Except for classes of
degree 9, all classes do not study in the fourth and the fifth periods of Thursday. All classes
of degree 6 do not study in the fifth period of Friday.

The timetabling problems for the school have constraints from characteristics of subjects
as follows.

- (S1): For all classes in the school, the subjects Mathematics 2 and Literature 2 are not
taught over two periods per spell, the other subjects are taught in maximal one period per
spell.

- (S2): The timetable of each class in the school has two consecutive periods in the same
spell for studying Mathematics 2 and Literature 2.

- (S3): The first period of Monday morning is used for teaching the subject Common
Outside Activity for all classes, and the fifth period of Saturday morning is used for teaching
the subject Class Activity for every class.

- (S4): The subject Gymnastics is not taught in the last two periods of every school-day
morning for all classes to avoid hot weather.

- (S5): Each teacher of the subject Physics does not teach this subject in two consecutive
periods for two classes of different degrees. Similarly for the teachers of the subject Biology.
Each teacher of the subject Chemistry does not teach this subject in two consecutive periods
for two classes of different degrees 8 and 9.

- (S6): This school has only one classroom for teaching the subject Music. That means
at each period there is at most one class studying this subject.

- (S7): Every class in the school does not study Mathematics 1 and Mathematics 2 in
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two consecutive school-days. The same applies for the pair of subjects Literature 1 and
Literature 2.

- (S8): In this school, for subjects Mathematics 1, Mathematics 2, Physics, Biology,
Technology, Literature 1, Literature 2, History, Geometry, Foreign Language, there is at
least one free teacher at each period.

- (S9): Every class in the school does not study the following pairs of subjects in each
spell of school-days: Mathematics 1 and Mathematics 2, Literature 1 and Literature 2,
Mathematics 2 and Literature 2, Mathematics 1 and Optional Mathematics, Mathematics 2
and Optional Mathematics, Literature 1 and Optional Literature, Literature 2 and Optional
Literature.

- (S10) In each school-day, each class of the school studies subjects of both social and
scientific types.

- (S11) The periods assigned to teach scientific and social subjects for each class of the
school are uniformly distributed across the week.

The timetabling problems for the school have constraints from requirements of teachers
as follows.

- (T1): The following teachers are assigned to teach in the first period of Monday morning
and the fifth period of Saturday morning: T2,T3,T4,T6,T8,T12,T13,T24, T25,T26,T28,T29,
T30,T31,T32,T34,T38,T44,T49,T50,T51. In addition, the teacher T54 is assigned to teach in
the fourth period of Friday morning.

- (T2): The teacher T54 does not teach at the first period of all school-days except for
Monday and Saturday. The teacher T27 does not teach at the fifth period of all school-days.
The T13 does not teach at the fifth period of all school-days except for Saturday.

- (T3): The teacher T17 is assigned to teach in Tuesday. The teacher T24 is assigned to
teach in Wednesday.

- (T4): The teacher T33 does not teach in Monday. The teacher T18 does not teach in
Friday. The teachers T41,T43 do not teach in Saturday.

- (T5): The teachers T1,T11,T14,T25,T33 have a free day among school-days.
- (T6): The teachers T9,T11,T28,T33,T40,T51 are old teachers, therefore they do not

teach over 3 periods per spell of school-days. The other teachers do not teach over 4 periods
per spell of school-days.

- (T7): The teachers T3,T5,T11,T13,T15,T21,T22,T50 require to have no free period
between their teaching periods in each spell of school-days. The other teachers are scheduled
to have at most one free period between their teaching periods in each spell of school-days.

- (T8): For all teachers of the school, if they teach in the first period of a spell, then
they do not teach in the fifth period of the same spell, and vice versa.

3. Modelling

We attempt to model the school timetabling problems by using 0−1 integer programming
approach, i.e. using binary variables to model the constraints and the objectives of the
problems.
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3.1. Introducing variables
For convenient reason, throughout this paper, we denote the set of classes, school-days,

periods, subjects, and teachers respectively by C,D, P, S, and T . Our proposed mathemat-
ical models are achieved by introducing two sets of binary variables. The first one is called
”basic set of variables” and the second one is called ”auxiliary set of variables”. The basic
set of variables includes the ones denoted by xc,d,p,s,t, in which the five indices c, d, p, s, and
t respectively take values from the sets of basic resources C,D, P, S, and T . The variable
xc,d,p,s,t takes the value of 1 when the teacher t is scheduled to teach the subject s at the
period p of the school-day d for the class c. Otherwise, xc,d,p,s,t = 0 means that combina-
tion of the class c, the school-day d, the period p of this school-day, the subject s, and the
teacher t is not scheduled in the resulting timetable. The auxiliary set of variables includes
the ones denoted by yi,t,d, in which i ∈ {0, . . . , 6}, t ∈ T, and d ∈ D. These auxiliary vari-
ables are used in modelling some constraints and the objectives of the timetabling problems
considered in this paper.

3.2. Reducing the number of used variables
We denote

V := {xc,d,p,s,t | (c, d, p, s, t) ∈ C ×D × P × S × T},
IV := C ×D × P × S × T,

and according to input data of the hard constraints (A1), (A2), and (A3) we define

A1 := {(s, c) ∈ S × C | the subject s is scheduled to be taught for the class c},
A2 := {(t, s, c) ∈ T × S × C | the teacher t is scheduled to teach the subject s

for the class c},
A3 := {(c, d, p) ∈ C ×D × P | the class c is scheduled to study at the period p

of the school-day d}.
Let αs,c be the number of periods of time per week for teaching the subject s for the class
c. Then the constraint (A1) can be represented by the following equalities∑

(c,d,p,s,t)∈IV
(s,c)=(s̄,c̄)

xc,d,p,s,t = αs̄,c̄ ∀(s̄, c̄) ∈ A1,

∑
(c,d,p,s,t)∈IV
(s,c)=(s∗,c∗)

xc,d,p,s,t = 0 ∀(s∗, c∗) ∈ (S × C)\A1. (1)

Similarly, the constraint (A2) can be represented as follows∑
(c,d,p,s,t)∈IV
(t,s,c)=(t̄,s̄,c̄)

xc,d,p,s,t ≥ 1 ∀(t̄, s̄, c̄) ∈ A2,

∑
(c,d,p,s,t)∈IV

(t,s,c)=(t∗,s∗,c∗)

xc,d,p,s,t = 0 ∀(t∗, s∗, c∗) ∈ (T × S × C)\A2, (2)
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and the constraint (A3) can be represented as follows∑
(c,d,p,s,t)∈IV
(c,d,p)=(c̄,d̄,p̄)

xc,d,p,s,t ≥ 1 ∀(c̄, d̄, p̄) ∈ A3,

∑
(c,d,p,s,t)∈IV

(c,d,p)=(c∗,d∗,p∗)

xc,d,p,s,t = 0 ∀(c∗, d∗, p∗) ∈ (C ×D × P )\A3. (3)

In this way, the total number of variables equals the product of the cardinalities of parameter
sets, i.e. |C||D||P ||S||T |, which is a great number even for small timetabling problems.
Moreover, the number of linear equalities and inequalities to represent the constraints (A1),
(A2), and (A3) is

|C||S|+ |T ||S||C|+ |C||D||P |,
which is also a great number.

We can dramatically reduce the total number of variables, linear equalities, and linear
inequalities to represent constraints in the models by employing information from study-
program-table, teaching-allotment-table, and input hard constraints. Indeed, since all vari-
ables in the set V are binary, the variables used in (1), (2), and (3) are equal to zero so that
we can exclude these variables in the models. Then we only need to take into account the
variables xc,d,p,s,t with the indices (t, s, c) belonging to A2 and the indices (c, d, p) belonging
to A3 to model the timetabling problems. We denote

IX := {(c, d, p, s, t) ∈ C ×D × P × S × T | (t, s, c) ∈ A2, (c, d, p) ∈ A3},
X := {xc,d,p,s,t | (c, d, p, s, t) ∈ IX}.

The use of the set of variables X for modelling the timetabling problems has two main
advantages. First, whenever the constraints (A4) and (A5) are satisfied, the constraints
(A2) and (A3) are automatically fulfilled. On the other hand, the number of variables in X
is much less than the cardinality of the original set V of variables.

3.3. Modelling basic constraints

Some constraints of the school timetabling problems can be easily represented by a few
linear inequalities and linear equalities of binary variables in the set X. We call them ”basic
constraints”. In this subsection we present the model representation corresponding to each
basic constraint. Note that with the use of the set of variables X, the constraints (A2) and
(A3) are fulfilled whenever the constraints (A4) and (A5) are satisfied.

(A1) The study program must be fulfilled.
Using notations mentioned in the previous subsection, this constraint is modelled as

follows ∑
(c,d,p,s,t)∈IX

(s,c)=(s̄,c̄)

xc,d,p,s,t = αs̄,c̄ ∀(s̄, c̄) ∈ A1.

(A4) At each period of time, each teacher does not teach more than one class.
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This constraint can be represented as follows∑
(c,d,p,s,t)∈IX
(d,p,t)=(d̄,p̄,t̄)

xc,d,p,s,t ≤ 1 ∀(d̄, p̄, t̄) ∈ D × P × T.

(A5) For each class, at each studying period, only one teacher is assigned to teach the
class.

This constraint can be represented as follows∑
(c,d,p,s,t)∈IX
(c,d,p)=(c̄,d̄,p̄)

xc,d,p,s,t = 1 ∀(c̄, d̄, p̄) ∈ A3.

(S1) For each class, each subject is not taught in over one or two periods per school-day.
Consider the following instance of this constraint: for the class c̄, the subject s̄ is not

taught in over βc̄,s̄ ∈ {1, 2} periods per school-day. Then the following inequality represents
this instance of the constraint (S1) ∑

(c,d,p,s,t)∈IX
(c,s)=(c̄,s̄)

xc,d,p,s,t ≤ βc̄,s̄.

(S3) Some subject is taught for some class in some fixed studying period of some fixed
school-day.

Consider the following instance of this constraint: the subject s̄ is taught for the class
c̄ at the period p̄ of the school-day d̄. To represent this instance of the constraint (S3), we
use the following equality ∑

(c,d,p,s,t)∈IX
(c,d,p,s)=(c̄,d̄,p̄,s̄)

xc,d,p,s,t = 1.

(S4) Some subject is not taught for some class in some fixed period of some fixed school-
day.

Consider the following instance of this constraint: at the period p̄ of the school-day d̄,
the class c̄ does not study the subject s̄. This instance of the constraint (S4) is represented
as follows ∑

(c,d,p,s,t)∈IX
(c,d,p,s)=(c̄,d̄,p̄,s̄)

xc,d,p,s,t = 0.

(S5) Each teacher of some subject does not teach the subject for classes of different groups
in consecutive periods.

Consider the following instance of this constraint: the teacher t̄ does not teach the subject
s̄ for the classes c1 and c2 in the consecutive periods p̄ and p̄ + 1 of the school-day d̄ (in
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real life, the classes c1 and c2 are often required to belong to groups of classes of different
degrees). This can be represented by both following inequalities{

xc1,d̄,p̄,s̄,t̄ + xc2,d̄,p̄+1,s̄,t̄ ≤ 1,

xc2,d̄,p̄,s̄,t̄ + xc1,d̄,p̄+1,s̄,t̄ ≤ 1.

Here in these inequalities we only take into account the variables which have indices belong-
ing to IX , more precisely

{(c1, d̄, p̄, s̄, t̄), (c2, d̄, p̄+ 1, s̄, t̄), (c2, d̄, p̄, s̄, t̄), (c1, d̄, p̄+ 1, s̄, t̄)} ⊂ IX .

(S6) Some subject is taught in a certain number of classrooms.
Assume that there are λs̄ classrooms in the school for teaching the subject s̄. This means

that at every time period of school-days, the number of classes studying the subject s̄ is less
than or equals to λs̄, i.e. ∑

(c,d,p,s,t)∈IX
(d,p,s)=(d̄,p̄,s̄)

xc,d,p,s,t ≤ λs̄ ∀(d̄, p̄) ∈ D × P.

(S7) Some pair of subjects, or some subject, are not taught for certain class in two
consecutive school-days.

Consider the following instance of this constraint: the subject s̄ is not taught for the
class c̄ in two consecutive school-days d̄1 and d̄2. Let γ1 (γ2, resp.) be the number of study-
periods of the class c̄ in the school-day d̄1 (d̄2, resp.). According to the construction of the
set of variables X and the teaching-allotment-table, there is exactly one teacher t̄ who is
pre-assigned to teach the fixed subject s̄ for the class c̄. Therefore, for convenience we can
denote

ai := xc̄,d̄1,pi,s̄,t̄ (i = 1, . . . , γ1),

bj := xc̄,d̄2,pj ,s̄,t̄ (j = 1, . . . , γ2).

As mentioned in the representation of the constraint (S1), we have{∑γ1
i=1 ai ≤ βc̄,s̄,∑γ2
i=1 bi ≤ βc̄,s̄,

here we recall from the representation of constraint (S1) that βc̄,s̄ is the upper bound number
of periods per school-day for teaching the subject s̄ for the class c̄. Since βc̄,s̄ ∈ {1, 2}, the
instance of constraint (S7) can be represented as follows

γ1∑
i=1

ai +

γ2∑
i=1

bi ≤ βc̄,s̄.

(S8) At each period, for some subject, there should be at least one free teacher.
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Let κs be the number of teachers teaching the subject s ∈ S. Then this constraint is
satisfied whenever for each (d̄, p̄) ∈ D × P the following inequalities hold∑

(c,d,p,s,t)∈IX
(d,p)=(d̄,p̄),s=s̄

xc,d,p,s,t ≤ κs̄ − 1

for all subjects s̄ ∈ S that the constraint is applied to.
(S9 Some subjects are not taught together in a school-day for some class.
Consider the following instance of this constraint: the subjects s̄1 and s̄2 are not taught

together in the school-day d̄ for the class c̄. Let γ be the number of study-periods of the
class c̄ in the school-day d̄. According to the construction of the set of variables X and the
teaching-allotment-table, there is exactly one teacher t̄1 (t̄2, resp.) pre-assigned to teach the
subject s̄1 (s̄2, resp.) for the class c̄. Therefore, for convenience we can denote

ei := xc̄,d̄,pi,s̄1,t̄1 (i = 1, . . . , γ),

fi := xc̄,d̄,pi,s̄2,t̄2 (i = 1, . . . , γ).

As mentioned in the representation of the constraint (S1), we have{∑γ
i=1 ei ≤ βc̄,s̄1 ,∑γ
i=1 fi ≤ βc̄,s̄2 ,

here we recall from the constraint (S1) that βc̄,s̄1 (βc̄,s̄2 , resp.) is the upper bound number
of periods per school-day for teaching the subject s̄1 (s̄2) for the class c̄. Since βc̄,s̄1 ∈ {1, 2}
and so is βc̄,s̄2 , the instance of constraint (S9) can be represented as follows

γ∑
i=1

ei +

γ∑
i=1

fi ≤ max{βc̄,s̄1 , βc̄,s̄2}.

(S10) In each school-day, each class studies subjects of both scientific and social types.
Consider the following instance of this constraint: on the school-day d̄, the class c̄ studies

subjects of both social and scientific types. Let S1 (S2, resp.) be the set of scientific (social,
resp.) subjects that are taught in the school. Then this instance of the constraint (S10) can
be represented by the two following inequalities∑

(c,d,p,s,t)∈IX
c=c̄,d=d̄,s∈S1

xc,d,p,s,t ≥ 1, (4)

∑
(c,d,p,s,t)∈IX
c=c̄,d=d̄,s∈S2

xc,d,p,s,t ≥ 1. (5)

The inequality (4) means that at least one social subject is taught for the class c̄ on the
school-day d̄. Similarly, the inequality (5) means that at least one scientific subject is taught
for the class c̄ on the school-day d̄.
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(S11) The periods assigned to teach scientific and social subjects for each class should be
uniformly distributed across the week.

Consider the following instance of this constraint: The periods assigned to teach scientific
and social subjects for the class c̄ are uniformly distributed across the week. We again denote
S1 (S2, resp.) the set of scientific (social, resp.) subjects that are taught in the school. Let
η1 (η2, resp.) be the total number of periods per week required to teach social (scientific,
resp.) subjects for the class c̄. Then the following inequalities represent this instance of the
constraint (S11) ∑

(c,d,p,s,t)∈IX
c=c̄,d=d̄,s∈S1

xc,d,p,s,t ≤
⌈
η1

|D|

⌉
∀d̄ ∈ D, (6)

∑
(c,d,p,s,t)∈IX
c=c̄,d=d̄,s∈S2

xc,d,p,s,t ≤
⌈
η2

|D|

⌉
∀d̄ ∈ D, (7)

here dτe is the smallest integer number that is greater or equals to τ . In this representation,
(6) means that for teaching social subjects for the class c̄, the number of periods assigned in
each school-day does not exceed the average one per school-day. (7) has the same meaning
as (6) but for scientific subjects. Therefore the system of (6) and (7) ensures that the periods
assigned to teach scientific and social subjects for the class c̄ are uniformly distributed across
the week.

(T1) Some teacher is scheduled to teach in some fixed period of some school-day.
Consider the following instance of this constraint: the teacher t̄ is assigned to teach in

the period p̄ of the school-day d̄. This instance of the constraint (T1) can be represented as
follows ∑

(c,d,p,s,t)∈IX
(d,p,t)=(d̄,p̄,t̄)

xc,d,p,s,t = 1.

(T2) Some teacher is scheduled to be free in some fixed period of some school-day.
Consider the following instance of this constraint: the teacher t̄ does not teach in the

period p̄ of the school-day d̄. This instance of the constraint (T2) can be represented as
follows ∑

(c,d,p,s,t)∈IX
(d,p,t)=(d̄,p̄,t̄)

xc,d,p,s,t = 0.

(T3) Some teacher is scheduled to teach in some fixed school-day.
Consider the following instance of this constraint: the teacher t̄ requires to be scheduled

to teach in the school-day d̄. We use the following inequality to represent this instance of
the constraint (T3) ∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄)

xc,d,p,s,t ≥ 1.

(T4) Some teachers is scheduled to be free in some fixed school-day.
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Consider the following instance of this constraint: the teacher t̄ requires not to be sched-
uled to teach in the school-day d̄. In contrast with (T3), we use the following inequality to
represent this instance of the constraint (T4)∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄)

xc,d,p,s,t = 0.

(T6) The number of teaching-periods per spell of each teacher must not exceed an upper
bound, which is determined by his or her availability.

Let µt be the upper bound number of teaching-periods per spell of the teacher t ∈ T .
Then this constraint is satisfied whenever for each (d̄, t̄) ∈ D × T the following inequalities
hold ∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄),p=1,...,5

xc,d,p,s,t ≤ µt̄,

∑
(c,d,p,s,t)∈IX

(d,t)=(d̄,t̄),p=6,...,10

xc,d,p,s,t ≤ µt̄.

(T8) For some teacher, if he/she teaches in the first period of a spell, then he/she does
not teach in the fifth period of the same spell and vice versa; if he/she teaches in the fifth
period of a morning spell, then he/she does not teach in the first period of the afternoon spell
of the same school-day and vice versa.

Consider the following instance of this constraint: if the teacher t̄ teaches in the first
period of the morning spell of the school-day d̄, then he/she does not teach in the fifth period
of the same spell and vice versa. This instance of (T8) can be represented as follows∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄),p=1

xc,d,p,s,t +
∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄),p=5

xc,d,p,s,t ≤ 1.

3.4. Modelling advance constraints

For the constraints (S2), (T5), and (T7), we need some further analyses and special tech-
niques to represent them by linear equalities/inequalities using binary variables. Therefore,
we call them ”advance constraints” and devote this subsection to handle these constraints.

3.4.1. Handling the first advance constraint

We recall here the statement of the constraint (S2).
(S2) Some subject is taught for some class in two consecutive periods per week. These

periods must be scheduled in the same spell without ten-minute-break between them.
Consider the following instance of this constraint: the subject s̄ is taught for the class c̄

in two periods per week and these periods are consecutive in certain spell of some school-
day without ten-minute-break between them. The former part of this instance has already

18



been handled in the representation of the constraint (A1) in the previous subsection. More
precisely, it is represented by the following equality∑

(c,d,p,s,t)∈IX
(c,s)=(c̄,s̄)

xc,d,p,s,t = 2. (8)

We now handle the latter part of this instance. Fix a school-day d̄ and let δ be the number
of studying periods of the class c̄ in the morning spell of this school-day. Without loss of
generality, we can assume that in this spell the class c̄ studies in the first δ periods. By the
construction of the set of variables X and teaching-allotment-table, there is only one teacher
t̄ pre-assigned to teach the subject s̄ for the class c̄. Thus, for convenience, we can denote

zi := xc̄,d̄,i,s̄,t̄ (i = 1, . . . , δ).

By (8) we have
δ∑
i=1

zi ≤ 2. (9)

We consider the following cases of δ.
(a) Case 1: δ = 5. Since a ten-minute-break is scheduled between the second and the

third periods of morning spells, to satisfy the latter part of the instance we are handling,
(z1, z2, z3, z4, z5) can only obtain values from the following set

{(0, 0, 0, 0, 0), (1, 1, 0, 0, 0), (0, 0, 1, 1, 0), (0, 0, 0, 1, 1)}.

From this fact, our idea to represent the latter part of the instance is finding a system of
linear equalities/inequalities of variables zi(i = 1, . . . , 5) such that this system obtains the
above set as all of its solutions. We propose the following system

z2 + z3 ≤ 1,

z1 − z2 = 0,

z3 − z4 + z5 = 0.

This system, together with (9), gives the expected values of (z1, z2, z3, z4, z5).
(b) Case 2: δ = 4. Keeping (9) in mind, we use the following system{

z1 − z2 = 0,

z3 − z4 = 0.

(c) Case 3: δ = 3. Keeping (9) in mind, we use the following system{
z2 + z3 ≤ 1,

z1 − z2 + z3 = 0.

(d) Case 4: δ = 2. We use the following equality

z1 − z2 = 0.
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3.4.2. Handling the second advance constraint

We recall the statement of the constraint (T5) here.
(T5) Some teacher is scheduled to have a certain free day among school-days per week.
Consider the following instance of this constraint: the teacher t̄ is scheduled to have a

free day among school-days per week. We use auxiliary binary variables y0,t̄,d corresponding
to the teacher t̄ and the school-days d ∈ D and then represent this instance of (T5) by the
following linear inequalities

y0,t̄,d̄ ≥
∑

(c,d,p,s,t)∈IX
(d,p,t)=(d̄,p̄,t̄)

xc,d,p,s,t ∀p̄ ∈ P, d̄ ∈ D, (10)

∑
d∈D

y0,t̄,d ≤ |D| − 1. (11)

Indeed, according to the hard constraint (A3), at each period of time, each teacher does
not teach more than one class. Therefore, for each p̄ ∈ P and d̄ ∈ D, the sum on the right
hand side of (10) can only take values of 0 or 1. If on the day d̄, the teacher t̄ is assigned to
teach at certain period, say p∗, then we have∑

(c,d,p,s,t)∈IX
(d,p,t)=(d̄,p∗,t̄)

xc,d,p,s,t = 1,

hence from (10) and the fact that y0,t̄,d is binary, we obtain y0,t̄,d = 1. On the other hand,
it follows from (10) that if y0,t̄,d = 0, then all variables xc,d,p,s,t having indices (t, d) = (t̄, d̄)
obtain value 0, i.e., d̄ is a free day of the teacher t̄.

Moreover, it follows from (11) that at least one variable y0,t̄,d must obtain value 0. This,
together with (10), implies that the teacher t̄ has at least one free day among school-days
D per week.

3.4.3. Handling the third advance constraint

We recall the statement of the constraint (T7) here.
(T7) Some teacher is scheduled to have no free period or at most one free period between

his/her teaching periods in each spell of school-days.
Consider the following instance of this constraint: the teacher t̄ is scheduled to have no

free period between his/her teaching periods in the morning spell of the school-day d̄. To
represent this instance of the constraint (T7), for convenience we denote

gi :=
∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄),p=i

xc,d,p,s,t (i = 1, . . . , 5).

Recall from the hard constraint (A4) that each teacher does not teach more than on class at
each period of school-days. Therefore, gi(i = 1, . . . , 5) can only obtain binary values 0 and
1, in which gi = 1 (gi = 0, resp.) means that i is a teaching period (free period, resp.) of the
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teacher t̄ in the morning spell of the school-day d̄. Then the instance of the constraint (T7)
that we are considering can be represented by the following system of linear inequalities

g1 − g2 + g3 ≤ 1,

g2 − g3 + g4 ≤ 1,

g3 − g4 + g5 ≤ 1,

g1 − g2 − g3 + g4 ≤ 1,

g2 − g3 − g4 + g5 ≤ 1,

g1 − g2 − g3 − g4 + g5 ≤ 1.

(12)

Indeed, the last inequality of (12) excludes the case that there are three consecutive free
periods between two teaching periods, i.e., the case in which (g1, g2, g3, g4, g5) obtains the
value (1, 0, 0, 0, 1). Similarly, the first three inequalities of (12) exclude the case that there
is one free period between two teaching periods of the teacher t̄ in the morning spell of the
school-day d̄, while the next two inequalities of (12) exclude the case that there are two
consecutive free periods between two teaching periods.

If the teacher t̄ requires to have at most one free period between his/her teaching periods
in the morning spell of the school-day d̄, then the last three inequalities of (12) represent
this requirement.

3.5. Modelling objectives of generating timetables

We are interested in two types of school timetabling problems: search timetabling prob-
lem and optimal timetabling problem. In both types, we are given input data including basic
resources, study-program-table, teaching-allotment-table, hard constraints, and a number of
soft constraints.

The goal of the search timetabling problem is to find a timetable adapting to the given
input data and satisfying all the given input constraints. By formulating the binary linear
representation corresponding to each of the given constraints, we obtain a system of linear
equalities and linear inequalities of binary variables. This system is the 0 − 1 integer pro-
gramming model for the search timetabling problem. The solution of this system, if exists,
directly implies the resulting timetable.

For the optimal timetabling problem, the goal is to find a timetable in which some
objective is optimized subjects to the given input constraints. In this paper we consider the
objectives (O1) and (O2) mentioned in the subsection 2.5. This subsection is devoted to
model these objectives of the optimal timetabling problem.

3.5.1. Modelling the objective (O1)

The objective (O1) is to maximize the number of free days of all teachers among school-
days per week. We use auxiliary binary variables y0,t,d(t ∈ T, d ∈ D) to model the objective
(O1) as follows

max
∑
t∈T

(|D| −
∑
d∈D

y0,t,d) (13)
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subjects to ∑
(c,d,p,s,t)∈IX
(d,p,t)=(d̄,p̄,t̄)

xc,d,p,s,t ≤ y0,t̄,d̄ ∀d̄ ∈ D, p̄ ∈ P, t̄ ∈ T, (14)

in which the variables xc,d,p,s,t((c, d, p, s, t) ∈ IX) are furthermore constrained by input hard
and soft constraints of the optimal problem we are considering.

Similar to the discussion in modelling the constraint (T5) mentioned in the previous
subsection, it follows from (14) that if y0,t̄,d̄ = 0, then d̄ is a free day of the teacher t̄.
Furthermore, if the teacher t̄ has a teaching period in the school-day d̄, then y0,t̄,d̄ = 1.
Therefore, the objective function (13) calculates the number of free days of all teachers in a
week.

3.5.2. Modelling the objective (O2)

The objective (O2) is to minimize the number of free periods between teaching periods
of all teachers. Without loss of generality, we can assume that all teachers teach in the
morning spells of school-days. To model this objectives, we introduce auxiliary variables
yj,t,d(j = 1, . . . , 6, t ∈ T, d ∈ D) and denote

wi,t̄,d̄ :=
∑

(c,d,p,s,t)∈IX
(d,t)=(d̄,t̄),p=i

xc,d,p,s,t (i = 1, . . . , 5).

It is implied from the hard constraint (A4) that wi,t̄,d̄(i = 1, . . . , 5) can only obtain binary
values 0 and 1, in which wi,t̄,d̄ = 1 (wi,t̄,d̄ = 0, resp.) means that i is a teaching period (free
period, resp.) of the teacher t̄ in the morning spell of the school-day d̄.

The model for the optimal timetabling problem with objective (O2) is as follows

min
∑

(t,d)∈T×D

(3y1,t,d + 2y2,t,d + 2y3,t,d + y4,t,d + y5,t,d + y6,t,d) (15)

subjects to 

w1,t,d − w2,t,d − w3,t,d − w4,t,d + w5,t,d − 1 ≤ y1,t,d

w1,t,d − w2,t,d − w3,t,d − w4,t,d + w5,t,d + 3 ≥ 5y1,t,d

w1,t,d − w2,t,d − w3,t,d + w4,t,d − 1 ≤ y2,t,d

w1,t,d − w2,t,d − w3,t,d + w4,t,d + 2 ≥ 4y2,t,d

w2,t,d − w3,t,d − w4,t,d + w5,t,d − 1 ≤ y3,t,d

w2,t,d − w3,t,d − w4,t,d + w5,t,d + 2 ≥ 4y3,t,d

w1,t,d − w2,t,d + w3,t,d − 1 ≤ y4,t,d

w1,t,d − w2,t,d + w3,t,d + 1 ≥ 3y4,t,d

w2,t,d − w3,t,d + w4,t,d − 1 ≤ y5,t,d

w2,t,d − w3,t,d + w4,t,d + 1 ≥ 3y5,t,d

w3,t,d − w4,t,d + w5,t,d − 1 ≤ y6,t,d

w3,t,d − w4,t,d + w5,t,d + 1 ≥ 3y6,t,d

(16)
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for all (t, d) ∈ T × D, in which the variables xc,d,p,s,t((c, d, p, s, t) ∈ IX) are furthermore
constrained by input hard and soft constraints of the optimal problem we are considering.

By the first two inequalities of the system (16) we have

y1,t,d = 1 ⇔ (w1,t,d, w2,t,d, w3,t,d, w4,t,d, w5,t,d) = (1, 0, 0, 0, 1),

i.e., y1,t,d = 1 if and only if there are three free periods between two teaching periods of the
teacher t in the morning spell of the school-day d. Similarly, we have

y2,t,d = 1 ⇔ (w1,t,d, w2,t,d, w3,t,d, w4,t,d) = (1, 0, 0, 1),

y3,t,d = 1 ⇔ (w2,t,d, w3,t,d, w4,t,d, w5,t,d) = (1, 0, 0, 1),

i.e., the situations in which y2,t,d = 1 and y3,t,d = 1 correspond to the cases that there are
two consecutive free periods between two teaching periods of the teacher t in the morning
spell of the school-day d. Furthermore, we have

y4,t,d = 1 ⇔ (w1,t,d, w2,t,d, w3,t,d) = (1, 0, 1),

y5,t,d = 1 ⇔ (w2,t,d, w3,t,d, w4,t,d) = (1, 0, 1),

y6,t,d = 1 ⇔ (w3,t,d, w4,t,d, w5,t,d) = (1, 0, 1).

i.e., the situations in which y4,t,d = 1, y5,t,d = 1, and y6,t,d = 1 correspond to the cases that
there is one free period between two teaching periods of the teacher t̄ in the morning spell
of the school-day d̄.

The equalities yj,t,d = 1(j = 1, . . . , 6) cover and partition all cases of free periods between
teaching periods of the teacher t in the morning spell of the school-day d. Hence the number
of free periods of the teacher t in this spell is given by

3y1,t,d + 2y2,t,d + 2y3,t,d + y4,t,d + y5,t,d + y6,t,d.

Therefore, the objective function (15) calculates the number of free periods between teaching
periods of all teachers in a week. The optimal solution of this binary linear programming
problem gives the resulting timetable optimizing the objective (O2) and the corresponding
optimal objective value is the minimal number of free periods of all teachers in a week.

Remark 1. (i) If a teacher, say t̄, is constrained by (T8), then we can omit the variables
y1,t̄,d(d ∈ D) in the objective function (15) and omit all inequalities related to y1,t̄,d(d ∈ D)
in the system (16).

(ii) If a teacher, say t̄, has already scheduled to have at most one free period between
teaching periods in each spell of school-days, then we can omit the variables y2,t̄,d and y3,t̄,d

with d ∈ D in the objective function (15) and omit all inequalities related to y2,t̄,d and y3,t̄,d

with d ∈ D in the system (16).
(iii) If a teacher, say t̄, has already scheduled to have no free period between teaching

periods in each spell of school-days, then we can omit the variables yj,t̄,d(d ∈ D, j = 1, . . . , 6)
in the objective function (15) and omit all inequalities related to yj,t̄,d(d ∈ D, j = 1, . . . , 6)
in the system (16).
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4. Numerical Experiments

We used ZIMPL 3.0 (see [18]) to model the school timetabling problems as 0− 1 integer
programming problems, which were solved afterward by GUROBI 5.5. The programs were
executed in a PC Intel (R) Core (TM) i5 CPU M 480 2*2.67GHz, RAM 4 GB.

To illustrate how the models work, in Table 6 we present some results related to the
timetabling problems of the school mentioned in the example in subsection 2.7. This school
has 54 teachers teaching 17 subjects for 21 classes in 593 studying periods per week. In Table
6, the problem (SP) is the search timetabling problem for this school, the problems (O1) and
(O2) are the optimal timetabling problems for this school corresponding to the objectives
(O1) and (O2). The column ”# free days” in Table 6 gives the number of free days among
school-days of all teachers in the resulting timetables of corresponding timetabling problems
(SP), (O1), and (O2). The last column of Table 6 gives the number of free periods between
teaching periods in same spells of all teachers in the resulting timetables of corresponding
timetabling problems.

# binary variables Time (in seconds) of # #
before after # modelling solving free free

Problems reduction reduction constraints models days periods
(SP) 578370 10111 11168 425 17 38 73
(O1) 578664 10406 12638 364 460 91 73
(O2) 579252 10939 12824 372 525 32 0

Table 6: Some results of solving school timetabling problems of the school in the example in subsection 2.7.

There are three main points we should notice about the results in Table 6. First, the
number of variables after reduction is much less than the one before reduction, so our
technique of reducing the number of used variables is really effective. Second, it takes much
more time for solving problems (O1) and (O2) than (SP), i.e., the objectives (O1) and
(O2), that require the weekly timetable of all teachers has maximal number of free days or
minimal number of free periods between teaching periods, make the timetabling problems
more difficult to solve. Third, the total time of modelling and solving the timetabling
problems in the example is at most 15 minutes, so the proposed models are really efficient
in real-life applications.

For illustrating purpose, we present in Table 7 our obtained resulting timetable of solving
the problem (O2).

6D1 Mon Tue Wed Thu Fri Sat
P. 1 COA - T6 Bio - T13 Math2 - T6 Gym - T23 Lan - T53 Lit2 - T33

P. 2 Gym - T23 OLit - T33 Math2 - T6 Tech - T20 OLit - T33 Lit2 - T33

P. 3 Lan - T53 Phy - T7 Geo - T24 Lit1 - T33 Math1 - T6 Edu - T29

P. 4 Draw - T45 Tech - T20 Lit1 - T33 Bio - T13 Math1 - T6

P. 5 Mus - T46 His - T41 Lan - T53 CA - T6
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6D2
P. 1 COA - T34 Edu - T29 Bio - T13 Geo - T24 Math1 - T4 Tech - T20

P. 2 Lan - T50 Tech - T20 Gym - T23 Math1 - T4 OLit - T34 Phy - T7

P. 3 Gym - T23 Math2 - T4 Lit1 - T34 Lit1 - T34 Lan - T50 Lit2 - T34

P. 4 Bio - T13 Math2 - T4 Mus - T46 Draw - T45 Lit2 - T34

P. 5 His - T42 OLit - T34 Lan - T50 CA - T34

6D3
P. 1 COA - T4 Math2 - T4 OLit - T35 Lit2 - T35 Bio - T13 Draw - T45

P. 2 Bio - T13 Math2 - T4 Tech - T20 Lit2 - T35 Gym - T23 Tech - T20

P. 3 Lan - T50 Gym - T23 Phy - T7 Math1 - T4 Mus - T46 Lit1 - T35

P. 4 Geo - T24 Lan - T50 Lan - T50 Edu - T29 Math1 - T4

P. 5 OLit - T35 Lit1 - T35 His - T41 CA - T4

6D4
P. 1 COA - T51 Lit1 - T33 Math2 - T5 Lit2 - T33 Gym - T23 Math1 - T5

P. 2 Lan - T51 Bio - T13 Math2 - T5 Lit2 - T33 Draw - T45 Mus - T46

P. 3 His - T41 Tech - T20 Gym - T23 Tech - T20 Bio - T13 Lit1 - T33

P. 4 OLit - T36 Geo - T24 Lan - T51 Phy - T7 Edu - T29

P. 5 Math1 - T5 Lan - T51 OLit - T36 CA - T51

6D5
P. 1 COA - T13 Math2 - T5 Gym - T23 Math1 - T5 Lan - T51 OLit - T36

P. 2 Lit1 - T34 Math2 - T5 His - T42 Draw - T45 Bio - T13 Math - T5

P. 3 Bio - T13 Mus - T46 Edu - T29 OLit - T36 Lit2 - T34 Gym - T23

P. 4 Tech - T20 Lit1 - T34 Tech - T20 Lit2 - T34 Lan - T51

P. 5 Phy - T7 Geo - T24 Lan - T51 CA - T13

7C1
P. 1 COA - T30 Lit2 - T30 OLit - T30 Lit1 - T30 Gym - T21 Edu - T37

P. 2 OLit - T30 Lit2 - T30 Mus - T47 Bio - T13 Lit1 - T30 Gym - T21

P. 3 Tech - T20 Draw - T45 Math1 - T8 Geo - T27 Lan - T48 Geo - T27

P. 4 Lan - T48 His - T39 Lan - T48 Math2 - T8 Bio - T13

P. 5 Phy - T17 Math1 - T8 Tech - T20 Math2 - T8 CA - T30

7C2
P. 1 COA - T8 Geo - T27 Phy - T17 Mus - T47 Lit2 - T31 Lan - T48

P. 2 Gym - T22 Lit1 - T31 Gym - T22 OMath - T8 Lit2 - T31 Geo - T27

P. 3 Lit1 - T31 Tech - T5 Tech - T5 Bio - T14 OMath - T8 Math2 - T8

P. 4 His - T43 Math1 - T8 Math1 - T8 Edu - T47 Math2 - T8

P. 5 Draw - T45 Lan - T48 Lan - T48 Bio - T14 CA - T8

7C3
P. 1 COA - T32 Gym - T21 Edu - T37 Math1 - T9 Tech - T5 Math2 - T9

P. 2 Lit1 - T32 Phy - T17 Geo - T27 OLit - T32 His - T39 Math2 - T9

P. 3 Gym - T21 OLit - T32 Lit1 - T32 Bio - T13 Draw - T45 Bio - T13

P. 4 Tech - T5 Lan - T52 Lan - T52 Lit2 - T32 Geo - T27

P. 5 Lan - T52 Mus - T47 Math1 - T9 Lit2 - T32 CA - T32
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7C4
P. 1 COA - T50 Phy - T17 Gym - T21 Lan - T50 OMath - T10 Gym - T21

P. 2 Mus - T47 Edu - T37 Lit1 - T30 Bio - T23 Tech - T5 Draw - T45

P. 3 Lit2 - T30 Lan - T50 Geo - T27 Math1 - T10 Lit1 - T30 Math2 - T10

P. 4 Lit2 - T30 Tech - T5 Bio - T23 Geo - T27 Math2 - T10

P. 5 Math1 - T10 OMath - T10 His - T43 Lan - T50 CA - T50

7C5
P. 1 COA - T44 Tech - T20 Mus - T47 Edu - T37 Phy - T17 Bio - T23

P. 2 Math1 - T2 Draw - T45 OLit - T32 Gym - T22 Lan - T52 Lan - T52

P. 3 Geo - T44 His - T39 Geo - T44 Lit1 - T32 OLit - T32 Gym - T22

P. 4 Bio - T23 Lit2 - T32 Math1 - T2 Math2 - T2 Lit1 - T32

P. 5 Tech - T20 Lit2 - T32 Lan - T52 Math2 - T2 CA - T44

7C6
P. 1 COA - T31 Math2 - T6 Lit1 - T31 Math1 - T6 Tech - T20 Phy - T17

P. 2 OLit - T31 Math2 - T6 Edu - T37 Lan - T50 Math1 - T6 Bio - T23

P. 3 Gym - T22 OLit - T31 Tech - T20 Lit1 - T31 Gym - T22 Lit2 - T31

P. 4 Geo - T27 Draw - T45 Geo - T27 Lan - T50 Lit2 - T31

P. 5 Bio - T23 Lan - T50 His - T39 Mus - T47 CA - T31

8B1
P. 1 COA - T49 Gym - T22 His - T38 Lit2 - T28 Edu - T39 Che - T11

P. 2 Lan - T49 Lan - T49 Lan - T49 Lit2 - T28 Mus - T46 Tech - T19

P. 3 Tech - T19 Phy - T18 Draw - T45 Gym - T22 His - T38 Bio - T15

P. 4 Math1 - T9 Lit1 - T28 Math1 - T9 Math2 - T9 Lit1 - T28

P. 5 Bio - T15 Che - T11 Geo - T54 Math2 - T9 CA - T49

8B2
P. 1 COA - T24 Lan - T49 Math2 - T7 Phy - T18 Lit2 - T24 Math1 - T7

P. 2 Tech - T19 Gym - T22 Math2 - T7 Lan - T49 Lit2 - T24 Che - T11

P. 3 Lit1 - T24 Geo - T54 Gym - T22 Tech - T19 Math1 - T7 Draw - T45

P. 4 Bio - T15 Che - T11 Lit1 - T24 Lan - T49 His - T38

P. 5 Edu - T39 Bio - T15 Mus - T46 His - T38 CA - T24

8B3
P. 1 COA - T29 Math2 - T2 Lit2 - T29 Bio - T15 Draw - T45 Bio - T15

P. 2 Lit1 - T29 Math2 - T2 Lit2 - T29 Math1 - T2 Gym - T22 Lan - T53

P. 3 Che - T12 Gym - T22 Tech - T19 Edu - T39 Math1 - T2 Mus - T46

P. 4 Tech - T19 Phy - T18 His - T40 Geo - T54 His - T40

P. 5 Lan - T53 Lan - T53 Che - T12 Lit1 - T29 CA - T29

8B4
P. 1 COA - T28 Math2 - T9 Gym - T22 His - T40 Che - T12 Gym - T22

P. 2 Che - T12 Math2 - T9 Tech - T19 Math1 - T9 His - T40 Bio - T15

P. 3 Lit1 - T28 Tech - T19 Lit1 - T28 Draw - T45 Lit2 - T28 Math1 - T9

P. 4 Lan - T53 Lan - T53 Lan - T53 Lit2 - T28 Mus - T46

P. 5 Geo - T54 Edu - T39 Phy - T18 Bio - T15 CA - T28
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8B5
P. 1 COA - T2 Draw - T45 Lit2 - T24 Math1 - T2 Gym - T22 Lan - T52

P. 2 Lit - T24 Edu - T39 Lit2 - T24 Tech - T19 Che - T12 Gym - T22

P. 3 Bio - T15 His - T40 Lan - T52 Lan - T52 Lit1 - T24 Math2 - T2

P. 4 Mus - T46 Bio - T15 Che - T12 Tech - T19 Math2 - T2

P. 5 His - T40 Phy - T18 Math - T2 Geo - T54 CA - T2

9A1
P. 1 COA - T3 Math1 - T3 Lan - T49 His - T38 Mus - T46 Tech - T19

P. 2 Math1 - T3 Tech - T19 Geo - T44 Edu - T37 Gym - T21 Phy - T16

P. 3 Lit2 - T26 Bio - T14 Bio - T14 Lit1 - T26 Math2 - T3 Gym - T21

P. 4 Lit2 - T26 Geo - T44 Lit1 - T26 Che - T12 Math2 - T3 Lit1 - T26

P. 5 Phy - T16 Che - T12 OMath - T3 OMath -T3 Lan - T49 CA - T3

9A2
P. 1 COA - T25 His - T38 Lit2 - T25 Math1 - T1 OMath - T1 Math1 - T1

P. 2 Lit1 - T25 Gym - T21 Lit2 - T25 Gym - T21 Tech - T19 Lit1 - T25

P. 3 Mus - T46 Edu - T37 OMath - T1 Che - T12 Lit1 - T25 Bio - T14

P. 4 Math2 - T1 Phy - T16 Bio - T14 Tech - T19 Geo - T44 Che - T12

P. 5 Math2 - T1 Geo - T44 Phy - T16 Lan - T48 Lan - T48 CA - T25

9A3
P. 1 COA - T12 Edu - T37 Lit2 - T28 Gym - T21 Tech - T19 Bio - T14

P. 2 Lit1 - T28 His - T40 Lit2 - T28 Che - T12 Math1 - T3 Lan - T48

P. 3 Math2 - T3 Phy - T16 Gym - T21 OLit - T28 Geo - T44 Lit1 - T28

P. 4 Math2 - T3 Che - T12 Phy - T16 Math1 - T3 Lan - T48 Geo - T44

P. 5 Tech - T19 OLit - T28 Bio - T14 Mus - T46 Lit1 - T28 CA - T12

9A4
P. 1 COA - T38 Tech - T19 Geo - T44 Lan - T49 Math2 - T7 Mus - T46

P. 2 Geo - T44 OMath - T7 Gym - T21 OMath - T7 Math2 - T7 Bio - T14

P. 3 Lit1 - T25 Lan - T49 Lit1 - T25 Che - T11 Gym - T21 Lit2 - T25

P. 4 Math1 - T7 Bio - T14 Math1 - T7 Lit1 - T25 His - T38 Lit2 - T25

P. 5 Edu - T37 Phy - T16 Tech - T19 Phy - T16 Che - T11 CA - T38

9A5
P. 1 COA - T26 His - T40 Math2 - T1 Lit2 - T26 Phy - T16 Phy - T16

P. 2 Lit1 - T26 Lit1 - T26 Math2 - T1 Lit2 - T26 OLit - T26 Math1 - T1

P. 3 Math1 - T1 Gym - T21 Lan - T48 Gym - T21 Tech - T19 Lit1 - T26

P. 4 Geo - T44 Mus - T46 Tech - T19 Che - T11 Che - T11 Bio - T14

P. 5 Lan - T48 Bio - T14 OLit - T26 Geo - T44 Edu - T37 CA - T26

Table 7: A timetable for the school in the example in subsection 2.7.

5. Conclusions

In this paper, we presented binary integer programming models for a class of school
timetabling problems appearing in many educational systems. Some important features of
the problems are employed to reduce the number of variables used in the modelling process
so that large-scale school timetabling problems can be modelled and solved successfully.
The models cover many constraints and objectives that might be distinct in timetabling
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for Vietnamese schools. Especially, with the models we can give explicitly the resulting
timetables with maximal number of free days or minimal number of free periods between
teaching periods of all teachers. Moreover, by adding, removing, or replacing constraints, it
is easy to make the models compatible with any circumstances of the timetabling problems.
Therefore, the proposed models are flexible and efficient in applying in real life.
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