
talk : ÉlÉp .

Aimed.lk :

- Review the construction of fundamental groups in topology
via covering spaces .| - Galois 's theory book fields by Grothendieck .

- Ftpefehotioh of fundamental groups of schemes .

- Examples ,
" ÷É÷¥÷:Ee•a. ×

.

Def .

.

A catering of ✗ is a typological space Y together
with a- mcouliwuous mop a:* → ☒ sit

.

* REX
,

7 Un : open neighborhood of a St
.

Teh cue )

is a disjoint union of Ui ( i c- E) where UIGY

is homeomorphic to -1 (☒ i ) .

Example it . ☒E : a set with discrete topology , then
I → * is a catering .

,
i) 1-7 N

This is called the trivial covering .

F⇒2 . IRIE acts on IR by translation ✗ main .

→ one can form the quotient V41 which is

a cuiercle , The quotient map
IR → IR/I is

\
-



a covering .

( IR → To
, 1)

"

foiiDp_f@e.wcelodM.hd- Y ✗ he a coven, we

define
Aat
,
(Y) = } 2 ! Y → Y 1h : homeomorphism } .

¥-1 ¢ Aat, CYI acts on
a. oh (a) /

A covering Y ✗ is said to be Galois if
Y is connected and * ✗ c-✗

,
Aut
,
CY) acts

transitively on Ti
"
(n) .

There are some bailie facts about covering spaces we

can look at
.

Ci ] - ( Uniquely determined by an image of one point . )

(ii) - f Lift of paths )

Ciii ) - C Lift of homotopic paths . )



Construction is ?

n n
^

There are important properties of universal covering .

lilbniniersal properties)

(ii ) ( simply connected )
.

Liii) ( In → ✗ ¥¥ Galois )
.

For any covering AY →✗ , there is afunetoriallg@bojectiori-i4n7EHomxC-Fn.Y)

It means that the following finch
Fiba : Cov ✗ → Sets

(7--4-1) µ Ti' (n)

is representable by In .

=

And moreover
,
because Aut ✗ 1 acts on

Hon ✗ (XI , YI E Ti
'
In)

.
Fibre is in fact



a tendon from Cox ✗ to Aut
×
Ali 1- sets

.

And it is
,
in fact ,

andefiws an equivalence between

two categories . ( Ioof . . . )
therein . Fib is rep . by Ñn and
Fibre defines an equivalence of categories between/

Cov ✗ and Aut ✗ (I 1 .

- sets
.

now
,

what is the relation between Aut
✗
CÑ
, ) and

Ty (X ,
K ) ?

( Define Imap 1
.-1

Theory Filby and defies an equivalence
of categories between GUY and

Ten IX.R)
- sets

.

21 GrÉihy .

During this section .
we fix a base field k

.

Let

14h beaaaa☒ Galois extension of fields
,
the Galois group

Gal (KIK ) is a profinite group .



G

Pooliiteqoup? A profinite qoupris an inverse limit

of finite groups lG* , %p ) .

We can

etmbed G into the product LTG , , and equip
each G

,
the discrete topology and IG, the product

topology and G the subspace Apology .

Fast . Open subgroups of G are exactly closed subgroups
of G of finite index .

Therefore , we can equip Gal Cklk) the pro finite
topology .

That makes Gal Cklhl a topological
group .

We recall Galois 's correspondence in
this case

{ Intermediate extension of 14k } ← { closed subgroups
of Galka } .

L → Gal CKIL)

felt ←I tl

They are in bijective , and 11h is An

intermediate Galois extension if Geck/ L ) is
normal in Gal ( Kfk ) and in this case

GI (Hk ) = Gd (14h )/ Gal CKIL ) .



Fx wee separable closure kN of k .

We denote G the
absolute Galois group Gal Ckkseplk 1 .

lemma let G be a topological group .

and ✗
-

a discrete topo . space with an action from G
,

then the actin G ✗ ✗ → ✗ is continuous if
and only if it n c- ✗ the stabilizer Gn of
n is open in G.

Proof .

We leave ¥ as an exercise .

☒

Ha .
hot ¥4k be a finite separable extension .

then
G acts continuously & transitively on

Homer C k
,
k Rd ) .

Proof . Let f : K → keep be a kaeeubeddeny , then
L :=-== fck) E K

.

and
,
Gg = 1 REG / rf =-1ft }

= Gal 1km4 which is closed in a by ,

Galois correspondence and us of finite index ( because
14k is finite ) .

Hence Gg is open .in G and
the action is continuous .

The transitivity is clear because klh is finite
.

separable , by Artois primitive theorem
,
F ① C- K S.t.



K = k (F) and r C- G ads on Hong C.☒
,
kfep)

to is a root of a polynomial flat in lk Ine 7)^

Sep .

by sending 0-10 another root of fln) . Dog

By the Ranma above
,
we obtain a

fundusFin . Sep .

extension of k }

HE *⇐
1 Finite G- sets with continuous

,
transitive actin

from G }
.

Therein .

The funder F defined above @Ñ#$ an
equivalence of categories .

Proof . It is sufficient to prove that tis essential
-

surjective and faithfully faithful .
⑧ F is essential surjective means for each G-set ✗

with cont
.

,
trans

.

action from G
,
there As µµk s.t.

Homie Clik , ktep ) is in bijection with ✗
.

Take any re C-✗
,
because the actor of

Gc is continuous
,
G
* is open in ✗ .

Therefore ,
it is



closed and of finite index .

Take µk⇒€ Chop)G?
we have ¥1k is finite , separable .
let i : k a ksep be the natural inclusion

,

wedefine a map
Horn ( k ,

hap) → ✗

Ari 1- on

Because the action is transitive
,

the
map is surjective

.

Assume F rn .
A EG s.t.gg n = gin ⇐gz-1gqa-xf-igg-a.ggC- Gm = Gal CEM /K) ..

And hence

ggihg, i = i and this yields gqi =g, i and

the map is injective .

* F is fully faithful . If mean we have A prole
one for E.Mlk : fin . Sep .

ext
. &f k , Hank 8¥, KD

is in bijection with Hour
G. get

& Honey , km) .
Home CK ,

hier,
Lett f be in the later set

.

Because the action of
G is transitive

,
f- is known by the image flop

of some of C- Homie ( L , KH ) .

Because f- is
G- invariant

,
i.e

.

☒ or C-G
, for 7 = rflp)

.

It means that Gq C Gfa ) .

We therefore obtain



the inclusion Cesar )
Gf '

c @ SMG which is

exactly f- lol) ( µ C lock ) which induces

an interim

K → f- C CK) C of CLI ⇒ L .

This shows the surjeetivity of the map

Womack , 4 → Hong . ,ef ( Home CL , ksep) ;
Homa (k

,

k RP))
.

0$00 f§§C#=EbI•&& : T.fr#T . $2 -k ↳ L
"
¥1 To

TheÉb ,

is clear

F¥ÉÉiéÉof
le

.

Def . A finite ,

étekk - algebra is a product
it Ki where each Ki 1h is finite . separable .

i =L

( f : X - Y : mon . of schemes ; f- is e. tale if

f- isflat Gee, florally of fin . pre . , Hy EY ,
f-Hy ? }

des joint union of points ,

each of which is the sputum



of fin . Sep . ext . of hcg )) .

Assume that Alk ; fin .

e' tale ☒tension
,
and

A = ¥ ki where Kille : fin . ftp.ext ,

i = 1

we then have Homie CA
,
km = Homie CÑ# .

km)
i=q
i

Assume of C- Homie ( ft Ki , Kk ) ,

then

F ki sit . lol Akil f- 0 and Cki) is a subfield

of K .

Hence
, & defies an ebinbeddj di ↳ keep

.

Moreover
,
such i is unique , because kM does not have

Zero divisor .

(Yon example ,
( %, , 01

. ( o
, Apg ) = o but both

map to a non -aero element in KhM
,
a contradiction)

We therefore obtain

Homa ( it ki , k'M = Honk Iki
,

km)
.

And this follows

theorem .

There is an equivalence between categories

4 Fin .

e'tale b- algeria} c- } Finite G- setswith continues}
.action from G



So now
,
let's make a connection between topological story &

Galois 's theory .

Recall . in topology

Roux e- IT, IX. at
- sets

by the fibber tendon Fiba 14*-1×1 = 5%1 : Hon.HN?D.

Replace now Cox ✗ by FiÉt/Speak ,

and tea CX,n7

- sets by G- Sets
,

we obtain a similarities
.

In case

of fields , the fiber facts can be defied .

Fib : FÉH Speak → G- sets

spec A → Home [ Specks? Spee A)
so

,
it is natural to replace the base point a by

geometric hate point speckled .
And because km/h

It finite in general , Fib face is not
representable ,

but it is pro- representable .

In the next section
,
we will define the fundamental

group of a scheme
.

③Éhnn .

Throughout the section
.
we fix a base scheme $

.



Def . Amorphism f. ✗ → S is said tobe e'tale if
-

f- is flat , locally of fin . presentation ,

and its C-*
,

the fiber Xs is a disjoint union of spectrum of fields ,
each of which is fin . Sep .

extension of his ) .

Examp-6.dk/k : fin . Sep .

ext → K/his e' tale .

Deff , A morphism f- : ✗ → S is said to be finite if
3- an open affine covering Ui = Spee Ai of S

,

sit
.

f-1 CUP IE Spec Bi is also open affine in ✗ and
the induced morphism Ai → Bi make Bi a finitely
generated Ai - module for eachci.e.fin.ext.dfonl.IE#p6.btk1Qbe a number field and Q, its ring of
integers then the natural injection IT- Or Mala 's

spec 0, finite over Spee I .
.

Def . A geometric points of S is a morphism
5 : speed → S where I is an algebraically closed
field

.

vile can now define the fiber functor with a base

geometric points .



Fibj : FÉTIS → sets

✗ → s ⇐ Homs ( Speer , $*)

And the fundamental group of S with base points
is defined to be the automorphism group of Fibs ,

and

it is denoted tea IS , 5) .

µ ^=¥F÷Fefiws a Galois category .

21 Fob*⇐ is pro representable .

3) Fibrj defines an equivalence between RÉT/ S and
Trl S , J ) - sets .

Proof .

I/ see strides Project $-7
.

5.5 .

243 /
.

The book of Samuels . . .
☒

A corollary is that .

Corollary . Assume that Fibj is representable by
a- system (Ia , dap ) where Pa IS : fin

,
étak

,

then Tints , t) A- him Arts (Ia) .



41 Ex¥es ,

Esa .
S = Speck → the fendauakl group of

spec his Gal chortle ) .

Example 2 . S = Spec # .

Let ✗ → Spee I be
-

a connected fin . étale covering , then ✗ itself
is also an afhue alone

,
Kunce finite morphism is

affine .
Let R*= tpec R ,

then R is an

integral extension of III. . Take K
.

- French
,

we obtain Kia is a finite , unramified extension .
But by Minkowski 's theorem

,
there is no meh ext

.

other than ☒ itself
. thence , FalTHI ) = 0 .

I stacks
,
57.11

.

II

( ✗ = Spec R → spec I : fin .

e'tale
,

✗ : connected)
(By

"

descent ? Ti : smooth
,
I : normal ⇒ Rn. normal

[ 10.163 .
9

,
stacksD.

( ✗ is integral ☒28.7.51 ,

stacks 7)
Take 1cg Fnac (R )

⇒ KIQ : fun . Sep .

ext
.

{ R= Ok .



E-iannp-e.lt#Fpmes )
K : alg .

closed :& F-1h
: an elliptic curve .

1) If É → F- fin .

e'tale covering ,
then É is also

an elliptic curve .

Raff . Riemann - thatwilt
.

21 BÉny
.

.

E
'

E

an inogeny (nsurieetile of finite fiber ) . ; then 7 of: E → E'

Sit
. E Es E

'→ E § . § ± deg § .

☒die
°

)

31 when In ,

char A) = a
,
the morphism

C-it : EEE → MEEE
I? I→ n I

is A finite
,
étale covering .

It is finite live it is quasi finite + proper .
CÉ tale = flat + unverified
Elders .

Ei : fin . surjective and EI ? smooth
⇒ it is flat [ Liu

. chap Iv .
3. EAT .

U⇒ied . (⇒ the map on tangent space is injective .

A = HYAEIE.cl#E=tI=----=FT*=,o I stack
,
33.16.87

.



and IT induces the map
oh → h which is inj .
a 1-1 nor

⇐ (n
,

cha te I = a
.

So far
,
we obtain all fin

.

e'tale covering of HEE factor through
E) : E → E .

when Cn , drank 7=81 , F- Eu ) : the kernelof En Tais

742 ⑦ 74nA .

Let to E Aut
E
CE ,

In] )
,
i. e. & makes the

diagram I
-1°

, E
commute .

EDIE LENT

Then there is a bijection
F-Evite→ Aute (E ,

In ] )
.

sending a point I to the translation map Epg .

So
,
when cheer & =o

,
we have

an CII = I ✗ IT



when chou k = ps.co, we have two cases

⑧ E is supersingular , i. e .

F-Ep) = 0 .

In this case
, any Morphin of degree did .

by p is reunified
→ ten 0=1 E IT CI )

&

a FP

⑧ E is ordinary ,
i. e . tip) = II/pI .

In this case
Tea (El =

,# p
⑦a)

2

-1 Ip .


