
Censor categories



Goal
• Benson categories
• Benson functors
• Morphism of tensor functors
• Rigidity

.

-

Def ( Monoidal cat . ) ( Q , -0,0 , U.l.ir)
• Go : category I
• ☒ : bifunctor unit object
• 0×,×,z : ✗ ☒ (Y☒Z ) (✗☒ 4) ☒ 7- ( associativity constraint or association)
• l× :

✗ →~U☒X ( left unit constraint or left uuitor )
•

n× : ✗ → ✗ ☒ U fright- right- )
✗☒ Oy

,
#

✗ ☒ ( ✗☒ (Z T)) %,Y,z☒T ✗ ☒ Y
✗☒ ly 9×0×4

✗ ☒KY 2) ☒T) ↳ (✗☒ 4) ☒ (2-☒T) G
0×0×4,z,T ✗☒ (U Y) ✗ '

" ' ✗ (✗☒ 4) ☒ Y¢"
( ✗☒ z) )☒T%×it☒T((✗☒ 4) ☒ 7) ☒T



clgraphical diagram for monoidal cat .
A

Obj . A
>

IdAof=f
Moon

. of :#→ B f g P
A B A

Ida :A→A > B-%F- = 9-④+
A B

Comp . goof > f > g
F

Benson A B P
prod . ,A

Unit Horn (empty)
obj

Am ByMore f :A, * ☒ Am→Bi☒ . - - ☒Bn :P f j
Benson f g g

"

g p Ba

prod . I f P



Def ( Benson cat .) ( 8,0 , 0,4 ,U,w)
• 8 : category • U : object
• ☒ : leifuuctor .

u :y~→U U
s -t

•

x.az
:X (Y☒Z)→~ (✗☒ 4) ☒ 2-

•

yay :X Y -4 ✗ ☒ X L : 8--28
✗☒ 0y.at ✗ ☒ ( ✗☒ (Z T)) Ox,y,z☒T

✗ turn> U☒X
✗ ☒KY 2) ☒T) G (✗☒ 4) ☒ (2-☒T) ✗→ U☒f

0×0×4,2-5¢""
( ✗☒ z) )☒T%×it☒T((✗☒ 4) ☒ Z / ☒T

4×,y : commutativity constraint
4yx°Y×,y=id✗☒y

on symmetry
✗ ☒ (Yxoz)

""'F(✗ ☒ 4) ☒ 2-
✗☒Yy,z 4×0×4,7

L j

✗☒ (2- ☒ Y) G 2- ☒ (✗☒ 4)

¢4,2 ,Y j <
¢-2,44

CX 2) ☒ ✗
"" 2- ☒ ×

> ( 2-☒ X) Y



cgraphical diagram
cfyinmetry Yay ¥ ii'

Y Y Y Y
É

y
É =

'
×

Yy ,×°4×,y=id×☒y > s

✗ ☒ (Yxoz)
""'F(✗ ☒ 4) ☒ 2-

Y✗④Yy,z
Z j ,

Z j4×0×4,7 >
✗< u I 7
,

=
? I

✗☒ (2- ☒ Y) G 2- ☒ (✗☒ 4) I
>

✗ it

X ,Z,Y j <
¢-2,44

CX 2) ☒ ✗
4%2-04

> ( 2-☒ X) Y



(O)Prop_ I! l× :X -4 U☒X
r× :X -7 ✗ ☒ U

At. lu=u=ra and

il : idq → L ✗ ☒ Y
✗☒ ly r×☒Y (1)

L : 8-76 G
Yui

✗☒ (u x) ✗ ' U' ✗ (✗☒ 4) ☒ Y
R : 8=>8

✗ → ✗☒ U ✗ ☒ Y ✗ ☒ Y
lxoxy lX☒Y (2)

✗☒ try h×☒y (3)
G G

U ☒ (✗ ☒ Y) " ✗ '✗ (✗☒ a) ☒ Y ✗☒ ( Y☒U) ✗ ' " ' "
- (✗☒4) ☒ U

lie,☒× - a

.9hetch_ • Define LCl×)=U☒l× U'☒ ✗ (U 4) ☒ ✗ ¥×U☒CU☒X) , and
R(r×)=r✗☒U : = ✗ ☒

-

U 'TX☒(U☒U) " ( ✗☒ a) ☒ U

• Verify la ✗
= U ☒ l×(and r×☒u=a× U )

• Glow (1) , (2) , (3) , and (O) , and uniqueness



✗ U ✗ lu☒×=U☒l×
ext G IiU☒l× U l✗=lu☒☒ ✗☒ e#

✗ ☒ Y Y

U☒×'U☒(U☒x) ✗☒ (U☒Y)¥'" ☒ ☒4) ☒ Y

✗ ☒ (Uq(U☒Y))lu☒y=U=L(ly) ✗☒ 0am ,y D ✗☒ luoxy ×,u,u☒y

EJ
, ×☒(uu☒Y)✗☒(U☒Y)%¥%¥☒u)☒CU☒Y)X☒¢U☒U)☒Y)<

A ✓
¢

B

x,u④u,y µ④ÑÉ(✗ ☒ " ☒¥ ¥ ✗☒U ,U,y

(✗ ☒ (U¥U)j☒y%Éu☒Y > L

> ((✗☒4) ☒6) ☒ Y



✗ ☒ (40×(40×7))

✗☒ 0µm
,, 22×0×4×07 ☐ ×,U,u☒y

☐

✗☒¢U☒yj☒¥←É☒Z×☒(Y☒Z)
4-☒↳ z, ,

> (✗☒ a) ☒ (40×2)
A 0×1%7 B

F-(✗ ④ Y) thx
*

%④UiY µ④ltÉt C ✗☒U ,U,y

j
< ¢×,u,u☒Y

(✗ ☒ (U☒Y) ) Z > ((✗ ☒4) ☒4) ☒ Z
✗ ☒ Y

(O): In (2) , choose ✗ =Y=U : bxoxy lX☒Y (2)Gtu U=0u,u,u°lu☒u=0u,u,u°(U☒lu)=u☒U
U ☒ (✗ ☒ Y)

" ' ✗ '✗ (✗☒ 4) ☒ Y
Uniqueness :( l ,r) , ( Liii )
In (2) , choose ✗ = U : lu☒y= Of,u,y°(u☒Y)=Ñu☒y

11 11

U ly Uxolh
,

QED
.



Pray ( U ,u) is unique (upto a unique isomorphism)
PI ( U.u.hr) , ( U' , u

'

,
l ' ,r

'

)

Get y ⇒ U U ☒ U'¥, y '

U
m

> Uoxu U→ U ④ U

n nom e) y f G- In y ⇒ n=idu
I ' ii > u 'Éu '

U → U U

ut U☒u ⇐ *y=idu
YI G fu n

U U ☒ U QED



y __ ii. on'µ
(U☒U

'

)☒U
'

☒ U
"

→ u'☒ u
'

n'u☒U
'

Uiuiu
'

e
'

U'☒y
'

U☒(U☒U
'

)
" ☒ hi?

y y
' U☒%=U☒u' s

U (U'☒ U
'

)

U☒éu
%

' " ' "
'

rid U' =u⇒☒U '

>

U U
Ñu☒u (U 4) ☒ U

'

U☒( U'☒ U
'

)
l

0×4 y'☒ y'

y y = n' • you
"

uxou
' n'

iii.
( y g) on -_ n' 04 (u a) ☒ U

' i'④ U
"

U y
'

y
'

Ñu☒u try
it

U☒U U Q.E.IT



No-ta-iou.Denote.by (11 , e) the unit object . e : 11 → 110×11

Def ( ( Left) (strong) dual of an obj . X) ( Y, eux , coevx )
• Y : obj
•

evx : Y☒ ✗ → 11 id
✗
= ✗ ✗ ☒ Y ☒ ✗ ✗

•

coevx : 11 → ✗☒ Y
"t

idy = Y y ☒ ✗☒ y ¥0
"
y

- 1

id
✗
= ✗ 11 ☒ ✗ (✗☒ Y) ☒ ✗ ✗☒ (y☒ x )#¥ ✗ ☒ 11É ✗

idy = Y ¥ Y☒ 11É Y☒ (✗☒ Y) (y ☒ X) ☒y% 11 ☒ y , y

Rmf ( 11 , e-! e) is a left dual of 11 .

Def ( (Right) ( strong ) dual of an obj X) ( Y, evi : ✗ ☒ Y→ 11
, coev; : 11→ Y☒X )

id
✗
= ✗ ✗ ☒ 11 ×☒_É× ✗☒ (Y☒ ✗) ¥9 (✗☒ 4) ☒ ✗ É× a ☒ ✗

¥
> ✗

idy = Y 11 ☒ Y (Y☒✗) ☒y ¥4" y (✗☒y) y☒ 11É, y
id
✗
= ✗É ✗☒ Y ☒✗ ✗

idy = y É*%y ☒ ✗☒ y ±☒É y



cgraphical diagram
Dual *

✗ ,
✗
* ±

✗

ceeeoaluationevx :#✗ ☒ ✗ → 11 T¥ ; ev'× :X ✗
*
→ 11 ]§

map

8oeoaluationcoevj.tl→ ✗☒ *✗ ×④ ; coevj.tl→✗*☒✗

map

• id×= ✗ ✗ ☒ ✗☒ ✗ ¥9:X =
¥→¥
E±

• idy=Y¥"y☒✗☒yYy
FI

I- = Ei
*✗
IF

• ✗ is right dual of*X ev×=
7¥

= * ⇒ ev '*× ( X.eu#--evx,coeu'*x--coevx)
i ¥

coev×= € = *€ = coe¥,



Prod ( Left) dual of an object ✗ is unique (upto a unique isomorphism)
Pf . ( Y, ev, , eoev, ) , ( Z , evz , coevz )
ceeonsideh &

,
: Hom ( - , 4)→ Hom C- ☒ 11,11) ; 13, : Hom (-0×11,11)→ Hour C- , Y)

where (a)
+
(f) = euro ( f☒id×) , f e Hom CT ,

Y)

( P, )t(g) =T 1- ☒ 11
"
1-☒ (✗☒ Y) (T☒X)☒Y 11 y Y

,

ge Hom (1-0×11,11)

IT
"
1-☒ ✗ ☒ Y# Y ( strict) i[-i(4)1- (f) = T

y
y ] T Y43,1

,-
• Can)T(f) = >¥f⇒←> f- > y ,

i. ± ⇒ :-D
(B)
+ (g) = € Can)i( Be )tCg)= € c→g=¥ gE- 8

E- 8

⇒ Hom ( - , Y) Hom C- ☒X.tl/P~-Hom(-,z)--nedazeY
canonical

Q . E.D

Lemma



Notation EX
, eux , coey ) : left dual of ✗ ; (✗

*

, evi , coev;) : right dual of ✗

Prep (*✗ , eux
° 4× ,

*× , 4×
,
*✗

• coevx ) is the right dual of ✗
"

"

ev
,

coev
,

I
Pf± (X , eun , coeur ) is the left dual of

*✗

✗ ¥
*✗

*
✗

*

i
*

I
ev
,

+

✗
⇐i →

±.
= = ]¥

*

y
*

gooey¥[✗*¥- = *€✗¥¥ = €× QED



canonical

Rm k
.

• i×:X
*
✗ since both are left duals of X ,

and

i
✗
= ✗

' ✗
*
✗ ☒
**
✗ ☒ ✗ *×_☒4*X→ *✗ ☒ ✗ ☒

**
✗ **✗

**✗*
✗
÷

= **
± ± ✗

€×_
= a-

• Hour C- ☒ ✗ ,
Y) →? Hour C- FX ☒ Y)⇒ Hom C- ☒ X

,
11) = Hom (- ,

*
X)

• Hom ( -# ✗ ☒ Y)) = Hour C- ☒ ✗ ☒ Y.tk/-Hom(- ☒ ✗ ,

*Y ) = Hom C- FX ☒*Y)
Yo⇒a *(✗ ☒ y) = *✗ ☒

* y



• For a morphism f :X → Y
, define the adjoint of f :

tf
*

y *y ☒ ✗ ☒
*
×

*
y☒ y ☒

*
✗ ¥¥× ☒✗

✗

=

[
→-

i e.±
i-i.is

*

f. :*-5¥, _*¥*y ←)
*

f : ✗→ y

f-
← f : ✗ → y

=.¥É¥# ←€← ±④±

i



Def ( Internal hour of ✗ ,
Y) Hom C- ☒ X , Y) is representable by , say , [ X ,YI

Il

4- : Hom ( - ☒ ✗ ,
Y) →~ Hom ( - , IX. YI ) Hom_ CX , Y)

Get ev×
, ,

: = 4-
"

( id
[× , ✗±

) : [ X ,
YI ☒ Yi→ Y

Rink • For g : T ☒ ✗→ Y
,
7- ! f : T→ IX. YI s .t .

1-☒ ✗

foxx !
①

IX.YI ☒✗É, y
• Hom ( 11 , [ ✗ ,YI ) = Hom ( 11☒ ✗ , Y) = Hom (X, Y)

Def ( X!=l¥mÉX , , eux : = evx
, ,,

: ✗
✓
☒ ✗ → 11) is a (weak ) dual of ✗



Rmk_ • Hom (1-0×11,11) = Hom (T, ✗
V

) (*)
• In (* ) choose T:=X , ✗ = ✗✓ ⇒ Hom ( ✗ ☒XV.tl/-Hom(X,Xw)evx04xv,x'→ ix
If i× :X ~→X

"

,
✗ is reflexive

• For f : ✗→ Y ,
I !tf : y

✓
→ ✗

✓

yv ✗É,yv☒y
i

tf ✗ : levy
I v

✗
✓
☒ ✗ ill

• EX, ,Y,I☒[Xz,YzI☒X, Xz→ [×
, ,YiI X

,
☒ [ ✗zizi Xz

f ☒ X, Xz Levy ,y, ☒ evxz,yz(**)
u

[ ×, Xz ,Yr☒YzI ☒X, Xz °×"" Y, ☒ Yz



[ Xp , Y,I ☒ [ Xz , YZI→ [✗a ☒ Xz , Y, ☒ YzzI (**)

• In (**) , choose 4=42--11 ,
we have f : Xi ☒ ✗I→ (X

,
☒ Xz )

"

• In (**)
,
choose X

,
= ✗ ; ✗2=4--11 , Yz = Y , we have ✗

✓
☒ [1 ,YI→ IX. YI
21

Howl- , IN YI ) = Hour C- , Y ) ✗
✓

☒ Y
'

[11
, YI = Y

Def (Rigidity) ( 8 ,
☒ , 0 , 4,11 , e) is rigid if V-X.Y.X.it, ,☒, , Yz

• I [ X , YI
• (**) [ X

, ,
Y
, I ☒ [ Xz ,YzI =) [ X, ☒ Xz , Y, ☒ YZI

• ✗ is reflexive

Prop . 8 is rigid ⇒ every object is (left) strong dualizable .

Pf . (⇐ ) (EX ,
YI : _•_ *✗ ☒ Y , eux

,

*
✗ ☒ ✗ ☒ ✗ →

*✗ ☒ ✗ ☒ Y ¥9
"
Y )

-
= IX.YI

• *✗
,
☒ Y, ☒¥, ☒ Yz

*
( X
,
☒ Xz) ☒ Y, ☒ Yz = [ ¥ ☒ Xz ,

Y
,
☒YZI



Home# ✗Y e Hom ( ✗
✓
☒ 11,11 ) = Hom ( ☒ 11 , XWOXXV) Homer ,X☒XY

idxv - → eux coev

(⇒ ) Hom (XX ) _~ ttomal.tl/,XI)-~HomC11,XvoxX)-~Hom(1l,XoxXYlLHom(X,X)idx
i
,

: ✗ → ✗
vv
""

✗
( ✗✓ , eux , coevx ) is a dual of ✗

QED

Def (Benson functor) (F. c) :( 8 , ☒ )→ ( 6
'

,
☒
' )

• F : functor
•

c×,y : FX FY→~F(✗ ☒ Y) Sit

F-✗ ☒ ( FY FZ) FX ☒ FLY Z)☒Zg F(✗ ☒ (40×2-1)
I

FX,FY,FZ / FC × ,y,z )t
Cx,y ☒ FZ

(FXOXFY) ☒ FZ→ F- (✗ ☒4) ☒FZ F(( ✗☒4) ☒ Z)

FX ☒ FY F- (✗☒Y )

Y'Fx,Fyt tF(U×,y)
FY ☒ FX) FLY X)

(1=11 , Fe) is the unit object of 8
'



F- ( IX.YI) FX ×±×)F(EX ,YI☒X)
:

Fay ☒ FX ' / Flevx ,y)
I

[ FX , FYI ☒ FX
É

, pvy

FCXY ☒ FX ×F(✗✓☒ X)
F-
✗
☒ FX ! fF(ev× )
(FX)" ☒ FX ) 1=11

trop . (8,0×1,181,0×1) areei@d.r (F) c) :( 8. ☒/→ ( Q '

,☒
'

)
Cohen F×,y : FLEX ,YI ) -7 [ FX, FYI /
- -

Pf . (F. c) presumes SAY
? FCX•✓)=(Fx)✓

eVp×{ co Fcevx ) • )
Coen

,=✗
Ffcoevx)°C



Def . ( Morphism of tensor functor) X : (F) c) → (G. d) s .t

11
'

1=11 FX ☒ FY F (✗☒ Y)

11 tin -1×0×-41 tix
11
' ~→ Gil G-✗ ☒ a-Y G- ( ✗ ☒Y)

Notation Hom ( F. G) = { A :(F. c)→ (G.d) 1

Prop . ( 8. ☒) , (81,0×1) are rigid and ( F. c) , ( G. d) :( 8. ☒ )→ (8
'

,

'

)
.

Cohen Hom (F) G) = Aut (F.G)
Pf . Let t :( F. c) → (G) d) .

Garside

yx : G-✗ = G- (✗ "Y
'

¥ FCXY FX



f. ✗ → y

t☒°y×=id✗
µ

: 1=1×4 → a- ( ×
"

)

f g -5 If>-

4x°t×-id× €-7-F-(X) FX

EM%M⇐, 9-✗ _i_" ✗
=

:D
GX

⇒ nine É±*±
.

( lµ☒t×)%evÉ×•= 1=11→ f- XY ☒ FX →~F☒ ) FX (G(×Y☒G✗
" ~→(GXY☒GXcoeiax

11→ (FXY FX É%G×Y☒FX$ ¥G×Y☒G✗




