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Lugc dé nhém affine
©0000000

Ki hiéu

o k ki hiéu cho mdt trudng bit ki.

@ Vecty ki hiéu cho pham trii clia cic khéng gian véc to hitu han chiéu
trén k.

@ Mod, ki hiéu cho pham tri cia cdc modules hitu han sinh trén A.

@ Rep,(G) ki hiéu cho pham trli cic biéu di&n hitu han chiéu cia G
trén k.
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Lugc dé nhém affine
0®000000

Ludc dd nhém affine

Cho mét luoc dé nhém affine G = Spec A trén k. Phép nhén

G x G — G, don vi k — G va phép nghich ddo G — G tuong (ng
dugc xac dinh bdi cac anh xa

Q@ Déinhan At A— AQA;
Q Dbidonvie: A—s k:
© Dbi nghich ddos: A— A

thda man cic tién dé vé doéi dai sb sau:
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Lugc dé nhém affine
0®000000

Ludc dd nhém affine

Cho mét luoc dé nhém affine G = Spec A trén k. Phép nhén

G x G — G, don vi k — G va phép nghich ddo G — G tuong (ng
dugc xac dinh bdi cac anh xa

Q@ Ddinhan A1 A — AR A
Q Dbidonvie: A—s k:
© Dbi nghich ddos: A— A
thda m3n céc tién dé vé déi dai sb sau:
(i) D&i két hop
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Lugc dé nhém affine
00®00000

Ludc dd nhém affine

(i) D&i don vi va dbi nghich dao

A A __AQA A A L AQA
x \L’-d@)ﬁ x lid@ﬁ
AR k AR k
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Lugc dé nhém affine
00®00000

Ludc dd nhém affine

(i) D&i don vi va dbi nghich dao

A A

A ARA ; A AR A
x l’-d@G x lid@f
AR k A® k

Song dai sb

Mt dai sb trén k duoc goi 13 k—song dai s& néu né cé cac phép toan 4, €
va s théa man 3 tién dé (i)—(iii) trén.

PHAM THANH TAM Pham trii Tannaka



Lugc dé nhém affine
000e®0000

Ludc d0 nhém dai sb affine

Ham ti A — Spec A xdc dinh mét tuong dudng giita pham tru cla cic
k—song modules va pham tru cta cic lugc dé nhém affine trén k.

Ching ta néi ring G 13 dai sb (nhém dai sé) néu A 13 k—dai sb hitu han
sinh.
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Lugc dé nhém affine
0000e®000

Doi dai so0 va doi modules

o Mot déi dai s6 trén k 13 mdt k—khdng gian véc to C ciing véi cac
k—anh xa tuyén tinh A: C — C® C; ¢€: C — k thda man cic
diéu kién vé déi két hop va déi don vi & trén.
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Lugc dé nhém affine
0000e®000

Doi dai so0 va doi modules

o Mot déi dai s6 trén k 13 mdt k—khdng gian véc to C ciing véi cac
k—anh xa tuyén tinh A: C — C® C; ¢€: C — k thda man cic
diéu kién vé déi két hop va déi don vi & trén.

o M6t dbi module trén C 13 mdt k—khdng gian véc to V cling véi
k—anh xa tuyén tinh p: V — V ® C thda man cictinh chat sau:

1% P Ve C -V P svecC

pl lid@p \ lid@e

VeC - Vel C V®k
pRid
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Lugc dé nhém affine
0000000

Cau truc doi modules

Cho G = Spec A 13 mét lugc d6 nhém affine trén k va cho V 13 mét
khéng gian véc to trén k.

C6 mét tuong ting 1-1 giifa cac cAu tric trén V:

{céu trac A—dbi module} < ——> {biéu dién k—tuyén tinh cua G}.
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Lugc dé nhém affine
0000000

Cau truc doi modules

Cho G = Spec A 13 mét lugc d6 nhém affine trén k va cho V 13 mét
khéng gian véc to trén k.

Ménh dé 2

C6 mét tuong ting 1-1 giifa cac cAu tric trén V:
{céu trac A—dbi module} < ——> {biéu dién k—tuyén tinh cua G}.

Ménh dé 3

@ DG dai s6 A Ia gidi han thuan A = lim A; clia céc déi dai sb A;.

@ Noi rigng, lusc d6 nhém affine G 13 gidi han nguoc G = I|<_m G; cla
céc luge db nhém affine dai sb cung véi tinh chit G; — G;;i <j 1a
toan cau.
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Lugc dé nhém affine
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X4c dinh lugc dd nhém affine ti cic bidu didn

Cho G = Spec A 13 mét lugc db nhém affine trén k. Xét ham t&r quén
w : Repy(G) — Vect.

M3i k—dai sb R, dinh nghia Aut®(w)(R) gdm cac ho céc tu ding cAu R—
tuyén tinh
(Ax:R®X — R® X) : X € Repy(G)

théa man cic diéu kién sau:
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Lugc dé nhém affine
00000080

X4c dinh lugc dd nhém affine ti cic bidu didn

Cho G = Spec A 13 mét lugc db nhém affine trén k. Xét ham t&r quén
w : Repy(G) — Vect.
M3i k—dai sb R, dinh nghia Aut®(w)(R) gdm cac ho céc tu ding cAu R—
tuyén tinh
(Ax:R®X — R® X) : X € Repy(G)

théa man cic diéu kién sau:

° Axay = Ax @ Ay; A1 = idg

@ V3&i moi anh xa G—dgng bin a: X — Y, ta cé

)\y(Oé &® id) = (a & id))\x.
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Lugc dé nhém affine
00000080

X4c dinh lugc dd nhém affine ti cic bidu didn

Cho G = Spec A 13 mét lugc db nhém affine trén k. Xét ham t&r quén
w : Repy(G) — Vect.
M3i k—dai sb R, dinh nghia Aut®(w)(R) gdm cac ho céc tu ding cAu R—
tuyén tinh
(Ax:R®X — R® X) : X € Repy(G)

théa man cic diéu kién sau:

o )\X®y =Ax ® A\y; A\ = idg

@ V3&i moi anh xa G—dgng bin a: X — Y, ta cé

Ay(a®id) = (a® id)\x.

Anh xa tu nhiégn G — Aut®(w) 1a mét df\ng cAu clia cdc ham tr trén
cac k— dai so.
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Lugc dé nhém affine
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X4c dinh lugc dd nhém tit cic bidu didn cla né

Cha y ring, viéc chitng minh G — Aut®(w) 13 ding cAu duoc thuc hién
bdi |4y gi6i han nguoc clia cic ding cAu dia phuong

GX ~ M@’(M(X))

Binh ly 5 ciing néi rang cac ham ti tensor F : Repk(G ) — Rep,(G) dugc xac
dinh tir ddng cAu duy nhit ¢ : A — A clia cic dbi dai sb trén k
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Lugc dé nhém affine
0000000e

X4c dinh lugc dd nhém tit cic bidu didn cla né

Cha y ring, viéc chitng minh G — Aut®(w) 13 ding cAu duoc thuc hién
bdi |4y gi6i han nguoc clia cic ding cAu dia phuong

GX ~ M@)(w’()o)

M3&i cdu xa f : G — G’ clia cic nhém affine x4c dinh mdt ham ti tensor
tu nhién w : Rep,(G') — Rep,(G). Khi dé

Cho F : Rep,(G’) — Repy(G) 1a ham ti tensor giao hodn cuing cic ham
tlr quén tuong tng. Khi dé, ton tai duy nhat mét cau xa f : G — G’ sao
cho wf = F.

Binh ly 5 ciing néi rang cac ham ti tensor F : Repk(G ) — Rep,(G) dugc xac
dinh tir ddng cAu duy nhit ¢ : A — A cla cic dbi dai sb trén k
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Dinh ly chinh
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Pham tru tensor ran

M6t pham tri tensor C dudc goi |13 rén néu
e Hom(X,Y) ton tai va giao hodn cluing véi tensor hitu han;

e Moi vat trong C déu phan xa.

Chiing minh Ménh d& 6 c6 thé dudc tim thiy trong Proposition 1.13 clia Tanakian
categories cta Deligne, Milne (1982)
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Dinh ly chinh
©00000000000000000

Pham tru tensor ran

M6t pham tri tensor C dudc goi |13 rén néu
e Hom(X,Y) ton tai va giao hodn cluing véi tensor hitu han;

e Moi vat trong C déu phan xa.

Ménh dé 6

Cho C,C’ 13 cac pham tri tensor rin va F, G : C — C’ 13 ham t{ tensor.
Khi d6 moi cau xa giita F va G déu |a mét dang cau.

Chiing minh Ménh d& 6 c6 thé dudc tim thiy trong Proposition 1.13 clia Tanakian
categories cta Deligne, Milne (1982)
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Dinh ly chinh
0®0000000000000000

Dinh 1y chinh

Muc dich chinh ciia bdo cdo nay la dinh |y sau:

Dinh Iy 7

Cho C I3 pham trli k—tuyén tinh tensor abel rin sao cho k = End(1) va
w : C —> Vecty la ham td k—tuyén tinh tensor, khép va trung thanh. Khi
dé tdn tai mdt k—dbi dai sb B sao cho
@ Ham td Aut®(w) cha cic k—dai s6 duoc biéu didn béi lugc dd tu
nhém affine G = Spec B.
@ Ham t w xdc dinh mét tuong dudng gitta cdc pham tru tensor C va
Rep,(G).
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Dinh ly chinh
0O®000000000000000

Lugc d6 ching minh

Dua vio quan sat sau giifa k—dai sb hitu han chiéu A va k—dbi dai sb dbi
ngau cta né

Homk_/,-,,(A ® V, V) ~ Homk_,,-,,(V,A" ® V),

khi d6 chitng minh dinh Iy gdm cac budc sau:
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Dinh ly chinh
0O®000000000000000

Lugc d6 ching minh

Dua vio quan sat sau giifa k—dai sb hitu han chiéu A va k—dbi dai sb dbi
ngau cta né

Homk_/,-,,(A ® V, V) ~ Homk_,,-,,(V,A" ® V),

khi d6 chitng minh dinh Iy gdm cac budc sau:
@ Xay dung k—dai sb hitu han chiéu Ax dbi véi mdi vat X in C ciing
v6i tinh chit
AX == End(w|<X>)

@ Xay dung k—dbi dai sb B. Su ton tai ctia dbi nghich dao ctia B dugc
cho béi tinh rin cta pham tri C.
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Dinh ly chinh
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Xay dung k—dai s Ax

M&i cdp X € Ob(C) va V € Ob(Vecty), dinh nghia

aa¢5,a)}a

(x?
trong dé av: k" — V va ¢4 1 (X ) — (X™)p xac dinh béi
a7 € GLy(k). M&i T € 0b(C), cduxa V@& X — T hoic
T — V ® X 13 ho c4c cAu xa (pa) tuong thich véi cic ¢ .

Ve X=/{(
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Dinh ly chinh
000®00000000000000

Xay dung k—dai s Ax

M&i cdp X € Ob(C) va V € Ob(Vecty), dinh nghia

V@ X = {(X")adpa)},

trong dé av: k" — V va ¢p.4 1 (X")a — (X")s xac dinh bdi

a.f7t € GLy(k). M8i T € Ob(C), cAuxa V@& X — T hoic

T — V ® X 13 ho c4c cAu xa (pa) tuong thich véi cic ¢ .

Chu xa déng nhit idygx xac dinh moét anh xa k—tuyén tinh chinh tic

V — Home(X, V ® X)

ma glii v € V thanh déng ciu dugc xéc dinh bdi a~1(v).
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Dinh ly chinh
000®00000000000000

Xay dung k—dai s Ax

M&i cdp X € Ob(C) va V € Ob(Vecty), dinh nghia

V@ X = {(X")adpa)},

trong dé av: k" — V va ¢p.4 1 (X")a — (X")s xac dinh bdi

a.f7t € GLy(k). M8i T € Ob(C), cAuxa V@& X — T hoic

T — V ® X 13 ho c4c cAu xa (pa) tuong thich véi cic ¢ .

Chu xa déng nhit idygx xac dinh moét anh xa k—tuyén tinh chinh tic

V — Home(X, V ® X)

ma glii v € V thanh déng ciu dugc xéc dinh bdi a~1(v).
CAu xa nay cdm sinh mét ding cAu ham ti theo T nhu sau:

Home(V @ X, T) —s Homy_jin(V, Home(X, T).

PHAM THANH TAM Pham trii Tannaka




Dinh ly chinh
0000®0000000000000

Xay dung k—dai s Ax

Trudc tién, ching ta c6 nhan xét ring moi ham ti k—tuyén tinh
F:C—C déucé
F(V®X) = V& F(X).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000®0000000000000

Xay dung k—dai s Ax

Trudc tién, ching ta c6 nhan xét ring moi ham ti k—tuyén tinh
F:C—C déucé
F(V®X) = V& F(X).

Véi mdi c3p X € Ob(C) va V € Ob(Vecty), dinh
Hom(V, X) = V'Y ® X.
Cho W C VvaY CX, ciéidich chuyén W vao trong Y la
(Y:W):= Ker(Hoim(V,X) —>Hoim(W,X/Y)).
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Dinh ly chinh
0000®0000000000000

Xay dung k—dai s Ax

Trudc tién, ching ta c6 nhan xét ring moi ham ti k—tuyén tinh
F:C—C déucé
F(V®X) = V& F(X).

Véi mdi c3p X € Ob(C) va V € Ob(Vecty), dinh
Hom(V, X) = V'Y ® X.
Cho W C VvaY CX, ciéidich chuyén W vao trong Y la
(Y:W):= Ker(Hoim(V,X) —>Hoim(W,X/Y)).

Tuong tu nhu trén, moi ham ti& k—tuyén tinh F : C — C’ déu c6
F(Hom(V, X)) = Hom(V, F(X)).
Hon nita, néu F 13 khép thi khéng khé dé thiy
F(Y W)= (F(Y): W).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
00000®000000000000

Xay dung k—dai sé Ax

Xét bd dé sau:

Cho C 13 pham trli k—tuyén tinh abel va w : C — Vecty 13 ham t&
k—tuyén tinh, khép va trung thanh. Khi dé cic vt sau bing nhau
@ Vit con 16n nhit P cta Hom(w(X), X) ma anh trong
Hom(w(X)", X"), bdi phép nhing dudng chéo, chira trong
(Y :w(Y)) véi moi vat con Y caa X".
@ Vit con nhd nhit P’ cia Hom(w(X), X) sao cho khéng gian con
w(P') clia Hom(w(X),w(X)) chita ddng nhit clia w(X).
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Dinh ly chinh

00000@000000000000

Xay dung k—dai sé Ax

Xét bd dé sau:

Cho C 13 pham trli k—tuyén tinh abel va w : C — Vecty 13 ham t&
k—tuyén tinh, khép va trung thanh. Khi dé cic vt sau bing nhau
@ Vit con 16n nhit P cta Hom(w(X), X) ma anh trong
Hom(w(X)", X"), bdi phép nhing dudng chéo, chira trong
(Y :w(Y)) véi moi vat con Y caa X".
@ Vit con nhd nhit P’ cia Hom(w(X), X) sao cho khéng gian con
w(P') clia Hom(w(X),w(X)) chita ddng nhit clia w(X).

Bdi tinh faithful clia w, ta c6 ring néu w(X) = 0 thi X = 0. Do dé, két
hop véi tinh khép clia w, ta thiy rang néu Y C X va w(Y) = w(X) thi
Y = X. Diéu nay kéo theo r3ng cac vat clia pham trii C déu I3 artin va
neother. Vi vy, cdc vat P v P’ trong B8 dé 8 déu tdn tai.
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Dinh ly chinh
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Chitng minh B dé& 8

Bdi dinh nghia cla P, ta cé

P= () (Hom(w(X),X)N (Y :w(Y))).
YcXn
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Dinh ly chinh
000000@®00000000000

Chitng minh B dé& 8

Bdi dinh nghia cla P, ta cé

P= () (Hom(w(X),X)N (Y :w(Y))).
YcXn

Khi dé,

w(P)= [ (Hom(w(X),w(X)) N (w(Y):w(Y)))

YycXxn

= (N (End(w(X)) N (w(Y):w(Y))).

YcXxn
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Dinh ly chinh
000000@®00000000000

Chitng minh B dé& 8

Bdi dinh nghia cla P, ta cé

P= () (Hom(w(X),X)N (Y :w(Y))).
YcXn

Khi dé,

w(P)= [ (Hom(w(X),w(X)) N (w(Y):w(Y)))

YycXxn

= (N (End(w(X)) N (w(Y):w(Y))).

YcXxn

Nhu vay w(P) I3 vanh con I6n nhit cta End(w(X)) ma anh trong
End(w(X)") 6n dinh w(Y) véi moi Y C X". Diéu nay chimg td
id,(x) € w(P). Vi vay P’ C P tir tinh chit nhé nhit cta P'.
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Dinh ly chinh
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Chitng minh B dé& 8

Cho V € Ob(Vecty). Bdi phép nhiing dudng chéo cho dnh xa tu nhién
Hom(w(X), X) — Hom(V ® w(X), V ® X).

L3y anh clia w, 4nh xa ndy cam sinh
End(w(X)) — End(V @ w(X)); f — id ® f.

Tuong tu, chiing ta cling thu dugc w(P) 1a vanh con cla End(w(X)) ma
anh trong End(V ® w(X)) 6n dinh w(Y) véi moi Y C V @ X.
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Dinh ly chinh
0000000e0000000000

Chitng minh B dé& 8

Cho V € Ob(Vecty). Bdi phép nhiing dudng chéo cho dnh xa tu nhién
Hom(w(X), X) — Hom(V ® w(X), V ® X).

L3y anh clia w, 4nh xa ndy cam sinh
End(w(X)) — End(V @ w(X)); f — id ® f.

Tuong tu, chiing ta cling thu dugc w(P) 1a vanh con cla End(w(X)) ma
anh trong End(V ® w(X)) 6n dinh w(Y) véi moi Y C V @ X.

Ap dung nhan xét ndy déi véi mét vat @ € Hom(w(X), X) = w(X)" ® X
cung véi chd ¥y w(Q) C End(w(X)). Phép nhan tréi cla

w(P) C End(w(X)) 1&n End(w(X)) &n dinh w(Q).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000e0000000000

Chitng minh B dé& 8

Cho V € Ob(Vecty). Bdi phép nhiing dudng chéo cho dnh xa tu nhién
Hom(w(X), X) — Hom(V @ w(X), V & X).
L3y anh clia w, 4nh xa ndy cam sinh
End(w(X)) — End(V @ w(X)); f — id ® f.
Tuong tu, chiing ta cling thu dugc w(P) 1a vanh con cla End(w(X)) ma
anh trong End(V ® w(X)) 6n dinh w(Y) véi moi Y C V @ X.
Ap dung nhan xét nay déi véi mét vat Q € Hom(w(X), X) = w(X)" ® X
cung véi chd ¥y w(Q) C End(w(X)). Phép nhan tréi cla
w(P) C End(w(X)) 1&n End(w(X)) 6n dinh w(Q).
Vi vay, néu id,y(x) € w(Q) thi moi ¢ € w(P) ta cé ¢ = ¢(id) € w(Q).
Diéu nay kéo theo w(P) C w(Q), va do dé P C Q. Néi riéng,

PcCP.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
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Xay dung k—dai s Ax

Dit Ax = w(Px), & day Px ki hiéu cho vat ton tai trong B8 dé 8. Ki hiéu
(X) pham tru con day cla C gdbm céc subqoutient clia X", n € N. Tir Ax
I3 vanh con 16n nhét ctia End(w(X)) 8n dinh w(Y) véi moi Y C X". Hién
nhién, m&i k— tuyén tinh w(X;) — w(X2) cdm sinh mét Axtuyén tinh
trén né. Vi vay, ham tl w : C — Vect, phan tich qua Mod4, .. Ta cé b&
dé:
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Dinh ly chinh
00000000@000000000

Xay dung k—dai sé Ax

Dit Ax = w(Px), & day Px ki hiéu cho vat ton tai trong B8 dé 8. Ki hiéu
(X) pham tru con day cla C gdbm céc subqoutient clia X", n € N. Tir Ax
I3 vanh con 16n nhét ctia End(w(X)) 8n dinh w(Y) véi moi Y C X". Hién
nhién, m&i k— tuyén tinh w(X;) — w(X2) cdm sinh mét Axtuyén tinh

trén né. Vi vay, ham tl w : C — Vect, phan tich qua Mod4, .. Ta cé b&
dé:

Ham t&r w|/xy : (X) — Moda, la mét tuong duong pham trui cling tinh

cht gli ham ti w|(xy thanh ham t& quén Ién Vect,. Hon nita,
AX = End(w|<x>).

PaAM THANH TAM

Pham trii Tannaka



Dinh ly chinh
00000000@000000000

Xay dung k—dai sé Ax

Dit Ax = w(Px), & day Px ki hiéu cho vat ton tai trong B8 dé 8. Ki hiéu
(X) pham tru con day cla C gdbm céc subqoutient clia X", n € N. Tir Ax
I3 vanh con 16n nhét ctia End(w(X)) 8n dinh w(Y) véi moi Y C X". Hién
nhién, m&i k— tuyén tinh w(X;) — w(X2) cdm sinh mét Axtuyén tinh

trén né. Vi vay, ham tl w : C — Vect, phan tich qua Mod4, .. Ta cé b&
dé:

Ham t&r w|/xy : (X) — Moda, la mét tuong duong pham trui cling tinh

cht gli ham ti w|(xy thanh ham t& quén Ién Vect,. Hon nita,
AX = End(w|<x>).

-) Tinh faithful cha wxy dén tir ham tdf w.

PaAM THANH TAM

Pham trii Tannaka



Dinh ly chinh
00000000@000000000

Xay dung k—dai sé Ax

Dit Ax = w(Px), & day Px ki hiéu cho vat ton tai trong B8 dé 8. Ki hiéu
(X) pham tru con day cla C gdbm céc subqoutient clia X", n € N. Tir Ax
I3 vanh con 16n nhét ctia End(w(X)) 8n dinh w(Y) véi moi Y C X". Hién
nhién, m&i k— tuyén tinh w(X;) — w(X2) cdm sinh mét Axtuyén tinh

trén né. Vi vay, ham tl w : C — Vect, phan tich qua Mod4, .. Ta cé b&
dé:

Ham t w|<

x) © (X) — Moda, la mét tuong duong pham tr cling tinh

cht gli ham ti w|(xy thanh ham t& quén Ién Vect,. Hon nita,
AX = End(w|<x>).

-) Tinh faithful cha wxy dén tir ham tdf w.

-) Tinh essential surjective. Trudc tién, tor Ax C End(w(X)) 6n dinh w(Y)

8n
v6i moi Y C X" nén tic déng phai clia Ax trén Hom(w(X), X) 8n dinh
Px.

PaAM THANH TAM

Pham trii Tannaka



Dinh ly chinh
0000000008000 00000

Xay dung k—dai s Ax

Khi d6, mdi M € Moda,, dinh nghia

Px ®a, M = Coker(Px ® Ax @ M = Px ® M).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000008000 00000

Xay dung k—dai s Ax

Khi d6, mdi M € Moda,, dinh nghia

PX ®AX M = Coker(PX X AX QM= PX X M)
Bdi Px C Hom(w(X), X) nén Px ®a, M la cac ho (Y,) cac vay cltia (X)
tuong thich véi cic ding chu Y, — Y. Khi dé

OJ(PX Ay M) = w(Px) R Ay M= M.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000008000 00000

Xay dung k—dai s Ax

Khi d6, mdi M € Moda,, dinh nghia

PX ®AX M = Coker(PX X AX QM= PX X M)
Bdi Px C Hom(w(X), X) nén Px ®a, M la cac ho (Y,) cac vay cltia (X)
tuong thich véi cic ding chu Y, — Y. Khi dé

OJ(PX Ay M) = w(Px) R Ay M= M.

-) Tinh full clia w|(xy. Cho X; € (X) sao cho w(X;) = M;. Gia si
f: My — My 13 mét chu xa trong Comoda, . Ta ¢

U)(idPx ®Ax f : PX ®AX M]- — PX ®AX Mz) = idAX ®AX f = f

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000e0000000

Xay dung k—dai s Ax

-) Cubi cling, chiing ta chiing minh Ax = End(wl(xy)-

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000e0000000

Xay dung k—dai s Ax

-) Cubi cling, chiing ta chiing minh Ax = End(wl(xy)-
o Hién nhién, tir Ax C End(w(X)) 8n dinh w(Y) véi moi Y C X" nén
Ax 6n dinh w|(x)(X;) véi moi X; € (X). Do dé m&i phan tir clia Ax
1A m&t tu bién d8i tu nhién clia w|<X>.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000e0000000

Xay dung k—dai s Ax

-) Cubi cling, chiing ta chiing minh Ax = End(wl(xy)-

o Hién nhién, tir Ax C End(w(X)) 8n dinh w(Y) véi moi Y C X" nén
Ax 6n dinh w|(x)(X;) véi moi X; € (X). Do dé m&i phan tir clia Ax
1A m&t tu bién d8i tu nhién clia w|<X>.

o Néu ) e End(w|(xy), tir tinh chit khép clia w, dong ciu A x4c dinh
bdi

Ax w\<x>(X) — w|<X>(X)

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000e0000000

Xay dung k—dai s Ax

-) Cubi cling, chiing ta chiing minh Ax = End(wl(xy)-

o Hién nhién, tir Ax C End(w(X)) 8n dinh w(Y) véi moi Y C X" nén
Ax 6n dinh w|(x)(X;) véi moi X; € (X). Do dé m&i phan tir clia Ax
1A m&t tu bién d8i tu nhién clia w|<X>.

o Néu ) e End(w|(xy), tir tinh chit khép clia w, dong ciu A x4c dinh
bdi

Ax w\<x>(X) — w|<X>(X)

Vi vay,
End(w|<x>(X)) 2 End(w|<x>) D) Ax.

Tir tinh cht ty nhién clia A, déng cAu Ax 8n dinh w(Y) véi moi Y 13
con cia X". Diéu nay chitng té End(wxy(X)) C Ax.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000080 00000

Cho A 13 k—dai sb hitu han chiéu va w : Moda — Vecty 13 ham ti quén.
Véi moi k—dai sb R, dinh nghia

¢r : Vecty — Modg;, V— R® V.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000080 00000

Cho A 13 k—dai sb hitu han chiéu va w : Moda — Vecty 13 ham ti quén.
Véi moi k—dai sb R, dinh nghia

¢r : Vecty — Modg;, V— R® V.

Do dé cé ham tu
¢or.w : Mody — Modg; M +— R® M.

M3i phan tir cia R ® A xac dinh mét tu ddng chu clia ¢gr.w.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000080 00000

M6t vi du

Cho A 13 k—dai sb hitu han chiéu va w : Moda — Vecty 13 ham ti quén.
Véi moi k—dai sb R, dinh nghia

¢r : Vecty — Modg;, V— R® V.

Do dé cé ham tu

¢or.w : Mody — Modg; M +— R® M.

M3&i phan tir cia R ® A xé4c dinh mét tu dong cAu clia ¢r.w.Hon nita,

Anh xa chinh tic
a:R®A— End(pr.w)

I3 ddng cAu cling véi 4nh xa ngucc B : End(¢r.w) — R @ A\ = Aa(1).

T B AT - =7

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
000000000000e00000

Mot nhan xét trén cic d6i modules

Bay gid xét B 13 mdt k—dbi dai sb6 va w : Comodg — Vecty 13 ham ti
quén. M&t hé qud clia Dinh Iy 5 néi rang dong ciu cha cic k—dbi dai sb
u: B® B— B xac dinh ham td

¢" : Comodg x Comodg — Comodpg; (X, Y)— X @k Y

cung véi cau tric B—doi module

XY — % x9BoY®B

idx ®id
M ll IxQidy Qu

X®Y®B

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000000 e0000

Mot nhan xét trén cic d6i modules

Dinh ly 11

Cé tuong tng 1-1 giita cac dong cAu dbi dai sb trén k

u:B®B—B
va cic ham td
¢ : Comodg x Comodg — Comodpg; ¢(X,Y) =X &k Y
théa man
o Céc rang budc két hop, giao hodn trén Vect, cam sinh cac rang budc
tuong ng trén Comodpg néu va chi néu u ¢ cac tinh chat tuong ng.

@ Ton tai vat dong nhit ctia pham tri Comodg ciing véi khdng gian
nén k khi va chi khi B cé phan tir don vi.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000000 0e000

Xay dung k—ddi dai sé B

Bay gid quay trd lai viéc chiing minh Dinh ly chinh. D3t

BX = AB/< = End(w|<x>)".

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000000 0e000

Xay dung k—d6i dai s6 B

Bay gid quay trd lai viéc chiing minh Dinh ly chinh. D3t

BX = AB/< = End(w|<x>)".

Khi d6 Bx 13 mot k—dbi dai sb. Diing Ménh dé 2 va B8 dé 9, ta c6

Ham t&r cdm sinh (X) — Comodpg, la mét tuong duong pham tru.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000000 0e000

Xay dung k—d6i dai s6 B

Bay gid quay trd lai viéc chiing minh Dinh ly chinh. D3t

BX = AB/< = End(w|<X>)".

Khi d6 Bx 13 mot k—dbi dai sb. Diing Ménh dé 2 va B8 dé 9, ta c6

Ham t&r cdm sinh (X) — Comodpg, la mét tuong duong pham tru.

Dit B = lim Bx va (C,w) nhu d3 cho & trudc ngodi viéc gid st thém rang
C la tensor. Khi dé

Ham t& w cdm sinh mét tuong duong pham tri C — Comodg chuyén
ham t& w thanh ham t& quén trén Comodp.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
000000000000000e00

Xay dung k—ddi dai sé B

Chiing ta nhan thiy ring, cAu tric tensor trén C cdm sinh cAu tric tuong
ty trén Comodpg.

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
000000000000000e00

Xay dung k—ddi dai sé B

Chiing ta nhan thiy ring, cAu tric tensor trén C cdm sinh cAu tric tuong
ty trén Comodpg.
Bay gid chiing ta dp dung Dinh ly 11.

T C 13 pham trd k—tuyén tinh tensor abel, B c6 cic chu tric clia mét
k—dai s6 két hop, giao hodn. Hon nita, tir k = End(1), doi dai s6 B c6
mot phan ti don vi. Khi d6, G = Spec B la mét lugc d6 vi nhém affine.

PHAM THANH TAM Pham trii Tannaka




Dinh ly chinh
000000000000000e00

Xay dung k—ddi dai sé B

Chiing ta nhan thiy ring, cAu tric tensor trén C cdm sinh cAu tric tuong
ty trén Comodpg.
Bay gid chiing ta 4p dung Dinh ly 11.

T C 13 pham trd k—tuyén tinh tensor abel, B c6 cic chu tric clia mét
k—dai s két hop, giao hoan. Hon nita, tir k = End(1), déi dai s6 B c6
mot phan tlr don vi. Khi d6, G = Spec B 13 mét lugc dd vi nhém affine.
M3i k—dai s& R, dinh nghia End(w)(R) := End(¢g.w). Khi dé
End(w)(R) =ljm End(ér-wl(x)), wl|(x) dugc gii thanh ham tir quén

=lim(R® Ax), Ax déng nhit véi AY

= lim Hom—jin(A%, R)

= lim Hom—jin(Bx , R)

:Homk_/,-,,(B, R).

PHAM THANH TAM Pham trii Tannaka




Dinh ly chinh
0000000000000000e0

Xay dung k—ddi dai sé B

Mét phan ti A\ € Homy_ji,(B, R) tuong ting véi mdt phan ti clia
End(w)(R) giao hoadn cling cau tric tensor khi va chi khi A 13 dong cau
clia cac k—dai s6. Do dé

End®(w)(R) = Homy_ (B, R) = G(R).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
0000000000000000e0

Xay dung k—d6i dai s6 B

Mét phan ti A\ € Homy_ji,(B, R) tuong ting véi mdt phan ti clia
End(w)(R) giao hoadn cling cau tric tensor khi va chi khi A 13 dong cau
clia cac k—dai sb. Do dé

End®(w)(R) = Homy_ (B, R) = G(R).

Vi vay,

Dinh Iy 14

Cho C 13 pham trii k—tuyén tinh tensor abel sao cho k = End(1) va
w : C —> Vecty la ham td k—tuyén tinh tensor, khép va trung thanh. Khi
dé tén tai mdt k—dbi dai sb B sao cho
@ Ham tir End®(w) cla cic k—dai s6 biéu dién bdi lugc dd vi nhém
affine G = Spec B.
@ Ham t w xac dinh mét tuong duong giita C va Rep,(G).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
00000000000000000e

Sy can thiét cla tinh rin cho ludc do

Gia str C 13 pham trii k—tuyén tinh tensor abel rin va w : C — Vecty 13
ham tl k—tuyén tinh tensor, khép va trung thanh. Béi Ménh dé 6, ta c6

End®(w) = Aut®(w).

PHAM THANH TAM Pham trii Tannaka



Dinh ly chinh
00000000000000000e

Sy can thiét cla tinh rin cho ludc do

Gia str C 13 pham trii k—tuyén tinh tensor abel rin va w : C — Vecty 13
ham tl k—tuyén tinh tensor, khép va trung thanh. Béi Ménh dé 6, ta c6

End®(w) = Aut®(w).

Do d6, di dai s6 B c6 mdt anh xa dbi nghich ddo ma 1am cho G tré
thanh lugc d6 nhém affine. O

PHAM THANH TAM Pham trii Tannaka




Pham tru Tannaka trung tinh
[ 1]

Pham tru Tannaka trung tinh

Dinh nghia

M&t pham trii Tannaka trung tinh trén k |3 mot pham tri k—tuyén tinh,
tensor, abel va rin C sao cho

e k= End(1) va;
@ C dugc trang bi
w : C — Vecty

I3 mot ham ti k—tuyén tinh tensor, khp va trung thanh.

PHAM THANH TAM Pham trii Tannaka



Pham tru Tannaka trung tinh
[ 1]

Pham tru Tannaka trung tinh

Dinh nghia

M&t pham trii Tannaka trung tinh trén k |3 mot pham tri k—tuyén tinh,
tensor, abel va rin C sao cho

e k= End(1) va;
@ C dugc trang bi
w : C — Vecty

I3 mot ham ti k—tuyén tinh tensor, khp va trung thanh.

Q@ Mot ham td w nhu viy dugc goi la ham tir thé dbi véi pham trd C.

PHAM THANH TAM Pham trii Tannaka



Pham tru Tannaka trung tinh
[ 1]

Pham tru Tannaka trung tinh

Dinh nghia

M&t pham trii Tannaka trung tinh trén k |3 mot pham tri k—tuyén tinh,
tensor, abel va rin C sao cho

e k= End(1) va;
@ C dugc trang bi

w : C — Vecty

I3 mot ham ti k—tuyén tinh tensor, khp va trung thanh.

Q@ Mot ham td w nhu viy dugc goi la ham tir thé dbi véi pham trd C.

@ BGdi dinh ly chinh, moi pham tru Tannaka trung tinh 13 tuong duong
v6i pham tri cic k—biéu dién hitu han chiéu ctia mét luge do nhém
affine.

PHAM THANH TAM Pham trii Tannaka



Pham tru Tannaka trung tinh
oce

TRAN TRONG CAM ON!
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