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Plan of the talk

@ Pham tri cic module vi phan

© Mé rong Picard-Vessiot phd quat va nhém Galois vi phan phd
quat

© Vé ham ti thé cha pham tri Diffk

e Vi du : Pham tru cdc phuong trinh vi phdn ky di chinh quy trén
trudng cac chudi Laurent hinh thiic



Pham trii cdc module vi phan

Pham tru cdc module vi phan
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Pham trii cdc module vi phan

Pham tru cdc module vi phan

e Cho K |3 mét trudng vi phan sao cho trudng cic hing C cta K 13
mot trudsng déng dai s6 ¢6 ddc s6 0 va thuc sy nam trong K
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Pham trii cdc module vi phan

Pham tru cdc module vi phan

e Cho K |3 mét trudng vi phan sao cho trudng cic hing C cta K 13
mot trudsng déng dai s6 ¢6 ddc s6 0 va thuc sy nam trong K

o Nhic lai rf“ang mot module vi phan trén K 13 mét K - module hitu
han sinh cling v6i mét todn tl vi phdn 9 md rdng todn tl vi phan
cla K.

NGUYEN Kieu Hieu Technical University of Munich Ly thuyét Galois vi phan Il 3/31



Pham trii cdc module vi phan

Pham tru cdc module vi phan

e Cho K |3 mét trudng vi phan sao cho trudng cic hing C cta K 13
mot trudsng déng dai s6 ¢6 ddc s6 0 va thuc sy nam trong K

o Nhic lai rf“ang mot module vi phan trén K 13 mét K - module hitu
han sinh cling v6i mét todn tl vi phdn 9 md rdng todn tl vi phan
cha K.

o Mbt chu xa ¢ : (My,01) — (M2, 02) la mét K - tuyén tinh 4nh xa
sao cho ¢po d; = 0» 0 .
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Pham trii cdc module vi phan

Pham tru cac module vi phan

e Cho K |3 mét trudng vi phan sao cho trudng cic hing C cta K 13
mot trudsng déng dai s6 ¢6 ddc s6 0 va thuc sy nam trong K

o Nhic lai rf“ang mot module vi phan trén K 13 mét K - module hitu
han sinh cling v6i mét todn tl vi phdn 9 md rdng todn tl vi phan
cha K.

o Mbt chu xa ¢ : (My,01) — (M2, 02) la mét K - tuyén tinh 4nh xa
sao cho ¢po d; = 0» 0 .

Dinh nghia

Pham tru cdc module vi phan trén K, dugc ky hiéu la Diffk, 1a pham tru
ma cac vat bao gobm tap hgp cadc module vi phan trén K va cic cau xa
giltu hai vat 13 cdu xa clia K - module vi phan tucng ting.
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Pham trii cdc module vi phan

M6t vai xay dung dai s6 quen thudc
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Pham trii cdc module vi phan

M6t vai xay dung dai s6 quen thudc

o Téng truc tiép ctia (My,8;) va (Ma,d2) 1a (M3, d3) & day
Ms; = My & M, va (93(”71 D m2) = 81(m1) (&) 62(m2).
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Pham trii cdc module vi phan

M6t vai xay dung dai s6 quen thudc

o Téng truc tiép ctia (My,8;) va (Ma,d2) 1a (M3, d3) & day
Ms; = My & M, va (93(”71 D m2) = 81(m1) (&) 62(m2).

@ Tich tensor cla (Ml,al) va (Mz,az) la (M3,(93) 8 déy
Ms = My ® My va 93(m1 @ my) = 01(m1) @ ma 4 my @ 02(my).
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Pham trii cdc module vi phan

M6t vai xay dung dai s6 quen thudc

o Téng truc tiép ctia (My,8;) va (Ma,d2) 1a (M3, d3) & day
Ms; = My & M, va (93(”71 D m2) = 81(m1) (&) 62(m2).

@ Tich tensor cla (Ml,al) va (Mz,az) la (M3,(93) 8 déy
Ms = My ® My va 93(m1 @ my) = 01(m1) @ ma 4 my @ 02(my).

e Mot module con N clia (M, ) 1a mét K- khong gian con N C M sao
cho O(N) C N. Khi dé ta thiy ring (N,0\n) 1a mdt module vi phan.
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Pham trii cdc module vi phan

M6t vai xay dung dai sb quen thudc

o Téng truc tiép ctia (My,8;) va (Ma,d2) 1a (M3, d3) & day
Ms; = My & M, va (93(”71 D m2) = 81(m1) (&) 62(m2).

@ Tich tensor cla (Ml,al) va (Mz,az) la (M3,(93) 8 déy
Ms = My ® My va 93(m1 @ my) = 01(m1) @ ma 4 my @ 02(my).

e Mot module con N clia (M, ) 1a mét K- khong gian con N C M sao
cho d(N) C N. Khi dé ta thiy ring (N,0\n) 1a mdt module vi phan.

o Gid st ring N 13 m&t module (vi phan) con ctia (M, d). Khi dé
M/N ciing véi todn tir vi phan 9, dugc dinh nghia bdi cong thic
d(m+ N) = 9(m) + N dugc goi 1a module vi phan thuong cia N
bdi M.
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Pham trii cdc module vi phan

M6t vai xay dung dai sb quen thudc

o Téng truc tiép ctia (My,8;) va (Ma,d2) 1a (M3, d3) & day
Ms; = My & M, va (93(”71 D m2) = 81(m1) (&) 62(m2).

@ Tich tensor cla (Ml,al) va (Mz,az) la (M3,(93) 8 déy
Ms = My ® My va 93(m1 @ my) = 01(m1) @ ma 4 my @ 02(my).

e Mot module con N clia (M, ) 1a mét K- khong gian con N C M sao
cho d(N) C N. Khi dé ta thiy ring (N,0\n) 1a mdt module vi phan.

o Gid st ring N 13 m&t module (vi phan) con ctia (M, d). Khi dé
M/N ciing véi todn tir vi phan 9, dugc dinh nghia bdi cong thic
d(m+ N) = 9(m) + N dugc goi 1a module vi phan thuong cia N
bdi M.
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Pham trii cdc module vi phan

M6t vai xay dung dai s6 quen thudc

e Cho (My,d1) va (My, 82) 1a hai module vi phén trén K, ta dung ky
hiéu Homp (M1, My) cho C- khéng gian véc to cic cdu xa giiia
module vi phan My va M;.
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Pham trii cdc module vi phan

M6t vai xay dung dai s6 quen thudc

@ Cho (My,01) va (My, 92) la hai module vi phan trén K, ta dung ky
hiéu Homg(M;, M») cho C- khéng gian véc to cic ciu xa giita
module vi phan M; va M. Luu ¥ ring Homp(My, M,) khéng phai I3
mo&t module vi phan.
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Pham trii cdc module vi phan

M6t vai xay dung dai sb quen thudc

@ Cho (My,01) va (My, 92) la hai module vi phan trén K, ta dung ky
hiéu Homg(M;, M») cho C- khéng gian véc to cic ciu xa giita
module vi phan M; va M. Luu ¥ ring Homp(My, M,) khéng phai I3
mo&t module vi phan.

o Cho (My,01) va (Mz, 8,) 1a hai module vi phan trén K, khi dé
internal Hom cla ching, ky hiéu bdi Hom((My, 01), (M, 02)), dugc
dinh nghia 1a K-khéng gian véc to Homk (M, M,) cling véi todn ti
vi phan 0 dugc cho bdi cong thic (9€)(my) = £(01my1) — D2(£(m1)).
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Pham trii cdc module vi phan

M6t vai xay dung dai sb quen thudc

@ Cho (My,01) va (My, 92) la hai module vi phan trén K, ta dung ky
hiéu Homg(M;, M») cho C- khéng gian véc to cic ciu xa giita
module vi phan M; va M. Luu ¥ ring Homp(My, M,) khéng phai I3
mo&t module vi phan.

o Cho (My,01) va (Mz, 8,) 1a hai module vi phan trén K, khi dé
internal Hom cla ching, ky hiéu bdi Hom((My, 01), (M, 02)), dugc
dinh nghia 1a K-khéng gian véc to Homk (M, M,) cling véi todn ti
vi phan 0 dugc cho bdi cong thic (9€)(my) = £(01my1) — D2(£(m1)).

Luu y ring ta c6 hé thic
Homa(Ml, Mz) = {f S Hom((Ml, 81), (Mz, 82))|8£ = O}
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Pham trii cdc module vi phan

M6t vai xay dung dai sb quen thudc

@ Cho (My,01) va (My, 92) la hai module vi phan trén K, ta dung ky
hiéu Homg(M;, M») cho C- khéng gian véc to cic ciu xa giita
module vi phan M; va M. Luu ¥ ring Homp(My, M,) khéng phai I3
mo&t module vi phan.

o Cho (My,01) va (Mz, 8,) 1a hai module vi phan trén K, khi dé
internal Hom cla ching, ky hiéu bdi Hom((My, 01), (M, 02)), dugc
dinh nghia 1a K-khéng gian véc to Homk (M, M,) cling véi todn ti
vi phan 0 dugc cho bdi cong thic (9€)(my) = £(01my1) — D2(£(m1)).
Luu y ring ta c6 hé thic
Homa(Ml, Mz) = {f S Hoim((Ml, 81), (Mz, 82))|8£ = O}

@ Module vi phan 1 chiéu tdm thudng trén K dugc ky hidu 13 1. Mét
trudng hop dic biét clia internal Hom 13 module vi phan d6i ngiu
M* cla M, dugc xac dinh bdi cong thiic M* = Homk (M, 1k).
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Pham trii cdc module vi phan

So luoc vé mébi lién hé véi ly thuyét Tanaka va ham tu thd

Chiing ta c6 thé kiém tra ring (M*)* ~ M va End(1x) = C. Hon nita,
nh& vao déng thic Homk(T ® X, Y) ~ Homy (T, Hom(X, Y)), chiing
ta c6 thé kiém tra ring ding thic

Homy(T ® X, Y) ~ Homp(T,Hom(X, Y)) la ding.
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Pham trii cdc module vi phan

So luoc vé mébi lién hé véi ly thuyét Tanaka va ham tu thd

Chiing ta c6 thé kiém tra ring (M*)* ~ M va End(1x) = C. Hon nita,
nh& vao déng thic Homk(T ® X, Y) ~ Homy (T, Hom(X, Y)), chiing
ta c6 thé kiém tra ring ding thic

Homy(T ® X, Y) ~ Homp(T,Hom(X, Y)) la ding.

e Dua vio nhiing tinh chit co ban & trén, chiing ta thiy ring pham
tril Diffc théa man hau hét cic tinh chit cda mét pham tri Tanaka
trung tinh trén trudng C. Chi c6 duy nhit mét tinh chit khéng hién
nhién, dé 13 su tdn tai cla ham td thé w : Diffx — Vectc.
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Pham trii cdc module vi phan

So luoc vé mébi lién hé véi ly thuyét Tanaka va ham tu thd

Chiing ta c6 thé kiém tra ring (M*)* ~ M va End(1x) = C. Hon nita,
nh& vao déng thic Homk(T ® X, Y) ~ Homy (T, Hom(X, Y)), chiing
ta c6 thé kiém tra ring ding thic

Homy(T ® X, Y) ~ Homp(T,Hom(X, Y)) la ding.

e Dua vio nhiing tinh chit co ban & trén, chiing ta thiy ring pham
tril Diffc théa man hau hét cic tinh chit cda mét pham tri Tanaka
trung tinh trén trudng C. Chi c6 duy nhit mét tinh chit khéng hién
nhién, dé 13 su tdn tai cla ham td thé w : Diffx — Vectc.

o Mt khi chiing ta c6 trong tay ly thuyét Picard-Vessiot, ching ta c6
thé x4y dung ham td thé bing cach gan cho mdt module vi phan
khong gian nghiém trong ma rong Picard-Vessiot cla né.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

NGUYEN Kieu Hieu Technical University of Munich thuyét Galois vi pl



M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

° T(A;ng qua’t hon ta quan tdm C mdt pham tru con day clia pham tru
Diffk dong th0| dong vGi cac phép toan dai sb (Iay nhan, 14y d&i
nhan, déi ngiu, tong truc tidp va tich tensor).
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

° T(A;ng quét hon ta quan tdm C mdt pham tru con day clia pham tru
Diffk dong th0| dong vGi cac phép toan dai sb (Iay nhan, 14y d&i
nhan, d&i ngiu, téng truc tiép va tich tensor). Né&u Diffcla mét
pham tru Tanaka trung tinh thi ta sé suy ra dugc C ciing la mot
pham tru Tanaka trung tinh va do d6 tuong duong véi pham tru
biéu di&n hitu han ctia mét nhém dai sb affine trén C.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

° T(A;ng quét hon ta quan tdm C mdt pham tru con day clia pham tru
Diffk dong th0| dong vGi cac phép toan dai sb (Iay nhan, 14y d&i
nhan, d&i ngiu, téng truc tiép va tich tensor). Né&u Diffcla mét
pham tru Tanaka trung tinh thi ta sé suy ra dugc C ciing la mot
pham tru Tanaka trung tinh va do d6 tuong duong véi pham tru
biéu di&n hitu han ctia mét nhém dai sb affine trén C.

@ Mot ciu hdi quan trong nita la tim hiéu thém céc théng tin vé& luoc
d6 nhém affine G gdn véi pham trit Diff, hay tong quét hon 13 gin
véi pham tru C.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

° T(A;ng quét hon ta quan tdm C mdt pham tru con day clia pham tru
Diffk dong th0| dong vGi cac phép toan dai sb (Iay nhan, 14y d&i
nhan, d&i ngiu, téng truc tiép va tich tensor). Né&u Diffcla mét
pham tru Tanaka trung tinh thi ta sé suy ra dugc C ciing la mot
pham tru Tanaka trung tinh va do d6 tuong duong véi pham tru
biéu di&n hitu han ctia mét nhém dai sb affine trén C.

@ Mot ciu hdi quan trong nita la tim hiéu thém céc théng tin vé& luoc
d6 nhém affine G gdn véi pham trit Diff, hay tong quét hon 13 gin
véi pham tru C.

° Tiép theo, ta sé nghién ctu mé réng Picard-Vessiot phc‘; quat cho
pham tru C.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

° T(A;ng quét hon ta quan tdm C mdt pham tru con day clia pham tru
Diffk dong th0| dong vGi cac phép toan dai sb (Iay nhan, 14y d&i
nhan, d&i ngiu, téng truc tiép va tich tensor). Né&u Diffcla mét
pham tru Tanaka trung tinh thi ta sé suy ra dugc C ciing la mot
pham tru Tanaka trung tinh va do d6 tuong duong véi pham tru
biéu di&n hitu han ctia mét nhém dai sb affine trén C.

@ Mot ciu hdi quan trong nita la tim hiéu thém céc théng tin vé& luoc
d6 nhém affine G gdn véi pham trit Diff, hay tong quét hon 13 gin
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pham tru C.

NGUYEN Kieu Hieu Technical University of Munich Ly thuyét Galois vi phan Il



M4 réng Picard-Vessiot phd quat va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phd quét

Mé rong Picard-Vessiot phé quat cho pham tri C 1a mét vanh Univ R
théa man cac tinh cht sau:
@ Univ R 13 mdt K- dai sb va c6 mét phép vi phan r — Or trén
Univ R, mé réng phép vi phan trén K.
@ Univ R I3 mét dai s6 vi phan don, cu thé hon thi né chi cé hai ideal
vi phan 13 {0} va chinh né.
© V6i moi hé phucng trinh vi phan cé dang dy = Ay thudc vao pham
tril C, ton tai mdt ma trdn co ban F clia phuong trinh d6 véi hé sb
trong Univ R.
© R nhu mbt K-dai sb thi dudc sinh bai nhitng hé s clia ma tran co
ban F clng véi det(F)~', & day ta |4y tit ca F tuong iing véi tit c3
cac phuaong trinh trong C.

v
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Néu pham tris C théa man nhiing gia dinh néu ra & dau phan nay thi tén
tai md réng Picard-Vessiot phé quat cho pham tri C.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Néu pham tris C théa man nhiing gia dinh néu ra & dau phan nay thi tén
tai md réng Picard-Vessiot phé quat cho pham tri C.

Ching minh :
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Néu pham tris C théa man nhiing gia dinh néu ra & dau phan nay thi tén
tai md réng Picard-Vessiot phé quat cho pham tri C.

Chitng minh : Nhu ta d3 biét, néu M 3 m6t module vi phan trén K thi
ta c6 thé xay dung mét mé rong Picard- Vessiot Ry tng véi M. Ta sé
chiing minh rang mé rong Picard-Vessiot phd quat 13 gi6i han truc tiép
clia cdc md rbéng Picard- Vessiot Ry khi cho M bién thién trong pham
tru C.

NGUYEN Kieu Hieu Technical University of Munich Ly thuyét Galois vi phan Il 9/31



M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Néu pham tris C théa man nhiing gia dinh néu ra & dau phan nay thi tén
tai md réng Picard-Vessiot phé quat cho pham tri C.

Chitng minh : Nhu ta d3 biét, néu M 3 m6t module vi phan trén K thi
ta c6 thé xay dung mét mé rong Picard- Vessiot Ry tng véi M. Ta sé
chiing minh rang mé rong Picard-Vessiot phd quat 13 gi6i han truc tiép
clia cdc md rbéng Picard- Vessiot Ry khi cho M bién thién trong pham
tri C. Vi vy, truéc hét ta phai chi ra ring tir mdt cAu xa vi phan
M — N, ta phai c6 mdt chu xa vi phan tuong ting Ry — Ru.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phd quét

Néu pham tris C théa man nhiing gia dinh néu ra & dau phan nay thi tén
tai md réng Picard-Vessiot phé quat cho pham tri C.

Chitng minh : Nhu ta d3 biét, néu M 3 m6t module vi phan trén K thi
ta c6 thé xay dung mét mé rong Picard- Vessiot Ry tng véi M. Ta sé
chiing minh rang mé rong Picard-Vessiot phd quat 13 gi6i han truc tiép
clia cdc md rbéng Picard- Vessiot Ry khi cho M bién thién trong pham
tri C. Vi vy, truéc hét ta phai chi ra ring tir mdt cAu xa vi phan
M — N, ta phai c6 mdt chu xa vi phan tuong ting Ry — Ru.

Néu hop f : M — N 13 mdt chu xa vi phan bat ky, ta lubn tach f thanh
hop clia mét cau xa toan dnh va mot cau xa don dnh va do dé ta chi can
xét cac trudng hgp riéng f 1a don dnh ho3c toan anh.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Trudc tién, gid st ring cAu xa vi phan f : M — N 13 don 4nh. Khi dé ta

c6 thé chon mét co s6 (e, - - , ex,) cha K- khong gian véc to N sao cho

(e1,---,ex,) |3 mdt co s6 clia khéng gian con f(M). Nhic lai ring

phuong trinh vi phdn @ng véi module vi phdn M cé dang dy = Ayy, &

day ma tran Ay = (a;) ducc xac dinh bdi cong thiic de; = — > _ a; ;e;.
J

Diéu tuong tu ciing ding cho ma tran Ay. Vi vy ta thiy ring ma tran

Al > : .
Ay = ( OM : ) . O day, A}, la ma tran tuong (ing véi module vi phan

f(M) va vi thé I3 tuong duong véi Ay. Tir cach xdy dung md réng
Picard-Vessiot ta thiy ngay ring c6 mdt ciu xa vi phan tu nhién
RM — RN.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Trudc tién, gid st ring cAu xa vi phan f : M — N 13 don 4nh. Khi dé ta
c6 thé chon mot co s6 (e, - -, e,) cla K- khdng gian véc to N sao cho
(e1,---,ex,) |3 mdt co s6 clia khéng gian con f(M). Nhic lai ring
phuong trinh vi phdn @ng véi module vi phdn M cé dang dy = Ayy, &
day ma tran Ay = (a;) ducc xac dinh bdi cong thiic de; = — > _ a; ;e;.
J
Diéu tuong tu ciing ding cho ma tran Ay. Vi vy ta thiy ring ma tran
Al ox 2 . A
Ay = ( OM i ) . O day, A}, la ma tran tuong (ing véi module vi phan
f(M) va vi thé I3 tuong duong véi Ay. Tir cach xdy dung md réng
Picard-Vessiot ta thiy ngay ring c6 mdt ciu xa vi phan tu nhién
RM — RN.

Trudng hop ciu xa f : M — N 13 toan 4nh, bing cich tuong tu ching
ALY * * N ; o~ LA, A . N
ta thay rang Ay = ( 0 A ) va do dé ciing c6 mét cau xa vi phan tu
N

nhién RM — RN.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Bay gid, khi d3 xay dung dudc cic cAu xa vi phan Ry —> Ry, ta c6 thé
dinh nghia mét vanh nhu sau

Univ R := lim Ry
Me

gidi han truc tiép clia cdc m3 rong Picard-Vessiot (ing véi cdc module vi
phén trong pham tru C.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Bay gid, khi d3 xay dung dudc cic cAu xa vi phan Ry —> Ry, ta c6 thé
dinh nghia mét vanh nhu sau

Univ R := lim Ry
Me

gidi han truc tiép clia cdc m3 rong Picard-Vessiot (ing véi cdc module vi
phén trong pham tru C.

Ta trang bi todn tr vi phdn 9 cho Univ R tir cic todn t vi phan cla Ry.
Cu thé hon néu x € Univ R thi sé ton tai mét module vi phdn M sao cho
x € Ry. Khi dé 9(x) := Om(x).
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phé quat

Bay gid, khi d3 xay dung dudc cic cAu xa vi phan Ry —> Ry, ta c6 thé
dinh nghia mét vanh nhu sau

Univ R := lim Ry
Me

gidi han truc tiép clia cdc m3 rong Picard-Vessiot (ing véi cdc module vi
phén trong pham tru C.

Ta trang bi todn tr vi phdn 9 cho Univ R tir cic todn t vi phan cla Ry.
Cu thé hon néu x € Univ R thi s& tdn tai mét module vi phan M sao cho
x € Ry. Khi d6 9(x) := Ou(x). Khong khé khan dé ta thiy ring dinh
nghia vira roi cho ta mdt toan tir vi phan trén Univ R va toan tir ndy I3
md réng clia todn ti vi phdn cha cic Ry. Tu cic tinh chit clia cic mé
rong Picard-Vessiot Ry, ta cé thé thay ring vanh Univ R thda man cic
tinh chit 1,3,4 cda dinh nghia mdt mé réng Picard-Vessiot phé quét.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

M3 réng Picard-Vessiot phd quét

Bay gid, khi d3 xay dung dudc cic cAu xa vi phan Ry —> Ry, ta c6 thé
dinh nghia mét vanh nhu sau

Univ R := lim Ry
Me

gidi han truc tiép clia cdc m3 rong Picard-Vessiot (ing véi cdc module vi
phén trong pham tru C.

Ta trang bi todn tr vi phdn 9 cho Univ R tir cic todn t vi phan cla Ry.
Cu thé hon néu x € Univ R thi s& tdn tai mét module vi phan M sao cho
x € Ry. Khi d6 9(x) := Ou(x). Khong khé khan dé ta thiy ring dinh
nghia vira roi cho ta mdt toan tir vi phan trén Univ R va toan tir ndy I3
md réng clia todn ti vi phdn cha cic Ry. Tu cic tinh chit clia cic mé
rong Picard-Vessiot Ry, ta cé thé thay ring vanh Univ R thda man cic
tinh chit 1,3,4 cda dinh nghia mdt mé réng Picard-Vessiot phé quéat. Ta
khdéng trinh bay 13p ludn Univ R théa man tinh chit 2 vi lap ludn dé
khong lién quan truc tiép dén cha dé chinh ciia workshop.

NGUYEN Kieu Hieu Technical University of Munich Ly thuyt Galois vi phan II 11 /31



M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

Nhém Galois vi phan phé quat

Dinh nghia

Ching ta dinh nghia nhém Galois vi phan phé quét clia C, va ky hiéu I
Univ G 13 nhém cac tu ddng cAu K- tuyén tinh cia Univ R ma giao hodn
véi phép lay vi phan 9 cta Univ R.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

Nhém Galois vi phan phé quat

Dinh nghia

Ching ta dinh nghia nhém Galois vi phan phé quét clia C, va ky hiéu I
Univ G 13 nhém cac tu ddng cAu K- tuyén tinh cia Univ R ma giao hodn
véi phép lay vi phan 9 cta Univ R.

Chiing ta sé tiép can nhém Univ G theo quan diém lugc dé nhém affine.
Ta s& xdy dung mot ham t& F di tir pham tri cdc C— dai s6 dén pham
trt cadc nhém sao cho F(C) = Univ G.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

Nhém Galois vi phan phé quat

Dinh nghia

Ching ta dinh nghia nhém Galois vi phan phé quét clia C, va ky hiéu I
Univ G 13 nhém cac tu ddng cAu K- tuyén tinh cia Univ R ma giao hodn
véi phép lay vi phan 9 cta Univ R.

Chiing ta sé tiép can nhém Univ G theo quan diém lugc dé nhém affine.
Ta s& xdy dung mot ham t& F di tir pham tri cdc C— dai s6 dén pham
trt cadc nhém sao cho F(C) = Univ G.

Cu thé hon, véi moi C- dai sb giao hodn A, chiing ta xét A®¢ K dai sb
A ®c Univ R. Ching ta c6 duy nhit mét cidch md réng phép vi phan trén
Univ R thanh mét phép vi phan A- tuyén tinh trén A ®@¢ Univ R. Bay gid
ta dinh nghia F(A) I3 nhém céc tu ding cdu A ®c¢ K- tuyén tinh clia

A ®c Univ R ma giao hoan véi phép vi phan cia A®c UnivR.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

Nhém Galois vi phan phé quét

NhSc lai 13 nhém Galois vi phan Gy cta module vi phan M |a mét nhém
dai s6 affine va ham t diém tuong Gng dugc xay dung ding nhu & trén,
chi thay md rong Picard-Vessiot phd quéit bdi md rong Picard-Vessiot Ry
cha M.
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M rng Picard-Vessiot phd quét va nhém Galois vi phan phd quat

Nhém Galois vi phan phé quat

NhSc lai 13 nhém Galois vi phan Gy cta module vi phan M |a mét nhém
dai s6 affine va ham t diém tuong Gng dugc xay dung ding nhu & trén,
chi thay md rong Picard-Vessiot phd quéit bdi md rong Picard-Vessiot Ry
cha M.

Gid sit o 13 mét phan tir clia Univ G. Ta xét a(Rwm) véi R 1a mét module
vi phan trong pham trii C. D& thiy ring o(Ru) ciing 13 mét mé réng
Picard-Vessiot cho mét module vi phan M’ ding cAu véi M. Tir cach xy
dung Univ R 13 gidi han truc tiép ctia cdc md rdng Picard-Vessiot, ta thiy
ring Ry = o(Rum) va do dé O|Ry 12 mot phan t& clia nhém Galois vi
phan Gy. Néi cach khdc nhém Univ G 13 gidi han xa anh clia cdc nhém
Galois vi phan Univ G = lim Gy.

ec
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V& ham ti thé ctia pham tri Diff i

V& ham td thé cha pham tri Diffx
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V& ham ti thé ctia pham tri Diff i

V& ham td thé cha pham tri Diffx

Xét M mét module vi phan bat ky va phuong trinh vi phan gén véi mét
cosd (e, - ,ekM) clia M c6 dang 8}: = Ay. Vi Univ R la md rong
Picard-Vessiot pho quat nén ta cé thé tim moét ma trén

F € GL,,(Univ R) sao cho OF = AF. Né&i cach khac khdng gian nghiém
ctia Univ R @k M 13 mét C-khdng gian véc to c6 chidu kyy.
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V& ham ti thé ctia pham tri Diff i

V& ham td thé cha pham tri Diffx

Xét M mét module vi phan bat ky va phuong trinh vi phan gén véi mét
cosd (e, - ,ekM) clia M c6 dang 8}: = Ay. Vi Univ R la md rong
Picard-Vessiot pho quat nén ta cé thé tim mot ma trén

F € GL,,(Univ R) sao cho OF = AF. Né&i cach khac khdng gian nghiém
ctia Univ R @k M 13 mét C-khdng gian véc to c6 chidu kyy.

Dinh nghia

Ta dinh nghia ham t& w nhu sau :

w(M) := ker(9,Univ R @ M)

6 ddy M la mét module vi phan trong pham tru C.
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V& ham ti thé ctia pham tri Diff i

V& ham td thé cha pham tri Diffx

Xét M mét module vi phan bat ky va phuong trinh vi phan gén véi mét
cosd (e, - ,ekM) clia M c6 dang 8}: = Ay. Vi Univ R la md rong
Picard-Vessiot pho quat nén ta cé thé tim mot ma trén

F € GL,,(Univ R) sao cho OF = AF. Né&i cach khac khdng gian nghiém
ctia Univ R @k M 13 mét C-khdng gian véc to c6 chidu kyy.

Dinh nghia

Ta dinh nghia ham t& w nhu sau :

w(M) := ker(9,Univ R @ M)

6 ddy M la mét module vi phan trong pham tru C.

Ngoai ra, néu ta cé mot cAu xa vi phan f : M — N thi ta cling c6 mét
cau xa vi phan fyny : UnivR ®kx M — Univ R ®x N va ciu xa nay cam
sinh mét cau xa giita cic khéng gian nghiém f3 : w(M) — w(N).
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Ham td w 1a mét ham ti thé nhan gid tri trong Vectc. Cu thé hon, w I3
C-tuyén tinh, trung thanh, khdp va giao hodn vdi tich tensor.
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Ham td w 1a mét ham ti thé nhan gid tri trong Vectc. Cu thé hon, w I3
C-tuyén tinh, trung thanh, khdp va giao hodn vdi tich tensor.

Chiing minh
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Ham td w 1a mét ham ti thé nhan gid tri trong Vectc. Cu thé hon, w I3
C-tuyén tinh, trung thanh, khdp va giao hodn vdi tich tensor.

Chiing minh Nhan xét rang w(M @ N) = w(M) & w(N), tir d6 ta cé thé
klem tra ring w 13 C-tuyén tinh. Ngoai ra, dua vao sb chiéu ta ciing thiy
rang w(M @ N) =~ w(M) @ w(N).
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Ham td w 1a mét ham ti thé nhan gid tri trong Vectc. Cu thé hon, w I3
C-tuyén tinh, trung thanh, khdp va giao hodn vdi tich tensor.

Chiing minh Nhan xét rang w(M @ N) = w(M) & w(N), tir d6 ta cé thé
klem tra ring w 13 C-tuyén tinh. Ngoai ra, dua vao sb chiéu ta ciing thiy
rang w(M @ N) =~ w(M) @ w(N).

Muén kiém tra ring w 13 trung thanh thi ta phai chiing ming ring néu ¢
hai cAu xa vi phan f,g : M —s N sao cho fy = gy thi f = g. That vy,
vi Univ R |a mé& rdng Picard-Vessiot pho quat nen phuong trinh vi phan
ng véi module vi phan M c6 dii nghiém véi hé sb trong Univ R. Do dé
ta c6 thé chon mét Univ R-co s& (ey, - - - , €k, ) clia Univ R ®x M sao cho
de; = 0. N6i cach khac (er, - - -, ex,) 13 mét C co s6 clia w(M). Diéu
kién fy = gp néi rang funiv r(€) = gunivr(€;) V6i moi i, do dé ta thay
ring f =g
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Bay gid ta sé kiém tra tinh khép cta ham ti w. Xét mét diy khdp ngin
cac module vi phan

o-—MLNEP 0
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Bay gid ta sé kiém tra tinh khép cta ham ti w. Xét mét diy khdp ngin
cac module vi phan

o-—MLNEP 0

B3ng cich 4y khéng gian nghiém clia phuong trinh vi phan, ta c6 mét
day cac khong gian C véc to

0 — w(M) 2 w(N) £ w(P) — 0.
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V& ham ti thé ctia pham tri Diff i

V& ham ti thd

Bay gid ta sé kiém tra tinh khép cta ham ti w. Xét mét diy khdp ngin
cac module vi phan

o-—MLNEP 0

B3ng cich 4y khéng gian nghiém clia phuong trinh vi phan, ta c6 mét
day cac khong gian C véc to

0 — w(M) 2 w(N) £ w(P) — 0.

Ta can chitng minh diy trén 13 khép. Nhan xét ring

dim¢(w(N)) = dimc(w(M)) + dimc(w(P)) va ngoai ra anh cia w(M)
trong w(P) la {0} (vi ddy cdc module vi phén la khép nhu Univ R-
module). Ta ciing d& thiy ddy cic C- khéng gian véc to 13 khép & w(M)
vay ta chi cAn chiing minh d3y dé ciing khép & w(N). Gia st ring c6

x € w(N) sao cho gy(x) = 0 khi dé ta thly ring x € funivrR(R @k M).
Do dé x € fa(w(M)), néi cach khac ddy cac C- khong gian véc to la
khép & w(N).
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Pham trii C la mot pham tri Tanaka trung tinh. Hon nita pham tru C 13
tuong duong vdi pham trit Rep Univ G cdc biéu dién hitu han cia lugc
dbé nhém affine Univ G.
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Pham trii C la mot pham tri Tanaka trung tinh. Hon nita pham tru C 13
tuong duong vdi pham trit Rep Univ G cdc biéu dién hitu han cia lugc
dbé nhém affine Univ G.

Chitng minh
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Pham trii C la mot pham tri Tanaka trung tinh. Hon nita pham tru C 13
tuong duong vdi pham trit Rep Univ G cdc biéu dién hitu han cia lugc
dbé nhém affine Univ G.

Chiing minh Khing dinh dau tién d3 dugc ching minh. Khing dinh thi
hai |a phic tap, ta chi phac thdo nhitng |ap ludn chinh.
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Pham trii C la mot pham tri Tanaka trung tinh. Hon nita pham tru C 13
tuong duong vdi pham trit Rep Univ G cdc biéu dién hitu han cia lugc
dbé nhém affine Univ G.

Chiing minh Khing dinh dau tién d3 dugc ching minh. Khing dinh thi
hai |a phic tap, ta chi phac thdo nhitng |ap ludn chinh.

Xét C- khéng gian véc to w(M). Vi Univ G tac dong [én Univ R va téc
déng ndy c6 th8 mé rdng thanh mét tic déng vi phan 1&n Univ R @k M
nén ta cé mot tadc dong cam sinh py cda Univ G 1én khéng gian w(M).
Ngoai ra, téc dong nay clia Univ G s& bi ché ra béi dong cAu nhém
UnivG — Gp.
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Pham trii C la mot pham tri Tanaka trung tinh. Hon nita pham tru C 13
tuong duong vdi pham trit Rep Univ G cdc biéu dién hitu han cia lugc
dbé nhém affine Univ G.

Chiing minh Khing dinh dau tién d3 dugc ching minh. Khing dinh thi
hai |a phic tap, ta chi phac thdo nhitng |ap ludn chinh.

Xét C- khéng gian véc to w(M). Vi Univ G tac dong [én Univ R va téc
déng ndy c6 th8 mé rdng thanh mét tic déng vi phan 1&n Univ R @k M
nén ta cé mot tadc dong cam sinh py cda Univ G 1én khéng gian w(M).
Ngoai ra, téc dong nay clia Univ G s& bi ché ra béi dong cAu nhém
UnivG — Gp.

Cho T 13 mdt C-dai sb. Ta c6 thé kiém tra ring phép xdy dung trén ciing
diing néu ta thay module vi phan Univ R bdi Univ R ®¢ T. Néi cach khac
ta c6 thé xem (w(M), pr) 13 mét biéu dién dai sb ctia Univ G.
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Pham trii C la mot pham tri Tanaka trung tinh. Hon nita pham tru C 13
tuong duong vdi pham trit Rep Univ G cdc biéu dién hitu han cia lugc
dbé nhém affine Univ G.

Chiing minh Khing dinh dau tién d3 dugc ching minh. Khing dinh thi
hai |a phic tap, ta chi phac thdo nhitng |ap ludn chinh.

Xét C- khéng gian véc to w(M). Vi Univ G tac dong [én Univ R va téc
déng ndy c6 th8 mé rdng thanh mét tic déng vi phan 1&n Univ R @k M
nén ta cé mot tadc dong cam sinh py cda Univ G 1én khéng gian w(M).
Ngoai ra, téc dong nay clia Univ G s& bi ché ra béi dong cAu nhém
UnivG — Gp.

Cho T 13 mdt C-dai sb. Ta c6 thé kiém tra ring phép xdy dung trén ciing
diing néu ta thay module vi phan Univ R bdi Univ R ®¢ T. Néi cach khac
ta c6 thé xem (w(M), pr) 13 mét biéu dién dai sb ctia Univ G.
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Cho truéc mét bidu didn dai sb hitu han chidu (V,p) cla Univ G, ta sé
tim cich x8y dung mot module vi phan N sao cho (w(N), pn) =~ (V, p).
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Cho truéc mét bidu didn dai sb hitu han chidu (V,p) cla Univ G, ta sé
tim cich x8y dung mot module vi phan N sao cho (w(N), pn) =~ (V, p).
Dua vio ly thuyét Galois cho cic phuong trinh vi phan, ta c6 thé gia st
p(A) = Awy va do dé biéu didn p bi ché ra béi cAu xa nhém dai sb

Univ G —» Gy Do dé ta c6 thé thay thé Univ G bdi Gy.
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Cho truéc mét bidu didn dai sb hitu han chidu (V,p) cla Univ G, ta sé
tim cdch xay dung mot module vi phan N sao cho (w(N), pn) ~ (V 0).
Dua vao ly thuyét Ga|0|s cho céc phuong trinh VI phan, ta cé thé gla su
p(A) = Ay va do dé bicu di&n p bi ché ra bdi cAu xa nhém dai sb

Univ G —» Gy Do dé ta c6 thé thay thé Univ G bdi Gy.

Ta thira nhén rang cach xdy dung (w(T) pT) la giao hodn d0| véi cac
phép todn dai s6 (Iay nhan, déi nhan, déi ngiu, tong truc tiép va tich
tensor). Vi pham trii C chifa module vi phan M va ciing déng véi cic
phép toan dai sb nén pham trii C ciing s& chifa tit cd cic module vi phan
¢ dang la module con cia mét thuong cia module vi phan

MP =M@ @M M @@ M
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Cho truéc mét bidu didn dai sb hitu han chidu (V,p) cla Univ G, ta sé
tim cdch xay dung mot module vi phan N sao cho (w(N), pn) ~ (V 0).
Dua vao ly thuyét Ga|0|s cho céc phuong trinh VI phan, ta cé thé gla su
p(A) = Ay va do dé bicu di&n p bi ché ra bdi cAu xa nhém dai sb

Univ G —» Gy Do dé ta c6 thé thay thé Univ G bdi Gy.

Ta thira nhén rang cach xdy dung (w(T) pT) la giao hodn d0| véi cac
phép todn dai s6 (Iay nhan, déi nhan, déi ngiu, tong truc tiép va tich
tensor). Vi pham trii C chifa module vi phan M va ciing déng véi cic
phép toan dai sb nén pham trii C ciing s& chifa tit cd cic module vi phan
¢ dang la module con cia mét thuong cia module vi phan

MP =M@ @M M @@ M
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Xét bidu dign W := (w(M), pM) cia Gy, luuy rang biéu dién nay I3
trung thanh. Ta thtra nhan rang néu W 13 mét biéu didn hitu han chleu
trung thanh thi mét biéu di&n hitu han chiéu bAt ky cla nhém dai sb
affine Gy 13 mdt biéu didn con clia mét bidu dién thuong cla
Wr=we - - aWaW - - o W*
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V& ham ti thé ctia pham tri Diff i

Pham trti C |a Tanaka trung tinh

Xét bidu dign W := (w(M), pM) cia Gy, luuy rang biéu dién nay I3
trung thanh. Ta thtra nhan rang néu W 13 mét biéu didn hitu han chleu
trung thanh thi mét biéu di&n hitu han chiéu bAt ky cla nhém dai sb
affine Gy 13 mdt biéu didn con clia mét bidu dién thuong cla
Wr=we - - aWaW - - o W*

Nhu ta d& ndi & trén, pham tru C va cich xdy dung (w(T), p7) la giao
hodn dbi véi cac phép toan dai sb, do dé tdn tai mét module vi phan N
sao cho (w(N), p) = (V, p). Néi rd hon, b4t diu tir W, chiing ta c6 thé
xay dung (V/, p) sau mét s6 Ian hitu han 4p dung cac toan tir dai sb. Khi
dé ta xay dung module vi phan N bing cich ap dung lai d3y cac toan tir
dai sb d6, bst dau tir module vi phan M.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy

Trong phan nay, K = C((z)) 13 trudng cac chudi Laurent hinh thic trén
C, ngoai ra ta dit Ok := C[[z]]. Néi riéng, ta cé6 Ox/zOk = C. Phép vi
d

phan ma ta quan tdm dugc dinh nghia nhu sau 0 := z - s
Iz
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy

Trong phan nay, K = C((z)) 13 trudng cac chudi Laurent hinh thic trén
C, ngoai ra ta dit Ok := C[[z]]. Néi riéng, ta cé6 Ox/zOk = C. Phép vi
d
phan ma ta quan tdm dugc dinh nghia nhu sau 0 := z - s
z
Cho M |a mdt module vi phan trén K, mdt mang ludi N cia M [a mot
tap hop con cé dang N = Okey + -+ + Oxen va (e1, -+ ,en) 13 mét K-
co s6 cla M.

Dinh nghia

M&t module vi phdn M dugc goi 1a ky di chinh quy néu M cé chia mot
mang ludi d-b4t bién. Mét phucng trinh vi phan c6 dang dY = AY véi A
I3 m&t ma trdn n x n véi hé sb trong K dugc goi Iy ky di chinh quy néu
module vi phan gin véi né 13 ky di chinh quy.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy

Néu My va M, 13 cdc module vi phdn ky di chinh quy thi My & M,
M; ® M va M ciing la cdc module ky di chinh quy. Hon nifa, cac
module vi phan con va module vi phdn thuong cida mét module ky di
chinh quy thi ciing ky di chinh quy.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy

Néu My va M, 13 cdc module vi phdn ky di chinh quy thi My & M,
M; ® M va M ciing la cdc module ky di chinh quy. Hon nifa, cac
module vi phan con va module vi phdn thuong cida mét module ky di
chinh quy thi ciing ky di chinh quy.

Nh& c6 bs dé trén ma ta c6 tinh chit sau

Pham tris C cdc module vi phdn ky di chinh quy 13 mét pham triy con day
di cda Diffx va déng vdi cdc phép todn dai s6. Do dé pham tru C ciing
la mét pham tri Tanaka trung tinh.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phuong trinh vi phan ky di chinh quy

Néu My va M, 13 cdc module vi phdn ky di chinh quy thi My & M,
M; ® M va M ciing la cdc module ky di chinh quy. Hon nifa, cac
module vi phan con va module vi phdn thuong cida mét module ky di
chinh quy thi ciing ky di chinh quy.

Nh& c6 bs dé trén ma ta c6 tinh chit sau

Pham tris C cdc module vi phdn ky di chinh quy 13 mét pham triy con day
di cda Diffx va déng vdi cdc phép todn dai s6. Do dé pham tru C ciing
la mét pham tri Tanaka trung tinh.

N6i dung chinh clia phan nay I3 midu t3 cu thé mé réng Picard-Vessiot
phé quét cla C dong thgi tim hiéu thém vé lugc d6 nhém affine gan vdi
C.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

Cho M 13 mét module vi phan ky di chinh quy c6 chiéu n cling véi mét
mang lugi O-bat bién N. Khi dé zN ciing bat bién bdi phép todn vi phan
d. Nhu ta biét, khéng gian N := N/zN la mét C-khdng gian véc to cd
chiéu n. Do d6 phép toan vi phan & cdm sinh mét phép toan C-tuyén
tinh Ay trén N.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

Cho M 13 mét module vi phan ky di chinh quy cé chiéu n ciing véi mét
mang lugi O-bat bién N. Khi dé zN ciing bat bién bdi phép todn vi phan
d. Nhu ta biét, khéng gian N := N/zN I3 mot C-khdng gian véc to cé
chiéu n. Do d6 phép toan vi phan & cdm sinh mét phép toan C-tuyén
tinh Ay trén N.

Néu M 13 mét module ky dj chinh quy thi tén tai mét module 9-bat bién
N sao cho cdc gid tri r/eng L, 5 Cm ctia phép bién dbi tuyén tinh Oy
trén N thda méin tinh chit : Néu ¢i— ¢ €Zthic=c.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

o Chon mdt mang lugi 9-bat bién N bt ky cia M va ky hiéu cac gis
tri riéng clia Oy trén N bdi t,--- , t,. Khi d6 ta c6 mot phan tich
thanh téng cac khong gian con riéng téng quat
N=N(t)® - & N(t).
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

o Chon mdt mang lugi 9-bat bién N b4t ky clia M va ky hiéu cac gia
tri riéng clia Oy trén N béi ty, - -, ty. Khi dé ta c6 mot phan tich
thanh tong cac khong gian con riéng tong quat
N=N(t)®- - ®N(t).

° Tacothechon cacphantue,l eNVSIi 1 <i<kval<j<m
sao cho {&; |1 <j < m;} 1a mot co s& clia N(t;). Khi dé {e;;} Ia
mot co s cia Ok-module N. By gid ta xét mot mang ludi méi Ny

dugc sinh ra tir co s6 {ze1 1, ,Z€1,my, €1, 5 €k,my t- TU ding
thitc 9z = z, d& thiy ring mang ludi nay ciing 13 &- bat bién. Hon
nita, phép bién doi tuyén tinh Oy, trén Ny nhan {t; + 1,6, -, tk}

|3 tap tat cd cic gid tri riéng.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

o Chon mdt mang lugi 9-bat bién N b4t ky clia M va ky hiéu cac gia
tri riéng clia Oy trén N béi ty, - -, ty. Khi dé ta c6 mot phan tich
thanh tong cac khong gian con riéng tong quat
N=N(t)®- - ®N(t).

° Tacothechon cacphantue,l eNVSIi 1 <i<kval<j<m
sao cho {&; |1 <j < m;} 1a mot co s& clia N(t;). Khi dé {e;;} Ia
mot co s cia Ok-module N. By gid ta xét mot mang ludi méi Ny

dugc sinh ra tir co s6 {ze1 1, ,Z€1,my, €1, 5 €k,my t- TU ding
thitc 9z = z, d& thiy ring mang ludi nay ciing 13 &- bat bién. Hon
nita, phép bién doi tuyén tinh Oy, trén Ny nhan {t; + 1,6, -, tk}

13 tap tht ca cic gia tri riéng.

o Do d6 néu c6 t; — tj € Z, ta c6 thé skt dung thuét todn trén mot sb
httu han 13n véi t;. Két qua |a sau mét sb hitu han 13n ap dung thuat
todn trén, ta thu dugc mét mang ludi théa man diéu kién dit ra

O
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

b6 dé 2
Cho U,V € M,(C) va gid st rang chiing khéng cé gid tri riéng ndo
chung. Khi dé dnh xa dugc dinh nghia bdi X — UX — XV la mét tu
ding ciu ctia M,(C).
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

M6t phuong trinh vi phdn ky di chinh quy 0Y = AY luén tuong duong
véi mét phuong trinh vi phdn cé dang OY = AgY véi Ag € M,(C) va
hiéu ctia hai gid tri riéng khdc nhau bt ky ciia Ay thi khéng ph3i 13 sb
nguyén.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

M6t phuong trinh vi phdn ky di chinh quy 0Y = AY luén tuong duong
véi mét phuong trinh vi phdn cé dang OY = AgY véi Ag € M,(C) va
hiéu ctia hai gid tri riéng khdc nhau bt ky ciia Ay thi khéng ph3i 13 sb
nguyén.

Ching minh
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

M6t phuong trinh vi phdn ky di chinh quy 0Y = AY luén tuong duong
véi mét phuong trinh vi phdn cé dang OY = AgY véi Ag € M,(C) va
hiéu ciia hai gi tri riéng khic nhau bat ky cia Ay thi khéng phdi 13 sb
nguyén.

Ching minh Goi M [a module vi phan ky di chinh quy clng véi mang
lugi - bit bién N va ta c6 thé chon Ok-co s clia N. Ta c6 thé gia sir
rang phUOng trinh vi phan cia M tucng (ing v8i co sé dé la y’ = Ay. Ta
c6 thé viét ma tran A dusi dang sau

A=Ag+Aiz+--- 7A,’G/\/’n(@).
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

M6t phuong trinh vi phdn ky di chinh quy 0Y = AY luén tuong duong
véi mét phuong trinh vi phdn cé dang OY = AgY véi Ag € M,(C) va
hiéu ciia hai gi tri riéng khic nhau bat ky cia Ay thi khéng phdi 13 sb
nguyén.

Ching minh Goi M [a module vi phan ky di chinh quy clng véi mang
lugi - bit bién N va ta c6 thé chon Ok-co s clia N. Ta c6 thé gia sir
rang phUOng trinh vi phan cia M tucng (ing v8i co sé dé la y’ = Ay. Ta
c6 thé viét ma tran A dusi dang sau

A=Ag+Aiz+--- 7A,’G/\/’n(@).

Ta c6 thé kiém tra ring toan tir tuyén tinh dy tac déng 1én N dugc cho
b&i ma tran Ag. Dua vdo bd d& 1 v cic gié tri rieng khdng ding nguyén,
ta c6 thé gid sk ring hidu hai gi4 tri riéng khic nhau bAt ky clia A déu

khéng phai 13 s& nguyén.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

Ta s& xdy dung mét ma trdn P =1+ Pyz+--- , P; € M,(C) sao cho
PAy = AP — 9P. Va do d6 hai phuong trinh 0Y = AY va Y = AgY 1a
tucng ducng nhau.

NGUYEN Kieu Hieu Technical University of Munich Ly thuyt Galois vi phan II 26 / 31



Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

Ta s& xdy dung mét ma trdn P =1+ Pyz+--- , P; € M,(C) sao cho
PAy = AP — 9P. Va do d6 hai phuong trinh 0Y = AY va Y = AgY 1a
tucng ducng nhau.

Bay gid, mudn xay dun P, ta so sanh cic hé sb clia zt & hai v& clia ding
thic. Ta thay rang

AoPi — Pi(Ao +il) = —(Ai + Ai—1Pr + - + AtPi1).
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Phan loai phuong trinh vi phan ky di chinh quy

Ta s& xdy dung mét ma trdn P =1+ Pyz+--- , P; € M,(C) sao cho
PAy = AP — 9P. Va do d6 hai phuong trinh 0Y = AY va Y = AgY 1a
tucng ducng nhau.

Bay gid, mudn xay dun P, ta so sanh cic hé sb clia zt & hai v& clia ding
thic. Ta thay rang

AoPi — Pi(Ao +il) = —(Ai + Ai—1Pr + - + AtPi1).

Dua vio diic diém cla cic gia tri riéng cla Ao, ta théy ring khi i > 0 thi
hai ma trén Ag va Ag + il khdng cé chung mdt giad gia tri riéng nao. Vi
vay, dua vao b8 d& 2, ta c6 thé xdy dung bing quy nap cic ma tran P;.
NGi tém lai ta c6 thé xdy dung ma tran P véi cic tinh chit mong mubn
néu trén, day 13 diéu cAn phai chdng minh
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot phé quat clia cic phucng trinh vi
phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot ph8 quét clia cic phuong trinh vi
phan ky di chinh quy

1. M& réng Picard-Vessiot phé qudt cia pham tri C cdc phuong trinh vi
phan ky di chinh quy 1a K- dai s6
Univ R := K[{z%}acc, €]/ ({z°TP — 27 - 2P} 4 pec). Todn tir vi phdn duoc

dinh nghia bdi O := zi va nhu thudng 1€ iza =az?tva —4=2z1
dz dz dz
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot ph8 quét clia cic phuong trinh vi
phan ky di chinh quy

1. M& réng Picard-Vessiot phé qudt cia pham tri C cdc phuong trinh vi
phan ky di chinh quy 1a K- dai s6
Univ R := K[{z%}acc, €]/ ({z°TP — 27 - 2P} 4 pec). Todn tir vi phdn duoc

dinh nghia bdi O := zi va nhu thudng 1€ iza =az?tva —4=2z1
dz dz dz

2. Nhém Galois vi phan phé quat Univ G = Spec(B), & day B la mét dai
sb Hopf dugc cho béi:
e B =C[{s(a)}acc, t] va & diy hé thiic lién hé duy nhit giita cic
phan tir sinh 13 s(a+ b) = s(a) - s(b) vdi moi a,b € C va s(n) =1
véi moi n € 7.
e Phép dbi nhan A trén B duoc cho bdi céng thiic
A(s(a)) =s(a)®s(a) va A(t) = (t® 1)+ (1@ t).
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot phé quat clia cic phucng trinh vi
phan ky di chinh quy
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot phé quat clia cic phucng trinh vi
phan ky di chinh quy

Ching minh
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot phé quat clia cic phucng trinh vi
phan ky di chinh quy

Chiing minh Nhg vao dang chuan tic Jordan cla mdt ma trin vdi hé sb

trong C, ta thiy ring viéc gidi cac phuong trinh vi phan ky di chinh quy

c6 thé quy v& viéc gidi cic phuong tAinh vi phan c6 dang Y = AY véi A
I3 mét ma tran véi hé sb trong C ma da thic dic trung cha né c6 dang

(x—¢c)™ (c € C).
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot phé quat clia cic phucng trinh vi
phan ky di chinh quy

Chiing minh Nhg vao dang chuan tic Jordan cla mdt ma trin vdi hé sb
trong C, ta thiy ring viéc gidi cac phuong trinh vi phan ky di chinh quy
c6 thé quy v& viéc gidi cic phuong tAinh vi phan c6 dang Y = AY véi A
I3 mét ma tran véi hé sb trong C ma da thic dic trung cha né c6 dang
(x—¢c)™ (c € C).

Xét moét module vi phan M cung mét K-co sé (eq, - - , e,) sao cho
phuong trinh vi phan Gng véi M theo co s6 d6 c6 dang Y = AY, 6
day
c O
1 ¢
A =
c O
1 ¢

13 mdt khdi Jordan ting véi gia tri riéng c.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

M3 réng Picard-Vessiot phé quat clia cic phucng trinh vi
phan ky di chinh quy

Chiing minh Nhg vao dang chuan tic Jordan cla mdt ma trin vdi hé sb
trong C, ta thiy ring viéc gidi cac phuong trinh vi phan ky di chinh quy
c6 thé quy v& viéc gidi cic phuong tAinh vi phan c6 dang Y = AY véi A
I3 mét ma tran véi hé sb trong C ma da thic dic trung cha né c6 dang
(x—¢c)™ (c € C).

Xét moét module vi phan M cung mét K-co sé (eq, - - , e,) sao cho
phuong trinh vi phan Gng véi M theo co s6 d6 c6 dang Y = AY, 6
day
c O
1 ¢
A =
c O
1 ¢

13 mdt khdi Jordan ting véi gia tri riéng c.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Ta c6 thé thdy khéng gian nghiém cla phuong trinh vi phan trén trong
Univ R ® M ¢6 chiéu 1a n. That vdy, mot C - co s6 clia né dugc cho bdi

1 1 .
{zep} U{z%; + 0z 1 + EEQZCe,-Jrz 4+ 4 ﬁf”_’zcenh =
n—1il
1,---,n—1}. Do d6 dya vao ménh d& v& sy phan loai, ta c6 thé thiy
Univ R théa man tinh chat 1,3,4 cta dinh nghia mé réng Picard-Vessiot

phé quat.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

Ta c6 thé thdy khéng gian nghiém cla phuong trinh vi phan trén trong
Univ R ® M ¢6 chiéu 1a n. That vdy, mot C - co s6 clia né dugc cho bdi

1 .
{zcen} U {zce,- + EZCG,;H + §€22C61+2 + -+ |€n_’ZCen|i =

1
(n—10)!
1,---,n—1}. Do d6 dya vao ménh d& v& sy phan loai, ta c6 thé thiy
Univ R thda man tinh chit 1,3,4 cla dinh nghia mé& rong Picard-Vessiot
phd quat. Ta cling ¢6 thé ching minh tinh chit 2 nhung néi chung lap
luan nay chi thuin tdy dai sb.
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi
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Vidu: Pham trii cic phuong trinh vi phan ky di chinh quy trén trusng cic chudi

2. Trong phan nay, ching ta phai xem xét mét C-dai s6 H va tinh nhém
F(H) céc H ®¢ K- tu ding cAu o clia H @¢ Univ R sao cho o giao hodn
vGi phép toan vi phan trén H ®c Univ R.
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2. Trong phan nay, ching ta phai xem xét mét C-dai s6 H va tinh nhém
F(H) céc H ®¢ K- tu ding cAu o clia H @¢ Univ R sao cho o giao hodn
vGi phép toan vi phan trén H ®c Univ R.

D& thiy ring o dugc xac dinh bdi o(£) va {o(z?)|a € C}. Vi 2% |3 kha
nghich nén ta c6 thé viét o(z?) = h(a)z? véi h(a) € H ®c Univ R*. Bing
cach str dung hé thitc 0oo =0 00, ta théy ring d(h(a)) =0, do d6
h(a) € H*.
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cach str dung hé thitc 0oo =0 00, ta théy ring d(h(a)) =0, do d6
h(a) € H*. Ngoai ra vi z2+b = 72 . zP nén ta thiy ring

h(a+ b) = h(a) + h(b). Déng thdi h(1) =1 vi o 13 H ®c K-tuyén tinh.
Vay ta suy ra dugc h 1a mét dong cAu nhém h: C/Z — H*.
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Vay ta suy ra dugc h 1a mét dong cAu nhém h: C/Z — H*. Tuong tu
nhu trén ta ciing thy ring o(¢) = ¢ + ¢ v6i c € H. Vay o cho ta mét
phan ti cia Home(B, H).
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h(a+ b) = h(a) + h(b). Déng thdi h(1) =1 vi o 13 H ®c K-tuyén tinh.
Vay ta suy ra dugc h 1a mét dong cAu nhém h: C/Z — H*. Tuong tu
nhu trén ta ciing thy ring o(¢) = ¢ + ¢ v6i c € H. Vay o cho ta mét
phan ti cia Home(B, H).

Ngugc lai, mdt phan ti cia Home(B, H) gitp ta xac dinh dugc duy nhit
mét o € F. Do d6, F(A) = Home (B, H) hay néi cach khac, lugc db
nhém affine Univ G dugc cho béi B. Tir cich md ta cu thé F, ta thiy
ring A dugc miéu ta nhu trong khing dinh cla dinh ly.
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Cam on moi ngudi vi d3 I3ng nghe.
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