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Introduction

We study the Lyapunov spectrum of the linear system

dxt = A(t)xtdt + C(t)xtdB
H
t , x0 ∈ Rd , t ≥ 0, (1)

where A,C are continuous matrix valued functions and BH is a one dimensional
fBm with H ∈ ( 1

2
, 1), i.e. a centered continuous Gaussian process with

covariance function

RH(s, t) =
1

2
(|t|2H + |s|2H − |t − s|2H), s, t ∈ R.

(1) is understood in the integral form

xt = x0 +

∫ t

0

A(s)xsds︸ ︷︷ ︸
Riemann intergral

+

∫ t

0

C(s)xsdB
H
s︸ ︷︷ ︸

pathwise Young integral

, x0 ∈ Rd .

Young integral :

∫ b

a
f (u)dg(u) = lim

|Π|→0

∑
ti∈Π[a,b]

f (ξi )[g(ti+1)− g(ti )].

is well defined if f ∈ Cp−var([a, b],Rd×m) and g ∈ Cq−var([a, b],Rm), 1
p

+ 1
q
> 1 (Young, 1938).



Introduction

Mandelbrot and Van Ness’s representation:

BH
t :=

1

cH

∫
R

[(t − u) ∨ 0]H−
1
2 − [(−u) ∨ 0]H−

1
2 dWu.

Canonical space for fBm

I (Ω,F) = (C0,p−var
0 (R,R),B)

I PH = BHP 1
2

I Wiener shift: (θtω)· = ωt+· − ωt

I BH
t (ω) = ωt

(Ω,F ,PH , θ) is an ergodic metric dynamical system (see [11]).

Due to the ergodicity, the following estimates hold for almost all ω ∈ Ω.

• lim
n→∞
n∈N

1

n

n−1∑
k=0

|||ω|||pp−var,[k,k+1] =: Γp
p

• lim
n→∞
n∈N

1

n
|||ω|||pp−var,[n,n+1] = 0.
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I Multiplicative ergodic theorem (MET) by Oseledets [24] and.
As the same time it was also investigated by Millionshchikov
in [17, 18, 19, 20] for linear nonautonomous differential
equations.

I In the stochastic setting: MET is investigated in [1], further
study [6, 7] for stochastic flows generated by nonautonomous
linear SDE driven by standard Brownian motion.



Existence and uniqueness theorem

Lemma 1 (Gronwall-type Lemma)
Let 1 ≤ p ≤ q be arbitrary and satisfy 1

p
+ 1

q
> 1. Assume that

ω ∈ Cp−var([0,T ],R) and y ∈ Cq−var([0,T ],Rd) satisfy

|yt − ys | ≤ A
1/q
s,t + a1

∣∣∣∣∫ t

s

yudu

∣∣∣∣+ a2

∣∣∣∣∫ t

s

yudωu

∣∣∣∣ , ∀s, t ∈ [0,T ], s < t,

for some fixed control function A on ∆[0,T ] and some constants a1, a2 > 0.
Then for every u, v ∈ [0,T ], u < v ,

‖y‖q−var,[u,v ] ≤
[
|yu|+ 2A1/q

u,v N[u,v ],µ(ω)
]
e2a1(v−u)+κN[u,v ],µ(ω)N

q−1
q

[u,v ],µ(ω)

where K∗ = 1

1−2
1− 1

p
− 1

q
, κ = log K∗+2

K∗+1
and

N[u,v ],µ(ω) ≤ 1 + [2a2(K∗ + 1)]p |||ω|||pp−var,[u,v ] .



Existence and uniqueness theorem

Theorem 2
Assume that A ∈ C([0,T ],Rd×d),C ∈ Cq−var([0,T ],Rd×d) with q > p and
1
q

+ 1
p
> 1. Then equation

dxt = A(t)xtdt + C(t)xtdωt , x0 ∈ Rd , t ∈ R+

has a unique solution in the space Cp−var(R+,Rd) which satisfies

‖x‖p-var,[a,b] ≤ |xa|e
D[1+‖A‖∞,[a,b](b−a)+‖C‖p

q−var,[a,b]
|||ω|||p

p−var,[a,b]
]
, [a, b] ⊂ R+

Proof - Define F (x)t := xa +
∫ t

a
A(s)xsds +

∫ t

a
C(s)xsdωs . Then

|||Fx − Fy |||p−var,[s,t] ≤ M∗
(
t − s + |||ω|||p−var,[s,t]

)
‖x − y‖q−var,[s,t].

- F is a contraction mapping on a closed ball in Cq−var([τk , τk+1],Rd) where
([5])

τk − τk−1 + |||ω|||p−var,[τk−1,τk ] =
1

2M∗
.

⇒ local solutions ⇒ global solution.



Stochastic two-parameter flow generation

Assumptions
(i) (H1) Â := ‖A‖∞,R+ <∞.
(ii) (H2) Ĉ := ‖C‖q−var,δ,R+ := sup

0≤t−s≤δ
‖C‖q−var,[s,t] <∞.

Theorem 3
Suppose that (H1), (H2) are satisfied then equation

dxt = A(t)xtdt + C (t)xtdB
H
t , x0 ∈ Rd , t ≥ 0,

generates a stochastic two-parameter flow of linear operators of Rd

on R+.



Exponents and spectrum

Definition 4 ([6])
(i) Given a stochastic two-parameter flow Φt,s(ω) of linear operators of Rd on
[t0,∞),

λk(ω) := inf
V∈Gd−k+1

sup
y∈V

lim
t→∞

1

t
log |Φt,t0 (ω)y |, k = 1, . . . , d , (2)

are called Lyapunov exponents of the flow Φt,s(ω). The collection
{λ1(ω), . . . , λd(ω)} is called Lyapunov spectrum of the flow Φt,s(ω).
(ii) For any u ∈ [t0,∞) the linear subspaces of Rd

E u
k (ω) :=

{
y ∈ Rd

∣∣ lim
t→∞

1

t
log |Φt,u(ω)y | ≤ λk(ω)

}
, k = 1, . . . , d , (3)

are called Lyapunov subspaces at time u of the flow Φt,s(ω). The flag of
nonincreasing linear subspaces of Rd

Rd = E u
1 (ω) ⊃ E u

2 (ω) ⊃ · · · ⊃ E u
d (ω) ⊃ {0}

is called Lyapunov flag at time u of the flow Φt,s(ω).



Exponents and spectrum

Proposition 5

(i)The Lyapunov exponents λk(ω), k = 1, . . . , d are measurable

(ii) For any u ∈ [t0,∞), the Lyapunov subspaces Eu
k (ω),

k = 1, . . . , d , of Φt,s(ω) are measurableand invariant with respect
to the flow in the following sense

Φt,s(ω)E s
k (ω) = E t

k (ω), for all s, t ∈ [t0,∞), ω ∈ Ω, k = 1, . . . , d .



Exponents and spectrum

Theorem 6
Let Φt,s(ω) be the flow generated by (3) and {λ1(ω), . . . , λd(ω)} be the
Lyapunov spectrum of the flow Φt,s(ω) hence of the equation (3). Then under
assumption (H1), (H2), the Lyapunov exponents λk(ω), k = 1, . . . , d , can be
computed via a discrete-time interpolation of the flow, i.e.

λk(ω) := inf
V∈Gd−k+1

sup
y∈V

lim
N3t→∞

1

t
log |Φt,t0 (ω)y |, k = 1, . . . , d . (4)

Morever, the spectrum is bounded by a constant, namely

|λk(ω)| ≤ 1 + M0(1 + Γp
p), k = 1, . . . , d , (5)

Corollary 7 (Integrability condition)
Under the assumptions (H1) and (H2), Φt,s(ω) satisfies the following
integrability condition

E sup
t0≤s≤t≤t0+1

log+ ‖Φt,s(ω)±1‖ ≤ 1 + M0

(
1 + Γp

p

)
, ∀t0 ≥ 0. (6)



Lyapunov spectrum of triangular systems

Recall the classical definition of Lyapunov exponent for h : R+ → R:

χ(ht) := lim
t→∞

1

t
log |ht |.

Lemma 8
Assume that c0 := ‖c‖q−var,δ,R+ <∞. Then

X (t, ω) =

∫ t

0

csdB
H
s (ω)

exists for all t ∈ R+ and satisfies lim
t→∞

X (t,ω)
t

= lim
t→∞

∫ t
0 csdB

H
s (ω)

t
= 0, a.s.

Proof
- X (t, .) ∼ N(0, σ2

t ) with σ2
t ≤ c2

0 t
2H .

- Fix 0 < ε < 1− H and k ≥ 1
(1−ε−H)

we have

∞∑
n=1

P
(
|X (n, ·)|

n
>

1

nε

)
≤
∞∑
n=1

EX (n, ·)2k

n2k(1−ε)
<∞.

- Using Borel-Caltelli lemma, X (n,·)
n
→ 0 as n→∞ a.s.



Indefinitely Young integral

Lemma 9
Consider Gt =

∫ t
0 gsdωs , where g is of bounded q−variation

function on every compact interval. If
χ(gt), χ(|||g |||q−var,[t,t+1]) ≤ λ ∈ [0,+∞) then

χ(Gt), χ(|||G |||q−var,[t,t+1]) ≤ λ.

Lemma 10
Let g be of bounded q−variation function on every compact
interval, satisfying χ(gt), χ(|||g |||q−var,[t,t+1]) ≤ −λ ∈ (−∞, 0)

then Gt =
∫∞
t g(s)dω(s) exist for all t ∈ R+ and

χ(Gt), χ(|||G |||q−var,[t,t+1]) ≤ −λ.



Lyapunov spectrum of triangular systems

Consider the system

dXt = A(t)Xtdt + C (t)Xtdωt (7)

in which, X = (x1, x2, ..., xd), A(t) = (aij(t)),C (t) = (c ij(t)) are
upper triangular matrices of coefficient functions.

Theorem 11
Under assumptions (H1) – (H2), if there exist the exact limits

akk := lim
t→∞

1

t

∫ t

0
akk(s)ds, k = 1, d

then the spectrum of system (7) is given by

{a11, a22, . . . , add}.



Proof of Theorem 13

The solution of non-homogeneous one dimensional linear equation

dxt = [a(t)xt + h1(t)]dt + [c(t)xt + h2(t)]dωt

is

xt = e
∫ t

0
a(s)ds+

∫ t
0
c(s)dωs ×

×
(
x0 +

∫ t

0

e−
∫ s

0
a(u)du−

∫ s
0
c(u)dωuh1(s)ds +

∫ s

0

e−
∫ s

0
a(u)du−

∫ s
0
c(u)dωuh2(s)dωs

)
,

- Construct a fundamental solution matrix X (t) =
(
x ijt

)
of (7) satisfies

χ(X i
t ) = aii ,

d∑
i=1

aii = lim
t→∞

1

t
log | detX (t)|

in which Xi is the column i th of X .

Then X (t) is a normal matrix solution to (7).



Lyapunov regularity

Definition 12 ([1])
Let Φt,s(ω) be a two-parameter flow of linear operators of Rd and
{λ1(ω), . . . , λd(ω)} be the Lyapunov spectrum of Φt,s(ω). Then the
non-negative R̄-valued random variable

σ(ω) :=
d∑

k=1

λk − lim
t→∞

1

t
log | det Φt,0(ω)|

is called coefficient of nonregularity of the two-parameter flow Φt,s(ω).

A two-parameter flow is called Lyapunov regular if its coefficient of
nonregularity equals 0 identically. A linear YDE is called Lyapunov regular if its
coefficient of nonregularity equals 0.



Lyapunov regularity

Assume more
(H′1) lim

δ→0
sup
|t−s|<δ

|A(t)− A(s)| = 0.

(H′2) lim
δ→0

sup
−∞<s<t<∞,
|t−s|≤δ

|C(t)− C(s)|
|t − s|α = 0, α > 1− 1

p
.

Follow [19], [20] (see also [12], [25], [26]) we construct the so-called Bebutov
flow from (1).
Consider the shift dynamical system

SA
t (A)(·) := A(·+ t), SC

t (C)(·) := C(·+ t)

I The hull HA := ∪tSt(A) in Cb is compact (see e.g. [13]),

I The hull HC := ∪tSt(C) in C0,α−Hol(R,Rd×d) is compact where
C0,α−Hol(R,Rk) is the space of paths in C0,α−Hol(I ,Rd×d) for each
compact interval I ⊂ R with metric

dα(x , y) :=
∑
m≥1

1

2m
(‖x − y‖α,[−m,m] ∧ 1).



Almost sure Lyapunov regularity

By Krylov-Bogoliubov theorem, there exists at least one probability
measure µA, µC on HA,HC that is invariant under ,SA,SC respectively.
Construct

I the product probability space B = HA ×HC × Ω

I the product sigma field FA ×FC ×F ,

I the product measure µB := µA × µC × P
I the product dynamical system Θ = SA × SC × θ given by

Θt(Ã, C̃ , ω) := (SA
t (Ã),SC

t (C̃ ), θtω).



Almost sure Lyapunov regularity

Now for each point b = (Ã, C̃ , ω) ∈ B, the fundamental (matrix) solution
Φ∗(t, b) of the equation

dxt = Ã(t)xtdt + C̃ (t)xtdωt , x0 ∈ Rd , (8)

defined by Φ∗(t, b)x0 := xt with xt being the value at t of the solution
x(·) which starts at x0 at time 0.

Theorem 13
Φ∗ : R× B× Rd → Rd defines a RDS over the metric DS (B, µB,Θ).

Theorem 14 (Millionshchikov theorem)
Under assumptions (H1), (H2) (H

′
1), (H

′
2) equation (8) is Lyapunov

regular a.s. in the sense of µB.



Proof of Theorem 16
Proof
- Φ∗ satisfies the cocycle property

xt+s = x0 +

∫ s

0

Ã(u)xudu +

∫ s

0

C̃(u)xudωu

+

∫ t+s

s

Ã(u)xudu +

∫ t+s

s

C̃(u)xudωu

= xs +

∫ t

0

SA
s (Ã)(u)xu+sdu +

∫ t

0

SC
s (C̃)(u)xu+sdθsωu.

- Consider b1 = (Ã1, C̃ 1, ω1) ∈ B and the equation

dx1
t = Ã1(t)x1

t dt + C̃ 1(t)x1
t dω

1
t , x1

0 = x0 ∈ Rd .

For zt = x1
t − xt , t ∈ R we have

|zt − zs | ≤
∣∣∣∣∫ t

s

Ã(u)zudu +

∫ t

s

C̃(u)zudωu

∣∣∣∣ .
+

∣∣∣∣∫ t

s

[Ã1(u)− Ã(u)]x1
udu +

∫ t

s

C̃ 1(u)x1
ud(ω1

u − ωu) +

∫ t

s

[C̃ 1(u)− C̃(u)]x1
udω

2
u

∣∣∣∣
Then

|zt | ≤ D
[
|z0|+ ‖Ã1 − Ã‖∞,R + dα(C̃ 1, C̃) + d(ω1, ω)

]
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