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NADS

By Non Autonomous Dynamical System (NADS) with two external inputs
we mean the following structure:

@ a set Q, a probability space (QQ, F,IP) and a metric space (X, d)
@ a family of continuous maps Ug ., (to, t) : X — X, indexed by
th <t€Rand (q,w) € QxQ, such that for all (q,w) we have

Ugw (to, to) =Id  forall tp € R
Ugw (to, t) = Ugw (s, t) 0 Ugw (to, s) foralltp <s<teR

and such that for every g € Q and x € X the map
(w, to,t) = Ugw (to, t) (x)

is measurable.

Summarizing the notations, a NADS is:

(9. (0, F P),(X,d), Ugw (to, t)) .
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Examples of NADS (1)

A first trivial example is an ODE in R? with time-dependent inputs:

dxd(tt) = b(x(t).q(t), w(t))
X(to) = X0

where b: R? x RF x R" — RY is Lipschitz continuous in the first
argument, continuous in all variables, g : R — R* is continuous,

w € O := C (R, R"), where we only distinguish g (t) and w (t) by the
fact that on ) we put a Borel probability measure, while g is a
deterministic datum.

We denote the solution of the Cauchy problem by

t— Ugw (to, t) (x0) -
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Examples of NADS (2)

In RY, with norm ||-|| and inner product (-, -), consider the deterministic
equation

dx
Ttt = Axt + F (x) +q(t)
where A is a negative definite matrix, g is a continuous function in RY F
is locally Lipschitz with
(F(x).,x)<C
for some constant C > 0.
These assumptions are inspired to the PDE for the temperature

0:T =xAT —F(T)+q(t)

with examples of F like F (T) = —T* (which requires more technical
work) or

F(T)=T-T3
both used in climate studies. E.g. [, (T — T?) Tdx < |D| because
T2 T <1

Franco Flandoli and Umberto Pappalettera, S September 5, 2021 4 /51



Examples of NADS (2)

Local existence and uniqueness for the Cauchy problem

d
== AtFO)+alt)  t2n
X(to) = Xp

is due to the Cauchy-Lipschitz theorem. From

5o Il = (Axex) = (F (x0) + (£). x)

2 2
< CHllg (@) + lxl

we get an a priori bound implying global existence. Continuous
dependence on initial conditions is also easy. Hence we may call

Uq (to, t) (x0) t>t

the unique solution of the Cauchy problem.
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NADS are related to cocycles

In the theory of RDS a main concept is the cocycle:
0: : (O — Q) a group of measurable transformations

¢, (w) : X — X a family of continuous maps, such that

P+ (0sw) o Ps (w) = Ptts (w).
In Lecture 2 we shall say more on this notion and its equivalence with

NADS. Here we only stress that they are formally different: NADS are not
cocycles, we have not introduced the underlying group 8; : O — Q.
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Picture of the NADS viewpoint

Example in the autonomous case:

dx (t) _
e x (t) — x> (¢)

I

solution
0
|

o 4
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time
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P ) () a0
g(t) = sint:

solution
o]
I

0 200 400 600 800 1000

time
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Nt=1000; Nsim=41; dt=0.01

X=matrix(nrow=Nsim, ncol=Nt)

X[,1]=seq(-2,2,0.1)

for (tin 1:(Nt-1)) {

X[t+1] =X[t]+dt*(X[,t]-X[,t] ~ 3+sin(t*dt))

}

plot(c(0,Nt),c(-2,2),type="n", xlab="time", ylab="solution")
for (i in 1:Nsim) {

lines(X[i,])

}
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Examples of NADS (3)

Slightly less trivial is an SDE in RY with additive noise and
time-dependent inputs:

dX; = (AX; + b (X:, q (1)) dt +V/QdW,

where A € R9*9 p:RY x RF — R? is Lipschitz continuous in the first
argument, continuous in all variables, g : R — R¥ is continuous, W, is
continuous stochastic process in R? defined on a probability space

(Q), F,P) (e.g. atwo-sided Brownian motion) and Q is a non-negative
symmetric matrix, Q € RI*4

A simple idea is using the conjugation between dynamical systems given by

Y =X — VW,
which reduces the previous problem to the previous example:
dY;
T = A (Yo VW) + b (Ve VAW a (1))
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Examples of NADS (3)

Hence, rigorously, given (tg, xp) and w, solve the Cauchy problem

% _ A(yt+\/5Wt(w))+b(Yt+\/5Wt(w):q(t))
Yio = Xo
and call

Ytto'xo (g w)

its unique solution. Then "reverse" the definition

Ye =X — VQW,

by setting

Ugew (to, £) (x0) 1= Y{** (q, @) + VQW: (w) .
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Examples of NADS (3)

A less simple idea but much more useful in infinite dimensions and also in
finite dimensions for asymptotic questions is solving first the linear
equation

dZ, = AZ,dt + v/ QdW, (1)
then using the conjugation given by
Ye = Xe — 24
which reduces again to a random ODE:

dY:

dt

(recall above % =A (Yt + \@Wt) + b (Yt +VQW;, g (t)))
However, how to solve (1)?

= AYt + b(Yt +Zt, q(t))
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Examples of NADS (3)

Formally

dZ, = AZ.dt+VQdW,

Z to 20

can be written .
Z, = elt=0)Az 4 [ elt=9)Aqpy,

to

but this formula requires stochastic integration (equivalence classes in w).
Integrating by parts (we are still arguing heuristically):

t
Ze=el"0A (1 — W)+ [ AelTAW,ds + W,
to

which is meaningful for every continuous path of the process W;. This is
the rigorous definition of Z.
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Examples of NADS (3)

Rigorously, then we call Z{* (w) the function defined as

t
Zo® () = A (zg — Wy, (w)) 4+ [ Ael™AW, (w) ds + W, (w)

to

then we solve the Cauchy problem

dY; 2
d7tt = AYi+b (Yo + 2" (w),q(t))
Yto = X0 — 2

and call Y**®% (g, w) its unique solution. Then "reverse" the definition
Yt = Xt - Zi’ by Setting

Uq’w (to, t) (Xo) — YttO,Xo,ZO (q,W) + Ztto,zo (CL))

(which turns out to be independent of zy and equal to the previous
definition).
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Examples of NADS (4)

For a general SDE in R? with additive white noise
dXt =b (Xt, q (t)) dt + U(Xt, q (t)) th

the previous tricks do not work. However, following H. Kunita and other
authors, under suitable regularity of coefficients, it is possible to prove the
existence of a stochastic flow which is precisely our object Uq « (to, t).
The problem with such generality is the difficulty to make further steps
defining w-wise objects like random attractors and so on.

On the contrary, the tricks above in the case of additive noise generalize to
SPDEs and work well for w-wise investigations.
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Examples of NADS (5)

dX; = (Xe — X?) dt + dW;

solution
0
|

T
0 200 400 600 800 1000

time
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R code: same noise realization for all i.c.

Nt=1000; Nsim=41; dt=0.01; sig=1

X=matrix(nrow=Nsim, ncol=Nt)

X[,1]=seq(-2,2,0.1)

for (tin 1:(Nt-1)) {

X[t+1] =X[t]+dt*(X[,t]-X[,t] *3)+sqrt(dt) *sig*rnorm(1)

}

plot(c(0,Nt),c(-2,2),type="n", xlab="time", ylab="solution")
for (i in 1:Nsim) {

lines(X[i,])

}
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Attractors of NADS

Preliminary:

We call pull-back omega-limit set of B at time t the set

Qg (B.t) = () U Ugw (s. 1) (B)

50<0s<sp

={yeX:3x, CB,sp = —0,Ugw (Sn t) (xn) = ¥}.

¥ﬁ

.

\J\ﬁ/-
g
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Attractors of NADS (PBCGA)

Definition
Given the NADS Uq . (s, t) : X — X, we say that a family of sets

Al (7) teR

is a pull-back global compact attractor (PBCGA) if:

i) Ag,w (t) is compact for every t € R;

ii) Ag.w (+) is invariant: U (S, t) (Aqw (5)) = Aqw (t) for every
s<ts teR;

iii) Ag,w (+) pull-back attracts bounded sets:

Qg0 (B,t) C Agw (t)

for all bounded set B C X.
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Explicit examples of PBCGA

Consider the Ornstein-Uhlenbeck (OU) equation

dZ, = AZ,dt +VQdW,  Zy, = z

with unique solution written in two ways:

Z, = e(t—to)AZO+ te(t_s)AdWS

to

t
= et (zg— W)+ [ Aelt™AW,ds + W,.
to
Assume A is strictly negative: (Ax,x) < —v ||x||*. Then
Ao (t) = {Z" (0)}
t
Z5 () = / Ae=AW, (W) ds + W, (w)

for all w such that W; (w) has sub-exponential growth at —oo (true a.s.
for Brownian paths).
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Explicit examples of PBCGA

Consider the two-well example
dX; = (X; — X}) dt + ocdW,.
For
c=20
it is
Au (t)=A=[-1,1].

What happens for o # 07 Is it a closed bounded interval, hence of the

form
Ap (t) =[x (t,w) , x4 (t, w)]?

What can we say about x_ (t,w), x4 (t,w)? From numerical simulations
they seem to coincide.
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Time-varying measures

@ The previous notion (attractor) is topological.

@ Sometimes it is useful to identify objects based on statistical
properties.

@ Certain topological objects are "statistically invisible".

@ For an autonomous dynamical system ¢, : X — X the key notion is
invariant measures U:

Pk = H-
@ For non-autonomous ones U (s, t) a natural idea is a family (y,), .
such that
U(S, t) nus = :ut'
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Time-varying measures: technical questions posed as

exercises

We give our first technical exercises to be clarified in the Problem Session:

@ What does it mean that a map t + p, is continuous or measurable?

@ What does it mean that a sequence (u]), g converges to (y,), g’

© s the space of such time-dependent measures, with such
convergence, a good space from the topological viewpoint (metric,
separable, complete)?

© Can we characterize compact sets in such space (or give at least
sufficient conditions for relative compactness)?
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Random time-varying measures

Assume now the non-autonomous dynamical system depends on a random
parameter, U, (s, t) (let's drop g here). We are faced with random
time-dependent measures, that we shall denote by

(:uw (t))te]R
M, (£) (dx)
such that
Uo (5. 1) iy () = g, (1)

Analogously we may define measurability, convergence etc. The Problem
Session will comment about this.
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About invariance

Both for attractors and measures we have imposed invariance (let’s drop g
here again):

U‘U (5' t) :uw (S) = ]’lw <t) '
However, A, (t) is characterized by the additional property of
pull-back-attraction (and compactness), which makes it unique.
If we do not impose any additional condition on y , (t), it may be very

different from the concept of invariant measure and totally unrelated to

attractors.
For instance, if x,, (t) is an infinite trajectory of the system, namely

Uw (5, t) X (S) = xw (t)

then
e (£) =0 (1)

is invariant.
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Adding convergence to equilibrium to invariance

It is not easy to escape this excessive degree of freedom of the concept of
random time-dependent invariant measure.

One way is asking for some form of pull-back-attraction. However, let us
say from the beginning that, opposite to the topological concept, here the
proof of validity of such property may be extremely difficult.

We could ask that p, (t) is the limit (in the suitable sense described in

the Problem Sessions)
as ty — —o0

of
u (t) == Uy (to, t) A, t >t

for a given probability measure A, possibly with high geometrical or
physical meaning. This is a form of "convergence to equilibrium", already
very difficult in the autonomous framework.
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Explicit examples of PBCGA

In the OU case

dZ; = AZidt + /QdW,
with
(Ax,x) < —v|x]|?

the only random invariant measure is
He (t) = 5Z?tat(w)

t
that (w) — /_oo Ae(t*S)A W, (w) ds + W; (w) .
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Explicit examples of PBCGA

In the case
dX; = (Xe — X?) dt + cdW;

for
c=0

we have three invariant measures and their convex combinations:
Py =0x1,  Hg = do.

The attractor is strictly larger than the union of the supports of all
invariant measures.

For o # 0, if A, (t) = [x_ (t,w), x4 (t,w)] then

are invariant measures. Do they coincide?
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Questions about attractors and measures

During the lectures we shall give partial answers to the following questions:

@ are there abstract (topological) conditions ensuring the existence of a
pull-back attractor?

@ are there abstract conditions ensuring the existence of (interesting)
random invariant measures?

@ which properties do we know about these objects?
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Weather and Climate?

@ By weather we mean all atmospheric, sea, land etc conditions at the
time scale of a few hours. Every hour there is (or there could be) an
appreciable change of weather conditions. Not every minute; the right
time scale is roughly one hour or few hours.

@ By climate, people and experts mean many different things.
Essentially they are again atmospheric etc. conditions, but sometimes
restricted to certain main large-scale variables like (spatial-) mean
temperature, ice cover and similar ones, not wind, for instance
(sometime else also wind is taken into account). But, more
importantly, it is a question of time scale: the differences in the
interpretations refer to different time scales.
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nt views on Climate

@ Sometimes we read: "climate is the average weather over 30 years".
@ Sometimes other experts discuss the annual variability of indicators
like the mean temperature (and these studies are in the frame of

climate research).
@ Sometimes we mean variations on much larger time scales, like
thousands of years.
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Our restricted view on Climate

@ In these lectures, when we mention climate, we always refer to a time
scale of a few decades, like 30 years, or sometimes (but this must be
specified) a time scale of one year.

@ We exclude from our heuristic discussion the case of much longer
time scales, like in the paleoclimate studies, although they are very
interesting for many reasons.

@ OQur choice is dictated by the recent studies about the impact of CO2
production by humans in the last century and in the present one.
Therefore we aim to appreciate variations at the time scale of
decades, or maybe years, but not less and no more.
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Only structural properties of Weather and Climate

@ Concerning mathematical models, we shall not discuss "which
equations" (Navier-Stokes, Primitive etc., just sea or land, with or
without vegetation etc.)

@ We shall concentrate only on the general structure.
@ A first main question about the structure is:

o is the weather deterministic or stochastic?
o Is climate deterministic or stochastic?

@ Certainly there is not a unique answer to these questions, it depends
on the degree of precision of the models, which approximations are
done and so on. Generally speaking, the concept of NADS looks
appropriate in all cases.
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Non-autonomous Weather and Climate

@ Certainly they are non-autonomous (it depends on the time-range).

@ At least three sources of time-dependence, in the time-range of these
two centuries we have in mind:

o daily variation of energy input due to day-night alternance (periodic)
e annual variation of energy input due to seasons (periodic)
o variation of CO2 concentration (roughly monotone increasing).

@ Example already seen above:

;T =xkAT+v-VT—T"+q(t)
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Randomness in Weather

@ Concerning randomness, it is more difficult and, as said above, it is
not even clear we should introduce them.

@ Some experts would claim that weather is described by a
deterministic dynamical system (non-autonomous).

@ Personally | agree, keeping open the possibility that every model we
use contains some approximation (think to space discretization, or the
difficulty to keep into account vegetation etc.), which produce some
sort of random variability

e Example: perturb solar input g (t) by noise to account for cloud
variability:

0: T =xkAT +v-VT— T*+q(t)+ noise
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Randomness in Weather

More technical is the potential randomness coming from subgrid

"parametrization" (=modeling of small scale phenomena which are not
accounted by space-discretization).

Schematic for Global
Atmospheric Model

Random subgrid parametrizations have been successful in weather
prediction.
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Slowly varying deterministic Climate

@ Climate looks non-autonomous deterministic, slowly varying, when we
interpret it as the weather averaged over 30 years, and we observe its
evolution on a time range of two centuries.

@ If we observe the annual variability of certain indicators like some
temperature average over one year and over a certain region, it
fluctuates similarly to certain stochastic processes, and thus we are
tempted to use stochastic models for them. This is Hasselmann’s
celebrated proposal, written in 1976.
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Temptative scheme and link between Weather and Climate

o The weather is a family of NADS Ug , (s, t) indexed by a parameter
€(0,1)
o The climate is a time-dependent measure 1 (t)

@ They are related by a suitable time average, heuristically of the form

/ ¢ (x) g (t) (dx) ~ t+d (/ ¢ (US, (to,5) (XO))/\(dxo)) ds.
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Discussion of the key formula

Our basic heuristic formula is

t+6

[0 mg (0) (0~ o [

=

</x 9 (Vg (to5) (x0)) A (de>> ds.

The time in this formula is "macroscopic": e.g. the time scale of a few
decades. For instance, the value of t in the formula could be:

t = 2050
and the time-span ¢ is macroscopic but small, for instance
6 = 15 years.

We average weather over 30 years.
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Discussion of the key formula

Let us comment more on the heuristic formula

t+0

0 Gmg (0 (a) ~ o | (/X q>(u;,w<to,s><xo>wdxo>) .

-0
The notation x stands for a weather configuration (all information on
atmosphere, sea, ice, land etc.) and X is a space of configurations. ¢ is an
observable, like a spatial-average temperature value.

1, (t) is the climate at time t (e.g. around 2050). A probability measure
on configurations, summarizing statistical information on temperature etc.
(mean temperature, its extreme etc.).
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Discussion of the key formula

t+o

060 ug (0 (@) ~ 5 |

-0

</x 9 (Vg (to5) (x0)) A <de>> ds.

The ensemble i (t) is obtained averaging in time the weather
informations, which are collected by the NADS Uf,vw (to,s). The average
in time is on a relatively short macroscopic span [t — J, t + &] (like ten
years), which is an extremely long time-span for weather. Ug , (to,s) has
very fast variations at the macroscopic time scale and some kind of
averaging happens.

The time tp where we start to observe the weather can be t — § but more
preferably it will be typ << t (at macroscopic scale), like in the pull-back
viewpoint.
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Discussion of the key formula

t+0

0 6mg (0 (0) ~ o | (/X ¢(ug,a,<t0,s>(xo>)udxo>)ds_

-0
We cannot consider the weather evolution starting just from a single i.c.
Xo. Weather is extremely sensitive to i.c. and their knowledge is affected
by uncertainty, hence a single trajectory U ,, (to,s) (xo) could be not
representative of the true evolution.

For this reason we average in A over the i.c.

Of course the choice of A is an issue in itself, not trivial at all. On a
compact manifold | would suggest an analog of Lebesgue measure but in
general it is not so clear.
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Discussion of the key formula

/ ¢ (x .”q ) (dx) ~ t+6 (/ ‘P w (t0,5) (xo))/\(dxo)> ds.

Finally, the parameter € is fundamental in order to state rigorous theorems.
Only in the limit € — 0 can we prove a theorem. It corresponds to
assuming full scale-separation between the weather time-scale (few hours)

and the climate time-scale (decades).
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A first rigorous version of the formula

/X(])(x) ?‘q(t)( N t+6 (/ ‘P (to,s (xo))/\(dxo)> ds.

A first rigorous version of this formula is

A¢um4ww>—gb5t”{/¢ D (5) (@) 0

where pg , (t) are time-dependent random invariant measures (which one,
it is a very diffiuclt issue). The reason for this reformulation is that we
hope it holds, for ty — —oo, that (convergence to equilibrium)

Ugw (to, s) A — g, (5)
so that

¢ (s (t0,9) () Aldo) = [ @) (Usao (10,5) 1) ()
“1“A¢yuwwmw»
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A second rigorous version of the formula

Our first rigorous formulation is

[y 000 =i o [T ([ 90g(s) (@) as

The next one is a more compact formulation which asks essentially the
same:

//"’”Vq G"L%/ /ley#qw()()

In this case the test function (¢, x) depends also on t and has suitable
decay properties in t; typically ¢(t, x) is the product of an observable
¢ (x) and a localizing function h(t).

Young measures seem to be the right framework of investigation. The
Problem Sessions will develop the necessary technical details and give
several examples.
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Remarks on the rigorous version of the formula

In the sequel we shall always describe the formulation

!'HB/ /V’ ty) How (s ><dy>ds=/_Z/ti(t,x)ptq(t)(dx).

Notice that the role of g and w is different:

@ g is a parameter of the full problem, like different projections in the
future about CO2 production. The climate we expect, p (t),
depends on the CO2 production.

@ w describes the uncertainty we have in the model, intrinsic (physical)
or due to model simplifications. It should disappear in the limit since
1, (t) represents our statistical information on the climate,
summarizing precisely also the uncertainties. E.g., the average
temperature computed by i (t) using the right observable ¢ takes
into account the average with respect to the uncertainties.

@ The uncertainty in the initial condition is taken into account by
Moo (5):

@ It looks like local equilibrium in Statistical Mechanics.
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Exercises on Young measures

We are faced with the problem of understanding limits of the form

i [ [ g ) @ ds = [ [ e, (o) ()

where p¢ (s) is rapidly oscillating. Let us formulate two exercises, solved
in the Problem Sessions, which help to develop intuition.

Exercise 1. Let x : R — RY be a periodic continuous function with
period T >0, and let 3 : R X R? — R be continuous. Compute

iMoo [y (£, Xpe)dt.
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Exercises on Young measures

Exercise 2. For xy € R?, consider the ODE

dX[ = df"(t) + b(t, q(t), X[")dt,
Xon = X0,

where g and b are given functions, f” = f(n-) and f is a periodic forcing
with period T > 0. Assuming all the necessary regularity on g, b, f,

. 1 n
compute lim, .o [y ¥(t, X{)dt.
Remark. Compared to the problem of our formula, here we use single
trajectories instead of a time-dependent random measure: fol P(t, X)dt
instead of [* [, ¢ (t.y) 1o o () (dy) ds. Working with such measures
makes the problem even more difficult and we shall see here the role of the
concept of random attractor.
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Summary of the first lecture

@ We have introduced a notion of non-autonomous and random
dynamical system

@ and given a few examples.

@ We have introduced the concepts of pull-back attractor and random
invariant measure.

@ We have discussed heuristically Weather and Climate
@ and identified a formula for their link

im [ [ ey e 5) @ ds = [ [ p(exug (6) (o).

e—0
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Plan of the next few lectures

@ Problem sessions 1-2-3: solution of questions on Young measures and
their link with random attractors

@ Lectures 2-3-4: theory of pull-back attractors and random invariant
measures (existence and other properties); final theorem on random
attractor and Young measures

@ and its use to understand the formula

im [ [ @) i ) (@) ds= [ [ pexmg (6) (o).

e—0
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Thank you for your attention
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