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Stochastic porous media and fast diffusion equation

The classical porous media m P r1,8q and fast diffusion m P p0, 1s equation:

Btu “ ∆p|u|m´1uq.

Let Q Ď Rd be a smooth bounded domain.

Let Apx , ξq : Q ˆ RÑ Rdˆn be smooth with bounded derivatives.

Let wt be an n-dimensional Brownian motion with wε
t pathwise smooth

approximations (converging in geometric rough path topology).

For any m P p0,8q and any u0 P L2
`pQq consider the problem:

$

’

&

’

%

Btu “ ∆urms `∇ ¨ pApx , uq ˝ dwtq on Q ˆ p0,8q,
upx , tq “ 0 on BQ ˆ p0,8q,
upx , 0q “ u0pxq on Q ˆ t0u.
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Some applications and links
1. Mean field theory: B i

t , W i
t independent BMs

dX i
t “ ApX i

t , µ
N
t q ˝ dW

i
t ` σpµ

N
t qdB

i
t , µN

t “
1
N

N
ÿ

i“1

δX i
t
.

Conditioning wrt Wt , the associated nonlinear Fokker-Plank equation is

Btµ “
1
2

∆pσ2
pµqµq `∇ ¨ pApx , µq ˝ dWtq. (1)

2. Dean-Kawasaki model: evolution of the density c of particles in a fluid
subjected to its motion v ([Cornalba et al., 2018], [Donev et al., 2014])

Btc “ σ∆c `∇ ¨ pcv `
?
σcξq, ξ space-time white noise. (2)

3. Hydrodynamic limit of zero-range particle processes: the rescaled empirical
density converges to the solution of

Btu “ ∆φpuq, φpuq mean local jump rate e.g. φpuq “ |u|m´1u.

The fluctuations of the zero-range process around the limit formally satisfy
the same LDP as the zero noise limit of the equation ([Dirr et al., 2016])

Btu “ ∆φpuq ´
?
ε∇ ¨ p

a

φpuqξq , εÑ 0 . (3)
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Aims, strategies and relation to previous works

Previous results ([Fehrman and Gess, 2019],[Fehrman and Gess, 2021]):

1. For every u0 P L2
`pTd

q there exists a unique pathwise kinetic solution to

Btu “ ∆urms `∇ ¨ pApx , uq ˝ dwtq on Td
ˆ p0,8q. (4)

2. For every u0 P L2
`pQq there exists a unique to pathwise kinetic solution to

Btu “ ∆urms `
n
ÿ

k“1

fkpxqu ˝ dw
k
t on Q ˆ p0,8q. (5)

Current results: existence and uniqueness for (4) on Q ˆ R` (pathwise kinetic
solution), associated random dynamical system, continuity of the
noise-to-solution map wt ÞÑ u

‚ rough path theory
‚ kinetic formulation of the PDE [Chen and Perthame, 2003]
‚ sharp analytical estimates

Further aims: LDPs for the noise-to-solution map wt ÞÑ u for (4) in the
zero-noise limit, connection to particle systems and mean field theory.
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Plan for the remaining part of the talk:

1. derivation of the notion of pathwise kinetic solution;

2. a sketch of the existence proof;

3. overview of the results .
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Kinetic formulation of the PDE

Approximating PDE (vanishing viscosity η∆ and regularized noise wε):

Bt uη,ε “ ∆puη,εqrms ` η∆ uη,ε`∇ ¨ pApx , uη,εq 9wε
t q on Qx ˆ r0,8qt . (6)

The kinetic function χ : R2
Ñ R defined by χpu, ξq “

$

&

%

1 0 ă ξ ă u

´1 u ă ξ ă 0
0 else ,

satisfies

Spuq “

ż

R

9Spξqχpu, ξq dξ for any S : RÑ R smooth. (7)

The kinetic formulation of (6) for χη,ε :“ χpuη,εpx , tq, ξq on Qx ˆRξ ˆ r0,8qt

Bt χη,ε “ m|ξ|m´1∆χη,ε`η∆χη,ε (8)

`BξApx , ξq 9wε
t ∇x χη,ε ´∇x ¨ Apx , ξq 9wε

t Bξ χ
η,ε
`Bξpp

η,ε
` qη,εq

for the entropy and parabolic defect measures on Q ˆ Rˆ p0,8q:

pη,εpx , ξ, tq “ δ0pξ ´ uη,εq η |∇ uη,ε|2

and qη,ε“ δ0pξ ´ uη,εq
4m

pm ` 1q2
|∇puη,εqr

m`1
2 s| 2 .
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Kinetic formulation of the PDE
Weak formulation for arbitrary test functions ψ P C8c pQ ˆ Rˆ r0,8qq:
ż

QˆR
χpuη,εpx , tqξqψpx , ξ, tq, dxdξ

ˇ

ˇ

ˇ

t“t1

t“t0
“

ż t1

t0

ż

QˆR
χη,ε Btψ dxdξdt (9)

`

ż t1

t0

ż

QˆR
m|ξ|m´1 χη,ε ∆ψ ` ηχη,ε ∆ψ dxdξdt ´

ż t1

t0

ż

QˆR
ppη,ε` qη,εqBξψ dxdξdt

´

ż t1

t0

ż

QˆR
χη,ε

´

pBξApx , ξq 9wε
t q∇xψ ´ p∇x ¨Apx , ξq 9wε

t qBξψ
¯

dxdξdt .

To get rid of the noise, test it against ϕεpx , ξ, tq solving

Btϕ “ pBξApx , ξq 9wε
t q∇xϕ´ p∇x ¨Apx , ξq 9wε

t qBξϕ, ϕpx , ξ, t0q “ ϕ0px , ξq.
(10)

The associated inverse characteristics for the reversed path w̃t0,s :“ wt0´s are
#

9Y x,ξ,ε
t0,s “ ´BξApY

x,ξ,ε
t0,s ,Πx,ξ,ε

t0,s q
9̃wε
t0,s

9Πx,ξ,ε
t0,s “ ∇x ¨ ApY

x,ξ,ε
t0,s ,Πx,ξ,ε

t0,s q
9̃wε
t0,s

pY x,ξ,ε
t0,0 ,Πx,ξ,ε

t0,0 q “ px , ξq . (11)

The solution to (10) is represented via inverse characteristics by

ϕεpx , ξ, tq “ ϕ0pY
x,ξ,ε
t0,t´t0 ,Π

x,ξ,ε
t0,t´t0q. (12)
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Rough path approach and a glimpse into existence
As εÑ 0 the limiting RDE defines the stochastic inverse characteristics

#

9Y x,ξ
t0,s “ ´BξApY

x,ξ
t0,s ,Π

x,ξ
t0,sq ˝ dw̃t0,s

9Πx,ξ
t0,s “ ∇x ¨ ApY

x,ξ
t0,s ,Π

x,ξ
t0,sq ˝ dw̃t0,s

pY x,ξ
t0,0,Π

x,ξ
t0,0q “ px , ξq . (13)

-Rough path regularity: existence and stability up to second derivatives requires
A P C p

1
α
`4q`. ([Crisan et al., 2013]).

-Characteristics Π may change sign: we require ∇x ¨ Apx , 0q ” 0.
-Characteristics may escape Q: we require BξA|BQ ” 0.

The inverse characteristics yield the solution ϕpx , ξ, tq“ϕ0pY
x,ξ
t0,t´t0 ,Π

x,ξ
t0,t´t0q to

Btϕ “ pBξApx , ξq ˝ dwtq∇xϕ´ p∇x ¨Apx , ξq ˝ dwtqBξϕ , ϕpx , ξ, t0q “ ϕ0px , ξq.
(14)

The conservative structure of the equation implies the characteristics preserve
the Lebesgue measure:

ż

RdˆR
f px , ξq dxdξ “

ż

RdˆR
f pY x,ξ

t,s ,Π
x,ξ
t,s q dxdξ .
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Rough path approach and a glimpse into existence
Continuity of the Ito-Lyons map for RDEs yields pY x,ξ,ε,Πx,ξ,ε

q Ñ pY x,ξ,Πx,ξ
q.

#

9Y x,ξ,ε
t0,s “ ´BξApY

x,ξ,ε
t0,s ,Πx,ξ,ε

t0,s q
9̃wε
t0,s

9Πx,ξ,ε
t0,s “ ∇x ¨ ApY

x,ξ,ε
t0,s ,Πx,ξ,ε

t0,s q
9̃wε
t0,s

εÑ0
ÝÝÝÑ

#

9Y x,ξ
t0,s “ ´BξApY

x,ξ
t0,s ,Π

x,ξ
t0,sq ˝ dw̃t0,s

9Πx,ξ
t0,s “ ∇x ¨ ApY

x,ξ
t0,s ,Π

x,ξ
t0,sq ˝ dw̃t0,s

Stable estimates in ε, η such as

}uη,ε}2L8pr0,T s,L2pQqq̀

ż T

0

ż

Q

η|∇ uη,ε |2
loooomoooon

pη,ε

`|∇puη,εqr
m`1

2 s
|
2

loooooooomoooooooon

qη,ε

dxdt ďCp}u0}
2
L2pQ q̀ }u0}

m`1
L1pQqq ,

and weak convergence/compactness yield uη,ε Ñ u and that pη,ε Ñ p, qη,ε Ñ q.

Passage to the limit ε, η Ñ 0 in the kinetic formulation of the PDE
ż

QˆR
χpuη,εpx , tq, ξqϕpY x,ξ,ε

t,t´t0 ,Π
x,ξ,ε
t,t´t0qdxdξ

ˇ

ˇ

ˇ

t“t1

t“t0
“

���
���

���
��ż t1

t0

ż

QˆR
χη,ε Btϕ dxdξdt

`

ż t1

t0

ż

QˆR
pm|ξ|m´1

`ηqχη,ε∆ϕpY x,ξ,ε
t,t´t0 ,Π

x,ξ,ε
t,t´t0q dxdξdt´

ż t1

t0

ż

QˆR
ppη,ε`qη,εqBξϕ dxdξdt

´

ż t1

t0

ż

QˆR(((
((((

((((
(((

((((
(

χη,ε
´

pBξApx , ξq 9wε
t q∇xϕ´ p∇x ¨Apx , ξq 9wε

t qBξϕ
¯

dxdξdt .
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Definition of pathwise kinetic solution
A pathwise kinetic solution u with initial data u0 P L2

pQq satisfies for any T ą 0:

1. u P L8pr0,T s; L2
pQqq;

2. ur
m`1

2 s
P L2

pr0,T s;H1
0 pQqq; (DBCs are retained by ur

m`1
2 s)

3. for any ϕ P C8c pQ ˆ Rq and any t0, t1 Pr0,T s we have
ż

QˆR
χpupx , tq, ξqϕpY x,ξ

t,t´t0 ,Π
x,ξ
t,t´t0qdxdξ

ˇ

ˇ

ˇ

t1

t“t0
“ (15)

ż t1

t0

ż

QˆR
m|ξ|m´1 χpupx , tq, ξq∆ϕpY x,ξ

t,t´t0 ,Π
x,ξ
t,t´t0q dxdξdt

´

ż t1

t0

ż

QˆR
pp ` qqBξϕpY

x,ξ
t,t´t0 ,Π

x,ξ
t,t´t0q dxdξdt,

where p is a finite positive measure on Q ˆ Rˆ r0,T s and q is given by

q “ δpξ ´ upx , tqq
4m

pm ` 1q2
|∇puqr

m`1
2 s| 2 ;

4. the initial condition is enforced in the sense that
ż

QˆR
χpupx , 0q, ξqϕpx , ξq dxdξ “

ż

QˆR
χpu0pxq, ξqϕpx , ξq dxdξ . (16)
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Overview of the results
Theorem (Existence and uniqueness)
For every u0 P L2

`pQq there exists a unique pathwise kinetic solution to

Btu “ ∆urms `∇ ¨ pApx , uq ˝ dwtq with DBC on Q ˆ p0,8q. (17)

Theorem (Contraction principle)
Two pathwise kinetic solutions u1, u2 with initial data u1

0 , u
2
0 satisfy

}u1
´ u2

}L8pr0,8q;L1pQqq ď }u
1
0 ´ u2

0}L1pQq. (18)

Theorem (Continuity of the noise-to-solution map)
Let u0 P L2

`pQq and let wn be a sequence of α-Hölder geometric rough paths
converging towards w . Let un and u be the pathwise kinetic solutions with
initial data u0 and driving signal wn and w . Then for any T ą 0 we have

lim
nÑ8

}un
´ u}L1pr0,T s;L1pQqq “ 0 . (19)

Theorem (Random dynamical system)
When interpreted in the sense of pathwise kinetic solutions, equation (17)
defines a random dynamical system on L2

`pQq. If upu0, s, t,w¨pωqq denote the
solution of (17) at time t, started at time s, with initial data u0 P L2

`pQq and
noise w¨pωq, then we have for almost all ω P pΩ,F ,Pq

upu0, s, t,w¨pωqq “ upu0, 0, t ´ s,w¨`spωqq for all 0 ď s ď t and u0 P L2
`pQq.
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