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What is Data Assimilation (DA)?

Mathematical
Model

Atmosphere Data Assimilation (DA):
Ocean combines computational models and
Hurricane observational data with their

e ==prediction uncertainties to produce an estimate
Observation of the state of the physical system.
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The challenges to make accurate predictions:
Nonlinearity of the model, Noise (Gaussian and non-Gaussian), High dimensionality

Common Data Assimilation techniques

Kalman Filter (KF) High Linear Gaussian
Ensemble Kalman Filter (EnKF) High Nonlinear = Gaussian
Particle Filter (PF) Low Nonlinear  Non-Gaussian
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Order Reduction in DA:

Order Reduction of Models
® Project model equations onto a subspace of lower dimension
® Preserve basic dynamic character of the model

Types

® Model-based
Assimilation in the Unstable Subspace (AUS), (Trevisan and
Uboldi 2004, Carrassi et al., 2007)

¢ Data-driven
Proper Orthogonal Decomposition (POD), (Berkooz, Holmes, Lumley,
1993) or

Dynamic Mode Decomposition (DMD), (Rowley et al., 2009, Schmid
2010)

Order Reduction and Data Assimilation
Kalman filter + AUS (Bocquet and Carrassi, 2017)
Kalman filter + DMD (lungo et al., 2015)

EnKF+ POD (Popov et al., 2021)
PF + AUS (Maclean and Van Vleck, 2021)
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Summary

e Find a dynamically relevant reduced basis using order reduction techniques:
o Assimilation in the Unstable Subspace (AUS).
o Proper Orthogonal Decomposition (POD).

o Dynamic Mode Decomposition (DMD).
e Use this basis to project the physical and data models into a reduced dimension

subspace.
e Develop projected DA techniques:

o Projected Particle Filter (PROJ-PF)

o Projected Optimal Proposal Particle Filter (PROJ-OP-PF).
e Perform data assimilation in the reduced dimension subspace.
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DA: Mathematical Formulation

e Consider a discrete time stochastic model:

Nonlinear state transition

l State noise
STATE: Ty — (331}_1) + UIt, W N(Oa Qt)7
OBSERVATION: y, = Hx; + 1, n, ~N(0, Ry),

Observation noise
Linear observation operator

+ ~
. Iy
(7 P Estimator
Innovation
y, — Hx,
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Particle Filters

e Particle filters run N parallel estimators {&}, &2, ..., &) } (“particles”), associated W}

e The estimate of the true state is the weighted average of particle states.

N
n=1
e Startwith ;' ;, n =1,..., Nparticles with equal weight initially W/* ; = %

Particle Update:
zy =F (2 1) + i, w ~N(0,Q)
Weights updated:

P(y,|xy) P(x;)

e The weights update based on the Bayes’ Theorem: P(x;|y,) = Ply.)
Yy

n 1 ny | o — n
Witocexp | =3 (Z7) RTVEID| Wikae 1, y,  Hay
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Optimal Proposal Particle Filter(OP-PF) O

e Optimal = variance of the weights is minimized
e PF:innovation updates weight I} = (y, — HZ} ,))
OP-PF: innovation updates weight and state

Particle update:
zy =F (2] ) twe + kI}, w;~N(0,Q,)
k=QH R
le _ Q—l + HTR—lH
Weight Update:

P(y|@i—1) P(@¢|ei1)
P(y,|zi—1)

P(xi|@i-1,Y,) =

r,__. _ n .
th X €exXp _§(It )T(HQHT T R) 1(It ) Wiy
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Particle Filter Degeneracy

¢ In high dimensional spaces the importance weights are more likely to be

degenerate (one particle gets weight one, and all others get weight zero)

State dim.

Particles Observation dim.

f
log(N) o (M x D)

e Resampling: abandon particles with very small weights
and make multiple copies of particles with large weights.

ESS = 1

1
sz < 2N

e Lowering either the state model dimension M, observation
model dimension D or both helps in mitigating this problem.
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(van Leeuwen et al., 2017)

weighting resampling

weighting

t=0 =10 =10

(van Leeuwen et al., 2017)



Reduction
Uy = y;r Lt

"
Orthogonal Proj. matrix
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Full model

Unprojected

Li41 = F (a:t) -+ W
y, = Hx; +m,

3

Reconstruction

Iy — Vt’Ut

Projected

Vi1 = Fq('Ut) +wg, wg NN(O,Q?)
uy = Hijvy +1f, nf ~N(0,R})

Fq(’Ut) = V;I_-|_1Ft (Vtvt)
H! = U,/HV,
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Reduced-order Model (ROM)

“»R! = U/ RU;



Projected Optimal Proposal (Proj-OP-PFX

Unprojected OP-PF

Particle update:

&y =F (2} ;) +w + K (y, - HF (2} ,))
K=QH'R™'
Q;l — Q—l n HTR—IH
Weight Update:

1 mn — mn n
th X exp _E(It )T(HQHT + R) I(It) Wiy

Full Model

A

Reduction gReconstruction
V¢ = V;rzct
\ 4

rxy = Vv,
1

ROM
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Proj-OP-PF

Particle update:
vy =Fi(vy 1) +wi + K, (yt - HVth—l(U?—l))
K,=Q,HV,) R

Q,'=(Q) '+ HV,) R '(HV,)

Weight Update:

mn ]' T — T T
Wi" o« exp —§(It)T(Z§) 1(It) Wity

Z{ = (H))Q{(H])" + R{
I =y, — Hjv}
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Reduction Techniques

AUS: Assimilation in the Unstable Subspace

Inputs:

1
Ut—l—th :F;(.’L't)Ut ~ [Ft(mt -+ EUt) — Ft(IBt)], t = 0, ]., cen

€
where U is orthogonal and T is upper triangular with positive diagonal elements
Outputs: Lyapunov vectors spanning expanding/neutral subspaces.

Proper Orthogonal Decomposition (POD) and
Dynamic Mode Decomposition (DMD):

Data-driven (model-free) techniques that do not require any knowledge
of the underlying equations.

= Inputs: the evolution of state vectors x, € R™.

= Qutputs: spatial-temporal coherent structure
(modes) that dominate the observed data.
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Proper Orthogonal Decomposition (POD%¥¢-

Given a recording of evolution of state vectors stored as a snapshot matrix
Inputs:

X = [113‘1 ro ... CCT]

«» Compute the singular value decomposition

X=[d1 o ][ ][«/;1 Yy ]

\
. \ }
! \ ) Y
Mut. orthogonal ! Mut. orthogonal
spatial profiles Singular values timeseries

Outputs:
Reduce the dimension of X to a lower-dimensional matrix V by keeping M4 dominant
spatial profiles.

Veop = [¢7 -+ @]
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DMD Projection:

Inputs: the evolution of snapshots x; is approximated by

M
T~ Z D, exp(twp, )b,

m=1

* ¢, are DMD modes corresponding to a spatial profile.

* wn € C are complex-valued DMD frequencies governing growth, decay, and
oscillation of time evolution.

® b, € C are linear combination coefficients.

Outputs: dynamically significant DMD reduced modes ordered by L? norms
O=[d; Py ... Pyl

e Apply Gram-Schmidt to orthogonalize the DMD modes.
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Experiment Set Up:

e Offline Projection Computation

Simulation | POD Mode Orthogonal

>

Snapshot | pMD Matrix OR Basis

\4

e Identical twin experiment:

Truth Estimates
z, = F (1) & =F (T1-1) + wy
Yy, = Hxz +n, | Yy, = Hx,

h est __ N )
mtr“\ / =D o1 Wity

RMSE("Btruth, mest) — Hmtruth . mest” 2/‘ /MJ

e Performance indicator (lower is better):
1. RMSE (compared to the standard deviation of the observation error)
2. Resampling Percentage
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Case study: Lorenz ‘96

e The model is presented as a system of ODEs:

Lti = ($t,q;+1 - il?t,z’—Z) Ty 1 — Lyt F, i1=1,...,

e F determines whether the evolution will be regular or chaotic.
e M is the state dimension

b 25

State index (i)
State inde

400 600 800 1000 1200
Time

200 400 600 800 1000 1200 _ 200

e All model variables are observed (H = I)
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M =400, M9 = 400 D9 =15, N =20 particles

Obs.Error




L96: AUS, POD, and DMD
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e u(x,y,t)and v(x,y,t) are velocity components and h(x, y, t) is the height of the
column of water at time t

e The three fields are evaluated at a grid of 254 x 50 points, resulting in a very
high state dimension (M = 38100) e

Time = 0 hours

Y distance (10005 of km)

» distance (10003 of km)
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Assimilation is successful with relatively small # of particles
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Full model space: M = 38100,
Reduced model space: M9 = 20

Full obs. space D = 381
Reduced obs. space: D9 = 10,

N = 5 particles

Velocity Field Truth

Velocity Field Error
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Grid nodes used
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e Derived a projected data assimilation framework based on the reduced order
model, AUS, POD and DMD.

e Reduce the dimension of state and observation models to lower dimensions
(e.g., SWE, 38100 to 10)

e Stable RMSE for L96 and low RMSE for SWE and resampling percentage.

e Promising results for the SWE, where Proj-OP-PF with minimal tuning provides
good results.
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