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Commutative Algebra, November 01, 2021

Exercise 1 Let A be a commutative ring and A[[z1, x9, ..., x,]] be the ring of formal
power series. Let f = fo+ f1 + -+ € Al[z1, 29, ...,2,]] where f; is a homogeneous
polynomial of degree 1.

1) Prove that f is a unit A[[zq, x9, ..., x,]] if and only if f; is a unit in A.
2) k[[x]] is a PID, where k is a field.

3) Prove that if k is algebraically closed, f is a unit in k[[z]]. Then, for all m > 1,
there is g € k[[z]] such that ¢™ = f.

Exercise 2 Let A be a Noetherian ring. Prove that the ring of formal power series
Al[z]] is Noetherian. Deduce that k[[z1, x2, ..., ]| is Noetherian, where k is a field.

Exercise 3 Let p is a prime number and

E(p):{ozeQ/Z|oz:L—i—ZforsomerEZ,nEN}.
pn

For each t € N, set

Gtz{aEQ/Z\a=%+Zforsomer€Z}.
p

Prove that

1
1) Gy is the submodule of F(p) generated by — +Z, for t € N.
p

2) Each proper submodule of E(p) equal to G; for some i € N,

3) We have
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and E(p) is an Artinian, non Noetherian Z-module.



Commutative Algebra, November 02, 2021

Exercise 4 Let R be a commutative ring and M be a finitely generated R-module.
Let  : M — M be an endomorphism of M. Assume that « is surjective. Prove
that « is an isomorphism.

Exercise 5 Let R = C[z*, 2%y, 7, y*]. Find the integral closure of R.

Exercise 6 Find a Noetherian normalization of the following C-algebra

R = Clz,y, 2]/ (zy + 2%, 2%y —xy® + 2 = 1).

Exercise 7 Find all maximal ideals of the polynomial ring R[x, y].



Commutative Algebra, November 03, 2021

Exercise 8 Let p be a prime number and n be a positive integer. Compute ¢z(Z/p"7Z).
Deduce that ¢7(Z/20Z & 7./277).

Exercise 9 Let R = k[[x, y]] be a ring of formal power series with maximal ideal m.
For each n > 0, compute ¢g(R/I"*!). Deduce the Hilbert coefficients R w.r.t I in
the following cases:

a) I =m.
b) I = (2%, 2y* y°).
c) I =(z%y°).

Exercise 10 Let R = k[[t?,#°,t7]] and I = (#3,¢°). Compute {x(R/I").



Commutative Algebra, November 04, 2021

Exercise 11 Let R = k[z,y]/(y* — 2*). Prove that R, is not a regular local ring
(RLR).

Exercise 12 Let S = k[x,y,z] be a polynomial ring, P = (z,y,2)S. Set R =
Sp/(2* — zy)Sp. Prove that R is not a RLR but R, is a RLR for every p €
Spec(R) \ {m}, where m denotes the maximal ideal of R.

Exercise 13 Let (S,n) be a discrete valuation ring and let n = yS . We set R =
S[lz]]/ (™ — y) where S|x]| denotes the polynomial ring and n > 1 an integer. Show
that R is a RLR.

Exercise 14 Compute the graded minimal free resolution of R/I. Deduce the
Hilbert series of R/I in the following cases:

a) Let R = klx,y] and I = (2%, 2y, y°).

b) Let R = k[z,y,2,u] and I = (23, 2y, y2).



