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Abstract. This paper studies the solution stability of a parametric optimal control problem
governed by nonlinear ordinary differential equations and nonconvex cost functions with control
constraints. By using the direct method, the Pontryagin principle and exploiting structures of
the problem, we obtain upper semicontinuity and continuity of the solution map with respect

to parameters.
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1 Introduction

In this paper we study the following parametric optimal control problem. Determine a
control vector v € LP([0,1],R™) with 1 < p < oo and a trajectory z € WH([0, 1], R")

which minimize the cost function

T, 1) = / £t 2(t), u(t), u(t))dt 1)

with the state equation

a(t) = A(t,z(t)) + B(t,z(t))u(t) + T(t, \(t)) a.e. t € [0,1],
z(0) = xg

and the control constraint

a(t) < u(t) <b(t) ae telo,1]. (3)
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Here (p1, A) is a couple of parameters which belongs to L"([0, 1], R¥) x L*([0, 1], R") with
1<rs<oo, f:[0,1] x R* x R™ x R* — RU {+00c} is a function, A(¢,z) is an n x 1
matrix, B(t, ) is an n X m matrix and T'(¢, A) is an n X 1 matrix and a,b € L*([0, 1], R™).
Note that constraint (3) means a;(t) < u;(t) < b;(t) for i = 1,2,...,m.

Recall that WH1([0, 1], R™) is a Sobolev space which consists of absolutely continuous
functions z : [0,1] — R" such that € L'([0,1],R") and C([0,1],R"™) is a Banach space

of continuous vector functions y : [0, 1] — R™. Their norms are given by
[zl = 12O + 2]y, [lyllo = sup [y(@)],
te(0,1]

respectively. Let us put

X =W"([0,1],R"),U = L*([0,1],R™), Z = X x U,
M = L"([0,1],R¥), A = L*([0,1],R")

and define K () for A € A by setting
K(\) ={z=(z,u) € X x U|(2) and (3) are satisfied}. (4)
Then (1) — (3) can be reformulated in the form

J(z, inf,
Pl (E ;?(; (5)

Throughout this paper we denote by S(u,\) the solution set of (1) — (3) or P(u,\)

corresponding to parameter (u,A). We denote by (g, A) the reference point and call
P(7i, ) the unperturbed problem.

Our main concern is to investigate the behavior of S(u, \) when (u, A) varies around
(7i, A). This problem has been interesting to several authors in the last decade. For papers
which have a close connection to the present work, we refer the readers to [8], [9], [15]-[19]
and the references given therein.

It is known that when J(-,-, u) is strongly convex for all g and K(\) is a convex
set, then the solution map of (5) is single-valued. In this case, under certain conditions,
Dontchev [9] showed that the solution map is continuous with respect to parameters.

Recently Malanowski [15]-[19] showed that if weak second-order optimality conditions
and standard constraints qualifications are satisfied at the reference point, then the so-
lution map is a Lipschitz continuous function of parameters. The obtained results in
[15]-[19] were proved by techniques of implicit function theorem. Note that the obtained
results in [15]-[19] are of problems subject to state constraints without control constraints.

When conditions mentioned above are invalid, the solution map may not be singleton.
In this situation, we have to use tools of set-valued analysis to treat the problem. Such

a treatment has been developed recently by Kien et al. [12] and [13]. In [12] and [13]
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the authors studied the lower semicontinuous property of the solution map to problem
(1) — (3) in the case where the state equation is linear and the cost function is convex
in both variables. For this case, the authors showed that if the unperturbed problem is
good enough, then the solution map is lower semicontinuous at the reference point.

In this paper we continue to develop the method in [12] and [13] in order to study
the upper semicontinuity and continuity of the solution map S(u, A) of problem (1) — (3).
Here in problem (1) — (3), the state equation is nonlinear and the cost function is not
required to be convex in both variables.

It is noted that in the case of finite-dimension spaces, the upper semicontinuity of
the solution map to parametric mathematical programming problems is easy to obtain.
The reason is that the upper semicontinuity of S is equivalent to the closeness of its
graph. It is well known that if S has a closed graph and uniformly compact, that is, there
exists a compact set D in the strong topology such that S(u,\) C D for all (u, A) in a
neighborhood of (f, A) then S is upper semicontinuous at (7, ) (see [4, Corollary, p.112]
and [11, Theorem 3.1]). Unfortunately, in the infinite-dimensional setting of problem
(1)—(3), although each set S(u, ) is a weakly compact set, the family {S(u, A)} is not
strongly uniformly compact. Hence, the closeness of graph of S is far from the upper
semicontinuity of S.

In our paper, by using the direct method, the Pontryagin Maximum Principle and
exploiting structures of the problem, we show that under certain conditions, the solution
map is (s, w)—upper semicontinuous at reference point (see Definition 2.1 for (s, w)—upper
semicontinuity). Besides, we also show that if the unperturbed problem is good enough,
then the solution map is (s, s)—continuous with respect to parameters at the reference
point. It is worth pointing out that our proofs are based on the direct method and
analyzing first order optimality conditions (Pontryagin’s Principle) of the problem. We
do not use second-order optimality conditions for the proof as usual.

The paper is organized as follows. In Section 2, we recall some notions of set-valued
analysis and state our main results. Section 3 is destined for some auxiliary results. The

proofs of main results are given in Section 4.

2 Statement of main result

Let us assume that F' : E; = FE5 is a multifunction between topological spaces. We denote

by domF and gphF' the effective domain and the graph of F'| respectively, where
domF :={z € E1|F(z) # 0}

and
gphF = {(z,v) € By X Es|v € F(z)}.



A multifunction F' is said to be lower semicontinuous at zo € Fj if for any open set Vj in
E5 satistying F'(z9)NVy # O, there exists a neighborhood Gg of zg such that F'(2)NVy # O
for all z € Gy (see [5, Definition 5.1.15, p. 173]). F' is said to be upper semicontinuous
at zo € Fy if for any open set V' in E, satisfying F'(z9) C V/, there exists a neighborhood
G of zy such that F(z) C V for all z € G. If F is lower semicontinuous and upper

semicontinuous at zp, we say F' is continuous at zj.

Definition 2.1 (a) The solution map S : M x A = C([0, 1], R™) x LP([0, 1], R™) is said to
be (s, w)—upper semicontinuous at (fi, \) if for any open set Vy in C([0,1],R™) and weakly

open set V in LP([0, 1], R™) satisfying S(@, \) C Vi x Vi, there exist a neighborhood Uy of
7i and a neighborhood Uy of \ such that

S(/'Lv)\) - ‘/1 X ‘é,V(M,/\) € Ul X U2-

(b) S is said to be (s,w)—lower semicontinuous at (i, \) if for any open set V| in

C([0,1],R™) and weakly open set Vi in LP([0, 1], R™) satisfying S(@, \) N (V] x V3) # O,
there exist a neighborhood U! of Tt and a neighborhood Uy of X such that

S A) 0 (Vi x V5) # 0,¥(p, A) € Up x U,

If S is both (s,w)—upper semicontinuous at (fi, \) and (s, w)—lower semicontinuous at
(T, \), then S is called (s, w)—continuous at (fi, \).

In Definition 2.1, if V5 and VJ are strongly open sets of LP([0,1],R™), we say S is

(s, s)—upper semicontinuous and (s, s)—lower semicontinuous at (%, \), respectively. It is

clear that if S is (s, s)— upper semicontinuous at (@, A) then S is (s, w)— upper semicon-

tinuous at (@, A). This implication is also true for lower semiconinuity of S.
In the sequel, we need the following assumptions on f, A, B and T

(H1) f(-,z,u,u) is a Carathéodory function, that is, for a.e. t € [0,1], f(¢,-,-,-) is
continuous in (z,u, 1) and for each fixed (x, u, u) € R” X R™ x R", the function f(-, z, u, u)
is measurable on [0, 1].

(H2) Growth and dominated condition: there exist constants a; > 0 with ¢ = 1,2, 3 and
a nonnegative function ¥ € L'([0,1],R) such that

[tz w)] < 900 + el + aglul® + aglul®,

where 0 < 31, 1 < 3y <p,1 < B3 <rand 0 < f3 when r = co.
(H3) Convexity: the function u — f (¢, x,u, i) is convex for all (¢, z, ) € [0,1] x R" x R".
(H4) The entries of A(t,x) and B(t,x) are continuous and continuously differentiable in

x such that A,(-,-) and B,(,-) are continuous. Also, the entries of T'(¢, \) are continuous.



Besides, there exist nonnegative functions ¢ € L'([0,1],R), v € L?([0,1],R) and x €
L (]0,1],R) such that

|A(t, z1) — A(t, z2)| < ¢(t)|x1 — 2], ae. t €[0,1], Vi, 29 € R, (6)
|B(t,x1) — B(t, z2)| < ¥(t)|x1 — 2|, a.e. t € [0,1],Vay, 29 € R", (7)
IT(t, A1) — T(t, A)| < x(8)|A1 — A, ace. t €[0,1], VA, Ay € RL (8)

Here ¢ and s’ are conjugate numbers of p and s, respectively. The norm of n x m matrix
B(t,x) = [bi(t, )] is defined by [B(t,z)|* = 331, >0, [bi(t, 2)]*.

We are ready to state our main results.

Theorem 2.1 Suppose that assumptions (H1) — (H4) are fulfilled. Then the following
assertions are valid:
(1) S, A) # O for all (u,\) € M x A;

(1) S(-,-) is (s, w)—upper semicontinuous at (fi, \).

From Theorem 2.1 one may ask whether the solution map S(-,-) is (s, s)—upper semi-
continuous. The next theorem says that if the unperturbed problem is good enough and

the space of parameters p is good enough, then the solution map is (s,s)—upper semi-

continuous and (s, s)-continuous at (fi, A). For this we need the following strengthened

assumption.

(H5) Assume that r = oo and the function (x,u) — L(t,x,u, ) is Fréchet continuously
differentiable for a.e. ¢ € [0, 1] and p € fi(t) + €Bx(0, 1) for some € > 0, where By(0,1) is
the unit ball in R*. Furthermore, the following conditions are fulfilled:

(i) There exist a continuous function k; : [0,1] x R?* — R, positive numbers s; withi = 1, 2,
0<n<pand0<60<p/qsuch that

[falts @ u, i) = falt, @, u, ()] < Kt |2, [l (7)) ul?| — 7)™ (9)
and
[fultoa,u, p) = fult, 2w, J(0))] < ko(t, |o], Jul, [m(E)]) [l |0 — Et)]* (10)
fora.e. t € [0,1], x € R, u € [a(t),b(t)] and p € 7i(t) + €By(0,1).
(i1) There exists a nonnegative function k3(-) € L*(]0, 1], R) such that
| fo(t, 2y, un, (1) — fo(t, 22, ug, (1)) < ks(t)]z1 — o (11)

for a.e. t € [0,1] and for all z; € R", u; € R™ with ¢ = 1, 2.

(737) There exists a positive number « such that for any (z,4) € S(f, \) one has

(fults 0, 71(t) = fu(t, 2(2),a(t), (1)), v — a(t)) = afv —a(t)[? (12)
for a.e. t € [0, 1], for all v € [a(t),b(t)] and = € R™.

Under this extra assumption, we have



Theorem 2.2 Suppose that assumptions (H1) — (H5) are fulfilled. Then the mapping

S(-,-) is (s,s)—upper semicontinuous at (7, \). Moreover if S(ji, \) is a singleton, then

S(-,-) is (s, s)—continuous at (Ji, \).

Notice that assumptions (H1) — (H3) in Theorem 2.1 ensure that J(-, -, u) is weakly
lower semicontinuous for each p € M. While assumption (H4) guarantees that for each
A € A and u € U, the state equation has a unique global solution z € Wh([0, 1], R™).
Condition (i) in (Hb5) says that f, is a Lipschitz function which depends only on z.
Condition (i4i) in (H5) requires that the function f(t,z,-,7i(t)) is strongly convex in w.

We can give several examples under which assumptions (H1)—(Hb5) are fulfilled as follows.
Example 2.1 Let n=m =k =1[0=1and p=r = s = 2. Then problem P(u,\) with

[tz u, p) = 2° +u? + pu,
A(t,x) =t+ V1422, B(t,x) =tx, T(t,\) =\

satisfies all assumptions (H1) — (H4).

In order to verify (H4) for A(t,z) we use the Lagrange Theorem. Then for all z,y € R,

we have

€]
—r —y| < |-y,
ng! yl <z -yl

At ) = Alt,y)l = V1 +22 = 1+ <
where £ = 0z + (1 — 0)y with 0 € [0, 1].
Example 2.2 Let m =k=101=2and p,r s € (1,00). Assume that

[tz u, 1) = 21y + zopp — a5 — 23 + |uf?,

1 tA
Bit.o)y={ lren=( 7).
sin xo sinz; O t* Ao

where x = (21,22),\ = (A1, A\2) and p = (u1, p2). Then P(u, ) satisfies assumptions
(H1) — (H4).

In order to verify (H3) we use Young’s Inequality:
11
£tz )] < Jol ]+l < el + il + ful (13)
where & + 1 =1 and z = (21, 22).

Example 2.3 Let m=n=k=[l=1and p=2,s = 1,r = co. We consider the problem

(J(w,u, ) = [ ((u(t) = p(t)? = $22(t) — p(t)u(t)z(t))dt — inf,

(t) = u(t) + A1), (1)
z(0) =0,

(-1 <u(t) <1



Here we assume that 7i(t) = 0, A(t) = 0 for all ¢ € [0,1]. From the above, we can verify
that assumptions (H1) — (H5) of the Theorem 2.1 are fulfilled. In order to check (H5)

2

we notice that f(t,z,u,p) = (v — p)* — 222 — pau, f, = z, fu = 2(u — p) — px. Hence

conditions (¢) and (¢7) in (H5) are valid. For condition (iii), we have
(fult,z,u, ) — fu(t, 7,0, 10),u — ) = 2Ju —ul*. (15)

Note that J is convex in u and concave in z. We now assume that (T(u, 1), a(p, 1)) €
S(fz,A). Then it must satisfy the Pontryagin Maximum Principle. According to the
Pontryagin Maximum Principle (see [10, Theorem 1, p. 134 and p. 139]), there exists an
absolute continuous function ¢(t) such that the following conditions are valid:

(7) the adjoint equation:
Q'ﬁ = _57

16
¢(1) = 0. 1o
(77) the maximum principle:
BU(E) ~ (1) + 57(0) = max ((0)u— ¥ + 7)),

from which we see that

W 1<l <,
u(t) =< -1 if <1,
1 if 20 > 1.

[\3|

From the state equation, we have Z(t) = fot u(s)dt. This implies that

()] < /0 a(s)|ds < 1.

On the other hand, from the adjoint equation, we have ¢(t) = — flt Z(s)ds. It follows that
1
o) < [ fao)lds <1, e o)
0

Therefore we have u(t) = @ Combining this with the adjoint equation, yields

it = [ atts =1 [ oo

It follows that

Hence ¢(t) = acos 75 + bsin 75 and so ¢(t) = 0 for all ¢ € [0,1]. Consequently, u(t) =

0, Z(t) = 0 and S(7z, \) = {(0,0)}. By Theorem 2.2, S(u, \) is continuous at (0, 0).
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To end this section, we give an example showing that although the unperturbed prob-
lem has a unique solution, the perturbed problems may have several solutions and the

solution map is continuous at a reference point.

Example 2.4 Suppose that m =n=1=k=1,p=4,r =s =00 and (f5,\) = (0,0).
We consider problem P(u, ) of finding u € L*([0,1],R) and y € W1([0,1],R) such that

1
T = [ 5t ule) p(o)it > int (17)
0
with the state equation
t=xz+au+ A\ x(0)=1 (18)
and pointwise constraints
0 <wu(t) <1, (19)

where f is given by

1 1
b u, p) = 5[ =sign(u+ %) [ (u+ )" + 5 [1 + sign(u — )] (w = %)
Here sign(u) is defined by

1 if u>0
sign(u) =< 0 ifu=0
-1 if uw<0.

Then we have the following assertions:

(i) P(jz, A) has unique solution (7, ) = (e, 0).
(i1) If 0 < |u(t)| <1, then we have

S(.2) 2 { (s ). sp?(1),0 < s < 1.
where x(u, ) is solutions of the equation:
i(t) = z(t) + se(t)p?(t) + A1), z(0) = 1. (20)

In fact, when i = A = 0, problem P(0,0) becomes

1
J(u, ;) = / u'(t)dt — inf
0

with constraints
rT=x+u
z(0) =1,
0<u(t) <1.



Obviously, S(0,0) = {(e*,0)}. We now show that P(u, \) satisfies (H1) — (H5). It is easy

to see that )

(u+ )t ifu< —p?
f(t,x,u,,u): 0 if —MQSUSILLz

(uw—p?)t i u > p?

\

Hence )

4(u+ p?)? if u< —p?
fu(tam)umu): 0 if —MZSUSMQ

\4(u — )3 ifu > P

and f,(t,z,u,u) = 0. Hence assumptions (H1) — (H4) are satisfied. In order to verify
(H5) we need to check conditions (10) and (12). For all x € R and u € [0, 1], we have
du+ p?)d —du® ifu < —p?
fult,zu, p) = fult, v, u,0) = § —4u? if —p? <wu<p?
4(u—p?)? — 4 if u> pP
Hence for all z € R, 0 < wu < 1 and |u| < 1, we have

| fult, 2w, i) = fu(t,z,u,0)| < 4(p®)? + [4(u — p?)* — 40|
< A4pS 120+ 12fu|p? + 4p8 < 32|p).

Consequently, (10) is valid. Also, for all uq,us € [0,1] and z1, 22 € R, we have

(fu(ta Ty, Uy, 0) - fu(ta X2, U2, 0))(U1 - u2)
A(uf — ud)(ur — up) = 4(u1 — u2)*(uf + uj + uyus)
2

= 4(uy — up)*((ug — ug)® + Suqug) > 4(uy — ug)™.

Thus condition (12) is fulfilled. Finally, if u(u, A\) = su® with 0 < s < 1, then J(u, ) = 0.
Let z(u, \) be solutions of (20). Then (x(p, A), u(p, X)) € S(u, A).

3 Auxiliary results

The following lemma gives existence of global solution of (2).

Lemma 3.1 Suppose that assumption (H4) is fulfilled. Then for each u € LP([0, 1], R™)
and X € L*([0,1],RY), equation (2) has a unique solution x € W1([0, 1], R").

Proof. Consider the mapping

F(z)(t) = o +/O (A(s,2(s)) + B(s, z(s))u(s) + T(s, A(s)))ds.



We show that F7 is a contraction mapping from C/([0, 1], R™) into itself for j big enough.
We put w(t) = ¢(t) + ¥(t)|u(t)|. Then w € L*([0,1],R) and for all z1,z, € C([0,1],R™),

we have

22))(t)
- | / (5,21(5)) — A(s,2(5)) + [B(s,1(5)) — B(s, 22(s))]u(s)) s
< / (1(ACs,24(s)) — Als. za(s))] + | [Bls.21(5)) — Bls, za(s)Ju(s)])ds
< [ (0 6) = aa(6) + 6)as(6) — (o))

= [ tslenton) = aatonlasn.

Also, we have

|(F?(21) — w(s1)|F(x1)(s1) — F(x2)(s1)|ds:

< [
/ w(sy d31/ w(sz)|z1(s2) — z2(s2)|dso.

Continuing the process, we get
t
|[(F7 (1) — F/(32))(1)] < / w(sy)|[F w(s1) — F7 7 aa(s1)|dsy
0

< /Ot dsiw(s1) /081 dsaw(sz) - -+ /Osj1 dsjw(s;)|1(s;) — @2(s;)|

t S1 Sj—1
< |z — x2||0/ dslw(sl)/ dssw(sz) - - / ds;jw(s;).
0 0 0

By induction, we can show that

/ dsil(sn) [ st [ st = 5[ w(s)ds).

Consequently, we have

. ) 1 t . 1 1 .
(P (e0) = P01 < 55 ( [ wlhds) o = anlo < ([ wle)ds) o2 = el
*Jo - Jo
Hence
. , 1 1 .
P a2) = Flan)lo < 5 ([ w()ds) o = aalo
*Jo

Since 7( fo ds)‘ < 1 when j is sufficiently large, we see that F7 is a contraction

mapping. By the Contraction Mapping Theorem, there exists a unique x € C([0, 1], R")
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such that F7(z) = z. By the Contraction Mapping Principle in [10, Chapter 0, p.13] (see
also [14, Lemma 5.4.3, p. 323]), x is also a fixed point of F', that is,

x(t) = xo + /0 (A(s,z(s)) + B(s, z(s))u(s) + T(s, A(s)))ds.
By (H4), we have
|A(s,x(s)) + B(s,z(s))u(s) + T(s, A(s))]
< @(s)]x(s) + [A(s, 0)] + (P(s)|z(s)| + [B(s, 0)]) [u(s)] + x(s)|A(s)| + [T (s, 0)]-
It is easy to see that the function in right hand side belongs to L'([0, 1], R). Hence
[AC,2() + B a())ul) + T AC)) € LH([0,1], R).
It follows that xz € W*'(]0,1],R™) and
z(t) = A(t,z(t)) + B(t, z(t))u(t) + T(t, A(t)),a.e. t € [0,1],
z(0) = xo.
The proof of the lemma is complete. ]

The following lemma shows that K(-) has Lipschitz property.

Lemma 3.2 Suppose that assumption (H4) is fulfilled. Then the set-valued map K (-)
which is defined by (4), has closed values and there exists a constant ko > 0 such that

K(\) C K(X) + kol|M — Xol[sBz, VA1 Ao € A. (21)

Proof. Let z; = (z;,u;) € K(A) such that z; — 2z = (z,u) as i — oo. Then z; — =
uniformly, #; — & and u; — u strongly in L'. By passing to subsequence if necessary, we

may assume that &; — & and w; — u almost everywhere in ¢t € [0,1]. Note that

zi(t) = A(t, 25(t)) + B(t, 2 (¢))u; (£) + T(t, A(t))

By letting ¢ — oo and using the fact that the entries of A(¢,z) and B(t, x) are continuous,

we obtain

i(t) = AL, z(t)) + B(t, z(t))u(t) + T(t, A1)

x(0) = xo.
Besides, we have a(t) < u(t) < b(t) for a.e. t € [0,1]. Hence z € K(X) and so K () is a
closed set. It remains to prove that K (-) has Lipschitz property.

Fixing any A;, Ao € A, we show that there exists a constant ky > 0 such that (21) is
satisfied. By Lemma 3.1, K(\) # O for all A € A. Let (z,u) € K(\;). Then one has

a(t) = A(t,z(t)) + B(t,z(t))u(t) + T(t, A\(t)), ae. t €[0,1]. (22)
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We have to prove that there exists (y,v) € K(\y) such that

[(2,u) = (y,0)|| < koll A1 — Azlfs

for some absolute constant ky > 0. Taking v = u and using Lemma 3.1, we see that there
exists y € X such that

y(t) = Alt,y(t) + Bt y(t))ult) + T(t, Ao(1)), VE € [0,1],
By subtracting (22) and (23) and putting w = x — y, we get w(0) = 0 and
w = A(t,z(t)) — Aty (1) + [B(t, (1)) — B(t, y(1))]u(t) + T(t, A1) = T(t, A2). (24)
From this and (H4), we have
] < o(8)w(®)] + @) lw)|[u(t)] + x(@)|A:(t) — Ao ()]

< lw()|[¢(t) + v @) (la)] + [bE)])] +x(BO)]A1(E) = A2(2))]

< [w(@)IC() + x(B)[A(t) = A (D), (25)
where ((t) := [¢(t) + ¥ (t)(|a(t)] + |b(t)])] which belongs to L'([0, 1], R).

Since w(t) = fot w(s)ds, we obtain

jw(?)] S/O (lw(s)IC(s) + x()|A(s) = Aa(s)]) ds

(23)

< / w(s)|¢(s)ds + / XS (5) — Aa(s)lds
< / w(s)[C(s)ds + IOl A — Al

By Gronwall’s Inequality (see [6, Lemma 18.1.i]), we obtain
1
jw(®)] < IxC)llsrl[Ar — Azl\sexp(/o C(s)ds).
Combining this with (25), we have
1
()] < IxC)lls eXP(/O C(s)ds)l|Ar = AalsC(E) + [x(O)[AL(E) — A= ()].
From this and Holder’s Inequality, we have
1
[y < [[x()ls eXP(/O C(s)ds)lIClllA = Axlls + [[XClsr[[Ar = Alfs-
Define
1
ko = [Ix()ls eXp(/O C(s)ds)[IClly + lIx ()]s - (26)

Then we have
[(z,u) = (g, )| = |z = ylli1 = lwli,1 = [w(O)] + [lwl]y < kol[A — Az

The proof of the lemma is complete. O
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Lemma 3.3 Suppose that assumptions (H4) is valid, {\;} and {(z;,u;)} are sequences
in A and Z, respectively. Suppose that (z;,u;) € K()\;), \; — X strongly in L*([0,1],R"),

xr; — x uniformly on [0,1], &; — & @_Ueakly in LY([0,1],R™) and u; — u weakly in

LP([0,1],R™). Then one has (z,u) € K(\).
Proof. By assumption, we have
(1) = A(t, 2;(t)) + B(t, x;(8) )us (1) + T2, A;(2)). (27)
In order to complete the proof, we need to show that
AC 25 () + BCoa(Dui () + TG A() = A(2) + Beoa)u +T(LA) - (28)
weakly in L'([0,1],R™) when j — oo. In fact, by (H4), we have
| A, () = At 2(1))| < (8) | (E) — ()] (29)
It follows that

IAC, 25) = A @)l < [[9lhlle; = zllo = 0 as j — oo,

Hence A(-,z;) — A(-,x) strongly in L*([0, 1], R"). Similarly, we have T'(-, \;) — T(-,\)
strongly in L*(]0, 1], R"™). It remains to prove that B(-, z;(-))u;(-) = B(-,z(-))u weakly in
L([0,1],R™). For this we write

B(t,x;(1))u;(t) = B(t, x(t))u(t) = [B(t, x;(t)) — B(t, x(t))]u;(t) + B(t, x(t))(u; (t) — ult)).
(30)

By (H4), we have
[B(t,2;(t)) — B¢, x(t)]u; ()] < () |z () — 2(t)]]u;(1)].
This implies that
I(B( z;) = B( @)l < [@lgllugllplle; — zllo — 0 as j — oo

because ||u;]|, is bounded and ||z; —z||o — 0. Hence (B(-,z;) — B(-, x))u; — 0 strongly in
L'([0,1],R™) and so (B(-,z;) — B(-,x))u; — 0 weakly in L*(]0, 1], R"). For second term,
we take the scalar product with any ¢ € L*([0, 1], R") and get

| B = u0). 000t = [ (usle) = ute). Bt ate) (e
where B(t,z(t))? is the transporse matrix of B(t,z(t)). By (H4) we have

|B(t,x(t) ()] < [B(t,=(t)"[[0(t)] = | B¢, x(t))[[0(1)]
< (@@= + [B(t, 0))[0()].
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This implies that B(t, z(¢))T9(t) € L([0, 1],R™). Hence

/0 (B(t, w(t))(u;(t) — u(t)), 9(t))dt = /0 (u(t) — u(t), B(t, 2(£))"9(t))dt — 0
as j — oo because u; — u in LP([0,1],R™). From (30), we get
By (uy() = B () — 0

weakly in LP([0,1],R™). In summary, assertion (28) is justified. By taking the limit on
two sides of (27), we get

i(t) = A(t,z(t)) + B(t, x(t)u(t) + T(t, A(t)).
Since z; — = uniformly, we get 2(0) = zo. Since the set

{v e LP([0,1],R™) s a(t) < wv(t) < b(t)}

is weakly closed, we get a(t) < u(t) < b(t). Hence (x,u) € K(X). The proof of the lemma

is complete. O

4 Proof of the main result

e Proof of Theorem 2.1
(i) Existence. For each (u,\) € M x A we define

Vi, \) = inf  J(z,u,pn). 31
(1 A) = nf @0 p) (31)

By Lemma 3.1, K(\) # . Taking any (x,u) € K()), we have from (H2) that

[t 2(t), u(t), p)] < I(E) + enla ()™ + anlu(®)]™ + as|u(t)]™ (32)
with 1 < By < pand 1 < 3 <r. This implies that

Vi A) < Iy, i) < 10l + Cullllg + Calfully + Callpll < +o00

for some constants C; > 0, ¢ = 1,2,3. By definition, there exists a sequence (z;,u;) €
K (X) such that

Vip, A) = lim J(z;, uj, 1) (33)
Since (z;,u;) € K(\), we have
() = A, ;) + B(E, 25 (t))u; () + T, A(L)) (34)
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[25(0)] < o(8)]; ()] + [AE 0)| + (W ()| ()] + [B(EL, 0) D ()] + IX@OA@)] + [T(2, 0)]
= [z;O)|(0(1) + YO ]u; (D)) + [AE 0)] + | B(2, 0)[|u; ()] + x@O)A @) + [T (2, 0)].
(35)

Since x;(t) = zo + f(f t;(s)ds, we get

()] <l|wo| + /Ot(cb(S) +9(s)(la(s)] + [b(s)]))];(s) ds
+ /Ot (14(s,0)[ +[B(s,0)[(|a(s)| + [b(s)]) + x(s)[A(s)] + |T'(s,0)[)ds
< /Ot(cb(S) +(s)(|als)] + [b(s)]))]z;(s)|ds
+ || + /01 (1A(s,0)[ +[B(s,0)[(la(s)] + [b(s)]) + x(s)IA(s)] + [T(5,0)[ ) ds.
Define

() = o) + () (@) + [b(H)]),
72(t) = [A(L0)[ + [B(, 0)[(Ja@)] + [b(1)]) + x(@)[AB)] + [T(2,0)],

M, = yx0|+/0 (1A(s,0)[ +[B(s,0)[(la(s)] + [b(s)]) + x(s)|A(s)] + [T'(s,0)| ) ds.

Then 71,72 € L'([0,1],R) and we have

|mmslm@m@m+m.

By Grownwall’s Inequality (see [6, Lemma 18.1.i]) we get

1

|z;(t)] < My exp (/0 Y1(s)ds) = Ms. (36)

Hence ||z;||o is bounded. From this and (35), we obtain
5] < Moy (t) +72(t). (37)
Hence

2]l < Ma|lyalls + [|7zllr- (38)

Besides, if F is a measurable set of [0, 1], then form (37), we have

/E &5 ()| dt < M [E (D)t + /E o (t)dt. (39)
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It is clear that the right hand side of (39) approaches to 0 as |E| — 0. Hence {#,} is
equiabsolutely integrable. From this and [6, Theorem 10.2.i, p. 317], {z;} is equiabsolutely
continous. By Ascoli’s Theorem, {z;} is a relatively compact set in C([0, 1], R™). Hence,
by passing to a subsequence if necessary, we can assume that x; — 2 uniform in [0, 1].
On the other hand {#,} is bounded and equiabsolutely integrable. The Dunford-Pettis
Theorem (see [6, Theorem 10.3.i]) implies that there exists a function £ € L*([0, 1], R")
such that @; — & weakly in L'. Since z;(t) = a:0+fg %j(s)ds, we obtain & = a:o—i—f(f &(s)ds
and so z(t) = £(t) a.e. We now notice that |u;(t)| < |a(t)| + |b(t)|. Hence {u;} is bounded
in LP([0,1],R™). Without loss of generality, we may assume that u; — u for some
@ € LP([0,1],R™). By Lemma 3.3, we obtain (2,4) € K(\).

By (H1),(H2) and (H3), J is weakly lower semicontinuous (see [6, Theorem 2.18.i,
Theorem 10.8.i] and [7, Theorem 3.3, p. 84]). Hence from (33), we have

V(:ua >‘) = lim J($j>uj7/‘) > J(ia u, :u)'

j—oo
This implies that (z,4) € S(u, A).

(77) Upper semicontinuity of S(,-).
Assume that V] is an open set in C'([0, 1], R™) and V5 is a weakly open set in LP([0, 1], R™)
such that

S, \) C Vi x Vy:=V. (40)

We want to show that there exists a neighborhood My x Ag of (7, \) such that
S(p,A) C V.¥(u, A) € My x Ay. (41)

By contradiction, we find out a sequence (u;, A;) — (7, A) strongly in L7([0, 1], RF) x
L*([0,1],R") and a sequence (z;,u;) € S(u;, A;) such that (z;,w;) ¢ V. If we can show
that there exists a subsequence {(;,,u;;)} of {(z;,u;)} such that x;; — T uniformly on
[0,1] and u;; — u weakly in LP([0,1],R™) for some (Z,u) € S(fz, \), then (z;,,u;,) € V
for j large enough. This leads to a contradiction and the proof is completed. Therefore,

it remains to prove the following lemma.

Lemma 4.1 There exists (T,u) € S(fi, A) and a subsequence {(;,,us;)} of {(zs,us)} such
that x;; — T uniformly on [0,1] and u;; — u weakly in LP([0,1],R™) as j — oo.

Proof. Since (z;,u;) € S(pi, i), (i, u;) € K(N\;). Hence

zi(t) = A(t, z;(t)) + B(t, z;(t))u; () + T (t, (1))
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and |u;(t)| < |a(t)| + |b(t)|. By (H4) we have

()] < ¢@)|i(t)] + [A(E, 0) + () ]i (1) + [B(E, 0))wi ()] + x (@) Ai(2)] + [T, 0)]
= [z (®)(o(t) + @) |wi(D)]) + [A( 0)| + [B(E, 0)[[wi(t)] + x ()| Xa(0)] + [T(2, 0)].

Since \; — A strongly in L*([0,1],R!), by passing to a subsequence if necessary, there
exists a function v € L*(]0,1],R) such that |\;(t)] < 7(t) for a.e. t € [0,1] (see [7,
Theorem 1.20]). It follows that

|2:(1)] < [z () (0(2) + @) (|a(®)] + [6()]))
+ A 0)[ + [B(#,0)|(la(®)] + [b(0)]) + x (&) 7 (#)] (43)

Since ;(t) = wo + [y #i(s)ds, we get
|2:(8)] <|wo| + /Ot(¢(s) +¢(s)(la(s)] + [b(s)]))];(s)lds
+ /Ot (1A(s,0)| + [B(s.0)[(la(s)] + [b(s)]) + [x(s)|7(5)) ds
< /Ot(cb(s) +¥(s)(la(s)] + [b(s)]))]i(s)|ds
+ |zol + /01 (1A(s,0)| + B(s,0)[(la(s)] + [b(s)]) + x(s)]7(s)| + |T(5,0) ) ds.
Define

() = o) + () (@) + [b(H)]),
Y2(t) = [A(L0)] + B, 0)[(Ja(®)] + [p(1)]) + x()v(t) + |T' (X, 0)],

M, = !%H/O (1A(s,0)| + [B(s,0)[(la(s)] + [b(s)]) + x(5)7(s) + |T(s,0)] ) ds.

Then 41,42 € L*([0,1],R) and we have

) < [ (6ol + T
By Grownwall’s Inequality (see [6, Lemma 18.1.i]) we get
|z:(t)| < M, exp (/01 A (s)ds) == M. (44)
Hence {x;} is bounded in C([0, 1], R™). From this and (43), we obtain
1] < Mo (£) + 4a(1)- (45)
Hence

| Z|l1 < Mo Al + |92l (46)
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Besides, if F is a measurable set of [0, 1], then form (45), we have

/E @ (0)]dt < I [E 51 (D)dt + /E So(t)dt. (47)

It is clear that the right hand side of (47) approaches to 0 as |E| — 0. Hence {z;}
is equiabsolutely integrable and so {;} is equiabsolutely continuous (see [6, Theorem
10.2.d, p. 317]). By Ascoli’'s Theorem, {z;} is a relatively compact set in C([0, 1], R").
Repeating the procedure as in the proof of (i), we find out an element T € W1([0, 1], R")
such that x; — Z uniform in [0,1] and i; — T weakly in L'([0,1],R"). Also, since {u;}
is bounded in LP([0, 1], R™), there exists a subsequence wu;; of {u;} such that u;; — @ for
some @ € LP([0,1],R™) as j — oo. By Lemma 3.3, we obtain (z,u) € K()).

Let us claim that (Z,7) € S(7, A). In fact, take any (y,v) € K()\). By Lemma 3.2, we
have

K(X\) C K(N;) + kol|Ai; — AllsBz.

v

Hence there exists a sequence (y;,,v;;) € K(A;) such that

J
i, — vl + llvi, = vllp < kollAi; — Alls.

This implies that y;; — v in X and v;, — v in U. Since (2, u;;) € S(p;, Ai;), we have

J(l“ij,uij,/iij) = /0 f(taxz'j (t):uij (t)auij (t)dt < J(yij,vij,/lij) = /0 f(tayz’j (t)»vij (t)aﬂij (t))dt.
(48)

By (H1),(H2) and (H3), J is weakly lower semicontinuous (see [6, Theorem 10.8.i and
Theorem 10.9.vii] and [7, Theorem 3.3, p. 84]), that is,
J(@,u,m) <liminf J(zg;, ug,, pi; ). (49)

j—00

By (H1), we have f(t,y(t),vs,(t), ps,(t)) — f(t,y(t),v(t),m(t)) a.e. t € [0,1]. Since
yi; — y uniformly on [0, 1], there exists a constant M > 0 such that [y;, ()| < M for all
t € [0,1] and j > 1. Since v;; — v and p;; — 7 strongly, there exist vector functions
vo € LP([0,1],R™) and po € L"([0, 1], R*) such that

[vi; )] < [oo(®)], |, ()] < o (t)]

for all j and a.e. ¢t € [0, 1]. Therefore, from (H3) we have
[F (i, (8), 03, (2), i, (8))] < O(E) + aa M + v ()" + sl o (2)]"

The Dominated Convergence Theorem implies that
1
jlim J(yijavi]-7uij> = / f(t7y(t)71}(t>,ﬁ<t))dt = ‘](yavaﬁ)' (50)
0 0

18



Taking the limit on both sides of (48) and using (49) and (50), we get

J(@ @) < J(y, v, 0).

Since (y,v) is arbitrary in K()\), we get (Z,%) € S(fi, \) C V. The lemma is justified. O

e Proof of Theorem 2.2
Let V/ be an open set in C([0, 1], R™) and V3 be an open set in LP([0, 1], R™) such that

S, \) Cc V] x Vi :==V". (51)
We want to show that there exists a neighborhood My x Ay of (fz, \) such that
S(ILL,)\) C V’,‘v’(,u, )\) S MO X AQ. (52)

By contradiction, we find out a sequence (i, A;) — (%, A) strongly in L>=([0, 1], R¥) x
L#([0,1],R") and a sequence (2;,u;) € S(u;, A;) such that (2;,u;) ¢ V. By Lemma 4.1,
there exists (Z,u) € S(, A) and a subsequence {(z;;,u;,)} of {(z;,u;)} such that z;, — T
uniformly and w;; — @ weakly in LP([0,1],R™). If we can show that u;, — % strongly
then (z;,,u,;) € V' for j large enough. This leads to a contradiction and so the theorem
is proved. In the sequel, we shall denote by {(x;,u;)} and {(u;,\;)} the subsequences

{(z4;,us;)} and {(ps;, Ai;)}, respectively. It remains to prove the following lemma.
Lemma 4.2 The sequence {u;} converges strongly to u in L*([0, 1], R™).

Proof. Since (z;,u;) € S(u;, ;) and (T,%) € S(j1,\), they must satisfy the Pontryagin
principle. According to the Pontryagin Maximum Principle (see [10, Theorem 1, p. 134
and p. 139] and [3]), there exist absolutely continuous functions ¢; and ¢ such that the

following conditions are fulfilled:

05" = =05() (Ault, 25(8)) + Balt, 25(8) Juy (1) + fult, 25(8), us(8), 15(2)), ¢5(1) =0,

S(t)" = —o(t)" (Au(t,T(t)) + Bu(t, T(t))u(t)) + fu(t, T(1), (1), (1), o(1) =0 (54)

and for a.e. t € [0, 1],

Ft,w(8), ui(8), 1 (1) — &3 () (A(t, (1)) + B(t, 2;(t)u; (1))

= omin S (2500, p5(0) - i ()T (A(t, (1)) + B(t, z;(t))v)}, (55)

F,7(t),a(t), (1) — &) (A(t,Z(t)) + B(t, 7 (t))u(t))
= oin {F(7(), 0. 7)) - o) (A(t,7(t) + B(t, 7(t))v) }- (56)

vEla(t),b(t)]



Let us claim that ¢; — ¢ — 0 uniformly on [0, 1]. Indeed, from (53) and (54), we have

& ()" — o(t)"

—(p5(1)" = o)) Au(t, ;) — 9(1)" (Au(t, ) — Au(t, T))
— (¢;(1)" = o(1)") Be(t, 5)u; — ()T (Ba(t, 25)u; — Be(t,7)10)
+ folt g g, ) — folt, g g, 1) + folt, 25,05, 1) — fult, T, 0, )
= —(¢;(1)" = ()) Au(t, ;) — O(1)T (Au(t, ;) — Au(t,T))

—(6(1)" = 6(1)") Bo(t, x5)u; — 6()" (Balt, z5) — Bu(t, 7))y — ¢(t)" By (t,7)(u; — 1)
+ fo(t, wg,ug, py) — fo(t, 2y, uy, 1) + folt, 25,05, 1) — fo(t, 7,0, 1),

Define ¢;(s) = ¢;(1—s) and B(s) = ¢(1—s) with s € [0, 1], we have Lp;(s) = —$;(1—s5)

and ¢(0) = 0 = o

0). Moreover, from above we get
— (i)~ S())
—(i(s)" = 2(5))Ae(l = 5,25) = B(5)" (Aa(l = 5,27) = Au(1 = 5, 7))
= (5()" = B(5)") Ba(1 = 5, 35)u; —
P(s)" Bx(1 = 5,7)(u U)

+fx( - S x]aujaluj) ( S7$j7ujaﬁ)+fx( = S, Lj, Uj, Y ) fx(l — 8,7, E>ﬁ)'

From this and

o5 =) = [ (Gos(r)T = S (O
we get
04(5) ~ B()] = ()" — B(s |—|/ ()" — B ()
<| (o) — B AL — 7, 2,)dr| +|/ Cray) - Al - 7.3)dr |
+| OS(%T(T) — 7" (7))Bu(1 — 7, 3)uydr| + | / s)” —7,7;) — B,(1 — 7,7) ) u;dr|

+|/sg0( )'B.(1 -7, 7)(u; —ud7|—|—}/ fo(L =T 2y, uj, ) — fo(l =7, 25,0, 0 d’i"
+|/ fo(1—T,25,u;, ) — fo(1 —7,2,0, 18 dT|

< [ lestr) = BENI(1A1 = 7o)l 4 1Bt = g
+||90||0/ 4,1 = 72) <1—Tf>|df+||¢||o/l|B (1= 7,2;) = Bo(1 - 7,7)|usldr

+ sup ‘/ ) 'B,(1 —7,%)(u; — 1 d7'|+/ \fo(L =72, uj, 1) — foll — 725,05, @) |dr

s€[0,1]

/]fx —1,25,uj,0) — fx(1 — 7,70, @) |dr. (57)
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Note that

sup | [ @r)" B0 = ra)u; —wdr| < [ 9 Bt 73w ~ wlar

s€[0,1]
<" Bo ()8 lluy — 1l
< |@" Bo(-, 7)[|4M

for some constant M/ > 0. Here we used the fact that {u; —u} is bounded because u; — .

Since u; — u, x; — T and p; — 7 uniformly, there exist positive numbers v1, 72,73
such that

luille <7, llzsllo <720 lligllee <8, VG210

Since k; is continuous, we obtain

kit [z (0] g (D], [E@)]) < & = max ki(ti ta,ts, ta)  (58)

(t1,2,t,L4)€10,1]x10,72] x[0,98] X [0, [l oc]

with ¢ = 1,2. Combining this with (9) and (11), we have
1
/ |fx(1—T,$j,Uj,[Lj)—fz(l—T,l’j,Uj,ﬁﬂdT
/ \fo(l =725, u;, ) — fo(1 — 7,7, 0, 1) |dr

S/O §1|Uj|n|/~6j<1_7')_ﬁ(1_7)|sld7+/0 k3(1—7)|z;(1 —7) —%(1 — 7)[dr

< Créallu 7ol — Tl 7o + [[R3() [ o1 llz; — Tl
< Ci&d g — 7l T + 1Rs() I 17y — Zlo

for some constant C; > 0. From this and (57), we get

61(5) =2 < [ 1o3(r) = BNI(4slL = 7y + 1Bt = )

+ Il / 4201 = 725) = AL =P+ 17l [ (B8 = 7,25) = B~ gl
+ sup | /OS P(r) Bo(1 = 7,7) (uy — w)dr| + Créa |1y — Al 2 + ksl — o

By Gronwall’s Inequality for integral form, we obtain

|0j(s) — % (s)]

<o ([ (0= )l + 1.0~ mauliin) (gl [ 14,00 = 7ia,) = 4,01 = 7.7
+Ilo [ B - ma) — Bo(1 - D)l lldr + s | [ 5 Bt =), ~ )|

+ &l = Bllie + sl g — 7l }- (59)
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Let us show that the right hand side of (59) converges to 0 as j — oo. Note that since

A, (+,-) and B,(+,-) are continuous and ||z;||o < 72, we have

| A (t,x;(t))] < sup |A.(t, )] < 400 (60)
(t,x)€[0,1]Xv2 By,
| By (t,z;(t))] < sup |B,(t, )| < 400, (61)

(t,2)€[0,1]x Y2 Bn

where B,, is the unit ball in R™. We have
1 1
/0 (A40(1 = 7.2))] + | Ba(l — ;) )dr < / (4.1 = 2 )ldr + 1 Boo ol s

S/O (1Ae(X =7, 2))ldr + | Bo (-, 25) 471 (62)

From (60), (61) and the Dominated Convergence Theorem, we see that the right hand
side of (62) converges to fol(\AI(l — 7, T)|dT + || B.(+, T)||gm1 and so it is bounded. Hence

1
J 040 = mpl 4 1B = o ulhar < 2, ¥ 2 1
0
for some constant M; > 0. Also, by the Dominated Convergence Theorem, we have

1
=0 / A, (1= 7,2;) — Ay(1— 7, 3)|dr + [l / Bo(1—7,2;)— Bo(1—7,7)|lusldr — 0
0

as j — o0o. The last term in (59) also converges to 0 because p; — 7 and z; — T

uniformly. We now show that

sup | / ?(1) ' B.(1 — 7,7)(u; — u)dr| — 0 as j — oc. (63)
s€[0,1]

By contradiction, there exists €; > 0 such that

sup !/ ?(1)'B.(1 — 7,7)(u; — w)dr| > €1, Vj > 1.
s€[0,1]
Hence for each j, there exist s; € [0, 1] such that

’/ (1= 7.%)(u; —u)dr| > e, Vi > 1.

By passing to a subsequence if necessary, we can assume that s; — so € [0, 1]. From the

above, we have
61<}/ B,(1—7,7)(u; — u)dr|
<]/ B, (1 —7,7)(u; —ud7|+|/ )'By(1 — 7,%)(u; — w)dr|
<|/ Lio,s0) (T )'B,(1 — 7,%)(u; — u)dr|

/ B Bo(1 — 7.7)[9dr) |, — . (64)

S0
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where 1jg 4, is the indicator function of interval [0, so]. It is easy to see that
1[0,80}(')¢<'>TB:B(1 - '7T) S Lg([ov 1]7 Rm)

Since u; — u weakly in LP([0, 1], R™), we get
1
|/ 1[0780](7')@(7')TB$(1 —7,7)(u; — ﬂ)dT‘ — 0 as j — oo.
0
Since |lu; — @|% is bounded and [@(7)" B,(1 — 7,7)]| is continuous, we get
(/ 2(1)' B.(1 -, f)|qd7')l/q||uj — EHg — 0 as j — oo.
S0

By letting j — oo in (64), we obtain a contradiction. Hence (63) is valid.
In summary, we have shown that the right hand side of (59) converges to 0 as 7 — 0.
Consequently, ¢; — % uniformly. Hence ¢; — ¢ uniformly on [0, 1]. The claim is justified.

From (55) and (56), we see that u; and U satisfy variational inequalities
(fulty (), wi(8), 1 (1) — d3() B(t, 25(1)), v — u;(t)) > 0 Vv € [a(t), b(t)]
and
(fult,z(t),1(t), A@t) — () B(t,T(t)), v = (1)) > 0 Y € [a(t), b(1)],
respectively. Hence
(fults @i (8),u (1), 1y (1) — 65()" Bt a5(t)), u(t) — uy(t)) > 0
and
(fult, (), 1), 7i(1) — &(1)" B(t, T (1)), u;(t) —u(t)) > 0

for a.e. t € [0,1]. Using above inequalities and (12), we get

o~
S—
UC?
—~
T~
S
—~
o~
S—
SN—
I
o,
—~
o~
SN—
|
g
~—~
o~
S—
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It follows that for a.e. t € [0,1],

alu; (1) = ()" < [ fult, (), uy (1), 7i(1) — fult, 25(1), u;(t)]

Combining this with (10) and (58), we get

alu;(t) = a(t)"™" < Eoluy (O iy — 7™ + |6, (1) B(t, (1)) — o()" B(t,7(t))].

Using the inequality (a + b)? < 2971 (a? + 09) for a,b > 0 and ¢ > 1 (see [1, Lemma 2.24,
p. 34]), yields

oy (8) = (O = oy (1) — u(t)
< 2 €y 0y (0) — I + o (8)7 Bt 3 (0)) — D) B T(E)]).

Here we used the equality ¢(p — 1) = p. Integrating on [0, 1] and using the facts g < p

and |lu;l|, <71, we obtain

1
alu; — a7, < 27 (Collpy — RIITEAY + /0 |6;(t)" B(t,2;(t)) — o(t)" B(t,z(t))|"dt)
(65)

for some absolutely constant Cy > 0. Since |¢;(t)T B(t,z;(t)) — ¢(t)' B(t,%(t))| — 0 and

(7), the Dominated Convergence Theorem implies that

/0 ;)T B(t,z;(t) — o(t)" B(t,z(t))|%dt — 0 as j — oo.

Combining this with the fact that u; — @ in L>([0, 1], R"), we see that the right hand side
of (65) converges to 0 as j — oco. Hence u; — @ strongly in LP([0,1],R™). The lemma is
proved.

Finally, if S(7, \) is a singleton, then S(-,-) is lower semicontinuous at (7, \). In fact,
let V1 be an open set in C([0,1],R™) and V5 be an open set in LP(]0, 1], R™) such that
S, A) N (Vi x Vi) # @. Since S(m, ) = {(z,7)}, we have S(7;,\) C (Vi x V3). By
upper semicontinuity of S(-,-) at (1, \), there are neighborhoods U, of 77 and U, of A such
that S(u, A) C Vi x V, for all (4, A) € Uy x Uy and so S(u, \) N (Vi x V3) # O for all
(11, ) € Uy x Us. Hence S(-,-) is (s, s)—lower semicontinuous at (i, A). This implies that

S(-,+) is continuous at (g, A). The proof of Theorem 2.2 is now complete. a
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